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A. Earth as a blackbody

A-1. All the energy emitted from the surface of the Sun, will reach a sphere of radius d , therefore:

oTs. (4nR%) = (4md?).S,

S = aT (RS)Z—567><10-8 x (5.77 x 103 K)* x 6.96 x 10° m)* 135x 103
0=%s\q) = m2K* 15x107m) m?
A-1 (0.6 pt)
4 (Rs)? . 3 2
So=0Tg. (7) , Numerical value of S, = 1.35 X 10° W/m

A-2. It is assumed that the Earth is in thermal equilibrium. Therefore, the energy it receives per unit
time should be equal to the energy it radiates per unit time. The Earth’s cross-section intercepting
the solar radiation at this distance has an area of mR% , but the Earth radiates heat from all points
on its surface with an area of 4R, so:

1
So\4
ﬂRé.SO = 47TR§0’T§ - Tg = (ﬁ) =278 K
A-2 (0.6 pt)
1
Te = (:_3)4 - %Ts , Numerical value of Ty = 278 K

A-3. The radiation is maximum at the wavelength for which the derivative of u with respect to 4 is

Z€ro:
hc
du  2mhc? 1 - hc exP(AkBT)
dr~ a8 hc |7 AkgT hc
— 3 -1 B —— -1
X (T exXP (eaT
hc
du hc exp (A—kaT)
— =2, =0 = =5
da’+='m AmkgT exp( hc )_ 1
AnKgT
Defining x,, = I hkc - we obtain the following transcendental equation:
mitB

5(1—em)—x,=0
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A-3 (0.4 pt)

fx)=5(1—e*)—x

A-4. The first guess is xr(n1 )=5. Substituting repeatedly for x,,, we can continue as follows:

xP =51 —e7%) =497
x& =501 - e™*7) = 4.97

Further iterations do not change the value of x,, to three significant figures, so:

hc 1
— b =1240eV-nm X — 2.89 x 106 nm - K
eV M R 97 % 8.62 X 10-5 eVK-1 nm

AnT =
" xka

A-4 (0.4 pt)
, Numerical value of b = [2.89,2.90] X 10° nm - K

Xy, = {4.96,4.97}

A-5. Using Wien’s displacement law and the constant b obtained in the previous part, we can calculate
the wavelength at which the radiation from the Sun and the Earth reaches its maximum:

cn _ b 2.89x10°nm-K
ASun _

=— = = [5.01,5.02] x 102
max =TT 577 x 105K ] fm

6 .
JEarth _ i _ 2.89 x10°nm-K

max = T 278K

=1.04 X 10* nm

A-5 (0.2 pt)
,AEarth — 1 04 x 10 nm

ASun = [5.01,5.02] X 102 nm

max

A-6. From the diagram, it can clearly be seen that yiig (Afnax) = u(ﬂﬁf‘&h, TE) , S0 we have:

5 Rs\* 2mhc? 1 Rs\? 2mhc? 1
Us (Ag;lar;( = (7) Sun \ 5 hc - (?) Sun \3 hc

(Amax) exp (W) -1 (Amax) exp (—ka) -1

BIS

max

2mhc? 1 2mhc? 1
u(lﬁﬁ{,ﬁh, TE) - (AEarth 5 hc - (lEarth)S ( hc ) -1
max exp W -1 max exp —ka
max "“BYE

Dividing these two quantities we’ll find:
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(d )2 (TE)S 1.20,1.21] x 1072
= |— X | — = . , 1. X
V=& Ts [ ]
A-6 (0.8 pt)
2 5 2 Sun § O
y = (Ri) X (;—E) = (Ri) X (;E'::;) , Numerical value of y = [1.20,1.21] X 1072
S S S max

B. The Greenhouse Effect

B-1. Both the Earth and its atmosphere are in thermal equilibrium, so one can write an equation that
balances the input and output powers. For the Earth we have:

(TRE) (1 — 14)Sy + (4mRE)oTA = (4nRE)0TE,
and for the atmosphere:
(4nRE)oTg = 2(4mRE)o Ty,

Note that the coefficient 2 on the right-hand side of the equation is due to the atmosphere
radiating heat on both sides (above and below). Eliminating T from the two relations we

obtain:
1
a-re\* 1
Ty = — | = 258%x 102K = Tg=(2T4)* =3.07 x10%K
B-1 (1.0 pt)
1
(1-14)30)* . 2
Ty = T4 , Numerical value of T, = 2.58 X 10* K
s 1
1-1r4)=2\*
Tg = <( ;A) 2) , Numerical value of Tg = 3.07 X 102 K

B-2. As can be seen in the figure, a fraction (1 — r) of the solar radiation reaches the Earth’s surface
after traversing the atmosphere. A fraction 1 of this light is reflected back and reaches the
atmosphere, where a fraction 7, is reflected and returns to the Earth’s surface. This process
repeats ad infinitum and the sum of the powers transmitted at all these instances, determines the
albedo. Denoting the power returned to space after n reflections by S,,, we’ll have S, = 1,5, and
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the remaining power i.e. (1 —14)S, , reaches the Earth’s surface. From this power, (1 — 13)7:S,
is reflected, and a fraction 1 — r, of it is transmitted through the atmosphere to the space, hence:
(1-m)* .

51 =1- TA)ZTESO = T 1eSo

The power that is reflected back to the Earth by the atmosphere after (n — 1) reflections is

Sn-1 (;—’;), of which a fraction 7§ is again sent back towards the atmosphere on the n’th
1A

reflection, and the atmosphere allows a fraction 1 — r, of this reflected power to escape into the
space, thus:

~ Sn— ~ ~
Sn = i; TaTg X (1 —13) = 1276501 = (rare)" " '$1
A

By adding all these terms, one obtains the power returned per unit area from the Earth-atmosphere
system:

5 = Z S‘-Tl = 50 + 51 Z(TATE)n_l = TASO + (1 - TA)ZTESO X—-
n=0 n=1 1= TATE

1 —14)2n
—[rA+( A)°TE

= XS
1—T'ATE ] 0

Dividing by the solar constant we get the value for albedo:

S 1 —14)%n

=3.13x1071
SO 1-— TATE

B-2 (1.6 pt)

(1-rp)?rg

, Numerical value of @ = 3.13 x 10~1
1—TATE

a=rA+

B-3. Again, thermal equilibrium requires the input and output powers to be equal both for the Earth
and for the atmosphere, the only difference being that the Earth absorbs now a fraction 1 — a of
the Sun’s radiation. Thus, for Earth we have:

(4nR3)eoTx + (mRE)(1 — a)Sy = (4mRE)oTg,
and for the atmosphere:
(4nRE)eoTg = 2(4mRE)eoTy

Ql-a) 1% Tg\*
Tg = |——=8§ T ==
E72002-0)""° ' A

[y
[y
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oT¢ (1;“)50] [ - 129,
€= 7 =2 3 = [8.07,8.11] x 10~*
oTy Tg
B-3 (1.0 pt)

(1-a) ]l
— —0554-

E = |30m20 50 , Numerical value of e = [8.07,8.11] x 1071

B-4.
1
ATy 1[1-a)S 1
de 4|202-¢)| (2-¢)
ar. = e %€ _ 40T 1B w001 = [487492] x 10-1
E_deee_(l—a)SO 4 01 = [4.87,4.92]
B-4 (0.8pt)

1
dTE _ 1 (1—&)50 4 1

de 4 20(2—€)] (2-¢)

, Numerical value of § Ty = [4.87,4.92] x 1071 K

B-5. The equations for thermal equilibrium are similar to those for Part B.3, only a non-radiative
thermal current needs to be added. For the Earth:

(mRE)(1 — a)Sy + (4mRE)ecTx = (4mRE)oTg + (AnRE)k(Tg — Ta),
and for the atmosphere:
(4mR%)ecTg + (4mR2)k(Tg — Tp) = 2(4mRE)ecTy.

After completing the calculations, we will have:

oT# — (1 - @) 32
€= % _[847,852]x 107
o(Tg —Ty)

S
eac(2TH — T QT —Tg) X [GTE‘ -—(1-a0)F
- Tg—Ty, (Tg —Ta) X (Tg — Ta)

= [3.57,3.66] x 10~ W/m2K
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B-5 (1.6pt)

aTé‘—(l—a)%o

o(Tg~Tx)

, Numerical value of € = [8.47,8.52] x 107!

_ (21i-Td)x[oTE—(1-a)>2 |

T (ToTo) , Numerical value of k = [3.57,3.66] X 10~ W/m?K

B-6. In order to find the change in the temperatures of the Earth and the atmosphere in terms of € and
k, we take the logarithm of both sides of the relations before taking the derivative:

S
Ine = ln[aTg‘ - (1—0():0] —Ino—In(Tg —TY)

Ink=Ine+Ino+ Q2T —Tg) — In(Tg — Ty)

dT, dT, dT
3 E 3 E 3 A
1: 4'O'TE% _4TE%_4TA%
€ aTg—(1—a)i—° Tg —Ta
dT dTg dTg dT
3UIA _ 473 ClE E_ 4lp
0:_+8TA de e ge _de  de
€ 2T — T Tg — Ta
1 4T3 1dTg 8T3 1 1dT,
€ +o=3 ) = € ) 7T
TE - TA ZTA - TE de ZTA - TE TE - TA de
4T3 40Tg dTg 4T3 dTa
1+e€|= i S == 7€

Solving this set of linear equations and substituting € in B-5, we find:
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o -1 ||, . (T,gL —Tj{) 8T, 1 ]]
3 4 _ 4 —
de 3 T4 — (1 — So 3 3
[ 14T ]_UA 1-a)7 (ﬁ) 8T} 1 ]
Tg—Ta  2T% —T¢ JTé—(l—a)% Ta) 12T —Tg  Teg—Ta
To —Tj{) 8T, 1 ]
ATy 1+( Ty e
€ =
de S
[ 1, 4T ]_ oy -(1-0)7 (5)3 8z 1 ]
Tg—Ta  2T4 —Tg GTE‘—(I—a)i—O Ta) 2T —Tg¢  Te—Ta
ar, = ¢ TE e _ [5.21,5.28] x 10~1 K
E— € de c = . , O
B-6 (1.0pt)

{e[ L 4T ]ﬂ=1+e[ BTA - ATy

Tg—Tp =~ 2T3—TE] de 2Th—TE  Tg—Ta] de
@) 4T3 40T} dT 4T3 AT
1+€ E— e —E = _TA 4
T4 _T4 4 So| de TE T4 " de
E—1A aTE—(l—a)T E—1A

(b) 8T = [5.21,5.28] x 10~1 K




