10/07/2021 Pho.rs: Cubic oscillations

A ©

A narrow straight channel passes through the center of a fixed cube with a side a. The cube is uniformly charged, the charge density is p. The distance from the

cube center to the point of intersection of the channel and a face is L. In the channel there is a particle of a mass m and a charge q. Find the period of small oscillations of
the particle near the center. The gravitational interaction of the particle and the cube can be neglected. The cube and the particle are oppositely charged.

We will use a coordinate system with axes parallel to the cube’s edges, with the origin set at the cube’s center. Assuming the particle is at coordinates (z, y, z) < a,
y < a, z < a, we will find the force F' acting on the particle, by splitting the cube a X a X a into a rectangular cuboid (a — 2z) x (a — 2y) x (a — 2z) and three square
plates of thickness 2z, 2y and 2z.
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The particle is in the center of the cuboid, so there is no force from the cuboid.
Let us find the force between a particle with a charge g and a uniformly charged square plate of small thickness h and edge length a. The plate’s charge density is p, the
particle is placed above the center of the plate at distance a/2.
a
[

LA

Due to symmetry and Gauss's law, the flux of the particle’s electric field through the plate is

. q
660 ’
Hence, the force
gph
F=0cd—= 21 _
660
where o = ph is plate’s surface charge density.
Three square plates act on the particle with forces Fl = %:ﬁ, F’g = %gj, and F’g = %2. Net force F = Fl + F’z + F’g = :—;F, where 7 is the position vector of the
particle.
The particle’s equation of motion
= 9P
mi = —7T
360
is an equation of simple harmonic motion with period
3me
=27 0.
qa(—p)
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10/07/2021 Pho.rs: Suspension in magnetic field

A ©

A current I flows through a loop made of a weightless flexible wire. The loop upper point is attached to the ceiling and a weight is suspended to its lowest point.

The half length of the loop is L. The loop is placed in a vertical magnetic field B. The system has reached a stable equilibrium in which the point of suspension at the ceiling
and the point of weight suspension are not on the same vertical. Find the wire tension 7" and the weight P if the distance from the ceiling to the lowest point of the loop is
H.

First approach
The Ampere's force acting on a short piece of wire of length dlis
ﬁamp — Idl x B.
The net force acting on this piece is
F=T,+Ty+Idl x B=0. (1)
Here T'1 and T'5 are tension force of the wire acting on the two end points of the piece.

Projected on the &l, this equation reads:

T =Ts.

Therefore, the tension is constant along the wire.

Let 73(1) be the tangent vector of the wire at the distance [ from the point of suspension. The equation (1) reads

dii(l) }

T, +T,+Idl x B= AT —= + Iii(1) x B) =0,
dn(l) .
— L = _#d()x B
dl
This equation implies that
dn(l)

=0 — B-n(l) = const.

The tangent vector of the wire 7i is at constant angle to the magnetic field. In the horizontal plane the tangent vector is rotating at a constant speed. Thus, each side of the
loop has the cylindrical helix shape, i. e. it is winding around some cylinder and making the constant angle « to the magnetic field. To find the radius of this cylinder, let's
write the equation in the projection on the horizontal plane:

drig, B B
T sin(a) = — 7 Ttay X B.
T

At the point of the weight suspension we have the balance between three forces: two forces of tension(from each side of the loop) and the gravitational force of the weight,
which is vertical. These three forces should be in the same vertical plane. Therefore, both sides of the loop are winding around the same cylinder. Each half of the loop
should make a half-turn around this cylinder.

Thus, the length of the half of the loop is

Therefore,
1 5 5 .
R= - L* — H® = —Lsin(a). (3)
The tension force of the wire can be found from equations (2) and (3)
T_ IBR B IBL
~ sin(a) 0w

The suspended weight is

H
P = 2T cos(a) = 2Tf'

2IBH

Second approach
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10/07/2021 Pho.rs: Suspension in magnetic field

Stable equilibrium corresponds to a minimum of potential energy. The potential energy is a sum of the gravitational energy of the weight and of the energy of the loop in
the magnetic field. Let S be an area of the loop projected on the horizontal plane.

E,=—-PH - ISB.
E, depends on two variable parameters: H and S. Note that we can change the form of the projection (not changing its length) of the loop onto horizontal plane without
changing H. Thus, the minimum of the potential energy corresponds to the maximum area of the projection with fixed length — a circle.

Now, if the projection is fixed, the height H is maximal if the wire makes a constant angle with the vertical axis. Thus, the wire has a shape of cylindrical helix — each side is
winding a cylinder, while making constant angle o with vertical axis.

Let R be the radius of the cylinder.
Then

1
S =nR*= —(L* - H?).
™

1
E, = —PH - IB—(L* - H?).
U
The condition for the minimum of the potential energy is
OE

OH

 2IBH

The force balance equation at the point of weight suspension:

H
2—T=P.
L

_ LIB
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10/07/2021 Pho.rs: Rod in magnetic field

A ©

A weightless rod of a length 2R is placed perpendicular to a uniform magnetic field B. Two identical small balls of mass m and charge g each are attached at the

rod ends. Let us direct z-axis along the magnetic field and place the origin at the rod center. The balls are given the same initial velocity v but in opposite directions so that
one of the velocities is precisely in the z-direction. What are the maximum coordinates zmax Of the balls? Express your answer in terms of g, B, m, v, and R. Find the
magnitude of the ball accelerations at this moment and express your answer in terms of ¢, B, m, v, R, and zpax.

The equations of motion of the centre of mass of balls is:

2m30:q (171—‘1-’?)2)><§] :q[’fjcxé],

where 9¢ is the velocity of the centre of mass, U1 and ¥s are velocities of balls. Notice that vc = 0 at the start of motion then vo remains equal to 0 always.

The equation for the rotation of the ball about the centre of mass is:

Now let's use the formula of a triple vector product:
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Firstly, B directs along z-axis, then (R . B) = Bz, where zis a coordinat of the ball. Secondly, let look at projection of vector equation onto z-axis:

dL, B B dz
= qu,Bz = qBz—.
at T IP
Multiplying to dt and integrating gives us this equation:
gBz*
L,= 5 T C,

where C' = 0 because L, = 0 at the start of the motion when z = 0.

When zis maximum v, = 2 = 0. It means, that L = L, = mur, where r is a distance between the ball and z-axis, u is the velocity of the ball at this moment. Recall that
the ball is moving around the sphere then 72 + 22 = R2.

The Lorenz force and the contact ball-rod force don't do the work. It means the kinetic energy of the system is constant. Together with t¢ = 0, it gives that velocities of the
balls don't change i.e. u = v.

To summarize, L, = mvy/ R? — 22.x.

Let's combine the results of the two last blocks as a biquadratic equation for zpyax:

B 2
<2q_m> zéiax + Zrznax - R2 =0.

Solution is:

2 BR\ 2
_ Vrm 1+<q )—1

z =
max q B U

This result can be obtained in a faster way by those who are familiar with the generalized momentum of a charged particle in a magnetic field,
P =mi + ¢A,

where A is the vector potential which is defined by the condition curlA = B. We can choose A = %fBr, where r denotes the distance from the z-axis, and 7 stands for

the unit vector perpendicular both to the radius vector and to the z-axis. This is a vector field obeving cvlindrical symmetry around the z-axis and because of that, the
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10/07/2021 Pho.rs: Rod in magnetic field

corresponding generalized momentum is conserved,
Do D. s 1 g _ 1 2
L, =RxP-z :mrvl-i-?qBr = EqBR ;

here v, denotes the velocity component perpendicular to the z-axis. Noting that at the topmost position of the ball's trajectory, v, = v due to the fact that the speed is
constant and horizontal (i.e. in * — y-plane), we obtain a quadratic equation for p = %:
mu

2
%p—1=0, o
Pt ke "= 9BR

We select the positive root p = v/k? + 1 — k. Now we can write the final answer as

Zmax = R 17p2:R/<a\/§ VEZr+1-1
which coincides with the previous result.

Consider three orthogonal unit vectors: 1-st is along with the velocity, 2-nd along with direction from ball to the middle of the rod, and 3-rd is perpendicular to the other
two.

As we found earlier that v = const, so a; = 0. Further, ay coinsides with v2/R because ball is moving around sphere. Finally, the projection of 2-nd Newton law onto the 3-

- v? 2 i quBZzmax 2
‘= R mR

Zmax

. Hence
R

rd axis is: masz = quB
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