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Theoretical Problem No. 2 (10 points)

Compton scattering

An electron storage ring contains circulating electrons with high energy produced by an
accelerator and rotating in an appropriate magnetic field. X - ray photons are directed so as
to collide with electrons stored in storage ring. Phenomenon that occurs is known as Inverse
Compton Scattering.

A photon of wavelength 4; is scattered by a moving, free electron. As a result the electron
stops and the resulting photon of wavelength 4, is scattered at an angle & =60° with

respect to the direction of the incident photon; this photon is again scattered by a second
free electron at rest. In this second scattering process a photon with wavelength of

4 =125x107°m emerges at an angle @ = 60° with respect to the direction of the photon of
wavelength 4, .

To characterize the photons and the electrons during the processes use the following
notation:

initial ~ photon final first first second Second
photon afterthe  photon electron electron electron electron
first before  after before  after
scattering collision collision collision collision
moment B; Po Py moment p,, 0 0 Pye
energy E, E, E energy  E, Eoe Eoe =P
wavelength 2, Ao A speed v, 0 0 Vae

The following constants are known:
h=6,6x103*J-s - Planck’s constant

m, = 91x107*'kg - rest mass of the electron
c=30x10°m/s - speed of light in vacuum

Task 1 - First collision

1.a. Draw simple sketches marking the moments of the electron and photon before and after
the first collision. Clearly specify the coordinate system used.

1.b. Express the energy and moment of the electron implied in the first collision as a function
of the initial speed of the electron v,, and its rest mass m, .

1.c. Express the energy and wavelength of the photon after the first collision as a function of
the wavelength of the initial photon 4 , the scattering angle @ and A =h/(m, -c).

Task 2 - Second collision

2.a. Draw simple sketches marking moment of the electron and photon before and after the
second collision. Clearly specify the coordinate system used.

2.b. Express the energy and wavelength of the photon after the second collision as a
function of the wavelength of the photon before the collision 4,, the scattering angle ¢ and

A =h/(m,-c).
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2.c. Express the kinetic energy (T, = E,, — E,, ) and momentum p,, of the electron after the
second collision as a function of the photon wavelengths after the collision 4 ,m,, ¢ and h.

Task 3 - Quantitative description of processes

Using the values of the given physical constants and numerical values of A4 and 6
determine the expressions and numerical values for:

3.a. the De Broglie wavelength of the initial electron;

3.b. the energy and frequency of the initial photon;

3.c. the speed of the second electron after collision;

3.d. the variation of the photon wavelength after each collision process.

Compton scattering - Solution

Task 1 - First collision
1.a. Figure 1 presents the situation before the first scattering of the photon.

L

initial
photon

Figure 2. Photon and electron after the first collision. The collision took place in point M

1.b. The angle between the directions of the electron and photon moments before collision is
denoted by «
To characterize the initial photon we will use its moment p, and its energy E;

- _h h-f

pl=5 =" (1

Theoretical Problem No. 2 - Solution Page 2 of 8



Romanian Master of Physics 2013 ( I )

OMANIAN

f== (2)

is the frequency of the initial photon.
For the initial free electron in motion scenario, the moment p,, and the energy E,, are

5 M. Mgy -V,
ple_ 1e_ﬁ
2 (3)
2 _ My -C

E,=m-cC :—m

where m, is the rest mass of the electron and m is the mass of the moving electron. As
v : , :
usual B =2 . De Broglie wavelength of the first electron is
c
h h-
A = ——= Vi-p? (4)
Pre Mg Ve

1.c. The situation after the scattering of photon is described in the figure 2.
To characterize the scattered photon we will use its moment p, and its energy E,

_ h  h-f,
|po|:_:
l, ¢ (5)
E,=h-f,
where
c
f =— 6
° =7 (6)

is the frequency of the scattered photon.

The magnitude of the moment of the electron (that remains at rest) after the scattering is
zero; its energy is E,, . The mass of the electron after collision is m, - the mass of electron
at rest state. So,

Ege =M, -C? (7)

To determine the moment of the first moving electron, one can write the principles of
conservation of moments and energy. That is

P + Py = Po (8)
and
Ei+E1e:E0+EOe (9)

Using the referential in figures 1 and 2, the conservation of the moment in collision along the
Ox direction is written as
h-f, h-f,
—+m-v, -COSa =

c c
and the conservation of moment along Oy direction is

cos (10)

m-vle-sinazh(':fosine (11)

To eliminate «, the last two equations must be written again as
2
2 h : 2
(m-v,, -cosa) :C—z(fO .cosd -f)

2 (12)
(m-v,, -sina)? =(h'f° sinHJ

c
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and then added.

The result is
2 2 h2 "2 2
m ~Vle:C—2(fo +12 = 2f, -f -cos 6) (13)
or
m2 'C2
0 v =h2'(f02+fi2—2f0~fi ~cos€) (14)

N2
()
c
The conservation of energy (9) can be written again as
m-c®+h-f =m,-c®+h-f, (15)
or
m, -c?

2
1— V&
c
Squaring the last relation results in the following

2 4
Mo € _m2.c*+h?.(f—f F+2mg-h-c2-(f, - 1) (17)

L(Tej

Subtracting (14) from (17) the result is

=my-c?+h-(f, -f) (16)

2m, -c®-h-(f, —f, )+ 2h?-f, -f,-cos @ — 2h?.f, .f, =0 (18)
or
cC C
mo'c(l—cose)_ﬁ—g (19)
Using
h
A= (20)
m, - C
the relation (19) becomes
A-(1-cos @)= 4 -4, (21)
The wavelength of scattered photon is
Ao =4 —A-(1-cos ) (22)

Equation (22) show that the scattered photon wavelength is shorter than the wavelength of
the initial photon. Consequently the energy of the scattered photon is greater that the energy
of the initial photon.

Ay < 4 (23)
E, > E;

Task 2 - Second collision

2.a. Let's analyze now the second collision process that occurs at point N. To study that,
let's consider a new referential having the Ox axis along the direction of the photon
scattered after the first collision.
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Figure 3 Photon and electron before the second collision. The collision occur at the point N

recoiling ; '
electron

P o
(<=
A\] scattered
again

X photon
b 4

N

Figure 4 Photon and electron after the second collision. The collision took place at the point
N . The scattering angle for electron is denoted by 5.

Figure 3 presents the situation before the second collision and Figure 4 presents the
situation after this scattering process.

2.b. The conservation law for moments in the scattering process gives

L:%coséhrm-vze -cos f
o A (24)

Lsin -m-v,, -sinf=0
ﬂ‘f
To eliminate the unknown angle g, one must square and then add equations ( 24)

That is

2
{L—Lcos «9] = (m -V, -cos g)

Zo A

) ) (25)
[—sinej = (m vy, -sin B

ﬂ’f
and

2 2 2

LI I L cos 6 = (m-v,, ) (26)
A Ao Ao - A4
or

2 2 2 2 2 2
h 2C o 20 _2:htec cos @ =m?.c? .v3, (27)

A Ao Ao - A4

The conservation law for energies in the second scattering process gives
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h'C+m0-02=h;c+m-cz (28)

ZO
or

1 1Y 11 mZ - c*
h?.c?.| =-—=| +m{-c*+2h.c® my .| —-—|=—T""+— (29)
A Ao A A) 1-(vy/c)
Subtracting (27) from (29), one obtains
2 2 2 2
+2h—ccosg_2h—C+2h.c3.mo.(i_i]:O (30)
/10 "M /Io '/1f /1f /10
that is
-(1-cos @)= A — 4,

m,-C ( ) ﬂf 0 ( 31)

A — g =A-(1-cos0)
Concluding

A > A

E; <E,
Comparing (31) written as
A =2y +A-(1—cos ) (33)
and (22) written as
A =25 +A-(1-cos @) (34)
results in
A =2 (35)
2.c. Taking into account (26), the moment of the electron after the second collision is

1 1 2-cosé
=h |+ -——— 36
p2e \/ﬂfz ﬂg ﬂ’f 'lo ( )
Or, considering (33), the moment can be rewritten as
1 1 2.coséd

Po. =h |+ - (37)

ze \/lfz (4 - Al—cos 0)? 4 (4 — AQl-cos )
The expression of the de Broglie wavelength of the second electron after scattering is

1 1 2-cosd
X’Ze = 12 + 2 ( 38)
2 (4 -Al-cos 0)? A (4 — A(l-cos 9))

From (28) results
he_he,q (39)

ok
that is
T2=h.c.(i—i] (40)

2’O ﬂ“f

Task 3 - Quantitative description of processes

3.a. The relation (13) can be written as
1 1 2.cosé
=h |+ -T2 41
ple \/ﬂlz lg ii 'ﬂo ( )

or, considering (34) and (35)
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22 (4 —AQ-cos0)f 4 (4 - AlL-cos )
so that the expression of the de Broglie wavelength of the first electron before scattering is

= 1 1 _ 2-cosd
he /[\/lfz ’ (4 —A(l-cos 0)f 4 -(4 —All-cos 6’))} (49

In the condition of the problem (43) becomes

1 1 2-cos
ple = h\/ + (42)

ﬂ’le = -t - ( 44)

Because the value of 4 and A are known as
A =4 =125%x10""m

-34 ( 45)
=51 2566_:112 o igp ™ = 241x107Pm =002x10*m
¥ X : b X

From (33) results that

zozﬂf—/\-(l—cose)zzf—% ( 46)

or

Ay =124x107"m (47)

The numerical value of the de Broglie wavelength of the first electron before scattering is

Aye =107 L 5+ L 5= L m=125x10""m (48)
1,25 124 125 %124

Evidently the de Broglie wavelength A,, for the second electron after the scattering is the
same

A’.Le = ]'26 ( 49)

3.b. Because A =4 the energy of the first photon before the first scattering has the
following expression

_he_he (50)
/1i /1f
Its numerical value is
-34 8
E =€ _66x107 30x107 . 5q, 1015 = 9 gkev (51)
A 125x10"
The frequency f; of the first photon before the first scattering has the following expression
c ¢
f="=—" (52)
A
Its numerical value is
8
i=L01052,4><1018Hz (53)
125 %10~
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3.c. From (40) written as

T2:Tl=m-c2—mo-02=h-c-(i—ij (54)
bk
results
2
m:mo+ﬂ. ;_i Emo_i_ﬂ.%:mo. 1+1 L (55)
c (4 -(r/2) A c 24 2(my-c- 4
Its numerical value is
m =m, (56)
Consequently, the speed of the second electron after the collision v,, has the following
expression
h h

Vye = ~ (57)

Ag-mo A -my
Its numerical value is
V,e #58x10°m/s=0019-c (58)
3.d. As results from (46)
A=A =X — A =% (59)
The numerical value of the variation of wavelength is
% ~001x10"°m (60)

© Solution proposed by
Delia DAVIDESCU, PhD
Adrian DAFINEI, PhD
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