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FOREWORD

Science, in general, and physics, in particular, have evolved out of man’s quest to know beyond
unknowns. Matter, radiation and their mutual interactions are basically studied in physics.
Essentially, this is an experimental science. By observing appropriate phenomena in nature one
arrives at a set of rules which goes to establish some basic fundamental concepts. Entire physics
rests on them. Mere knowledge of them is however not enough. Ability to apply them to real
day-to-day problems is required. Prof. Irodov’s book contains one such set of numerical
exercises spread over a wide spectrum of physical disciplines. Some of the problems of the book
long appeared to be notorious to pose serious challenges to students as well as to their teachers.
This book by Prof. Singh on the solutions of problems of Irodav’s book, at the outset, seems
to remove the sense of awe which at one time prevailed. Traditionally a difficult exercise to
solve continues to draw the attention of concerned persons over a sufficiently long time. Once
a logical solution for it becomes available, the difficulties associated with its solutions are
forgotten very soon. This statement is not only valid for the solutions of simple physical problems
but also to various physical phenomena.

Nevertheless, Prof. Singh’s attempt to write a book of this magnitude deserves an all out
praise. His ways of solving problems are elegant, straight forward, simple and direct. By writing
this book he has definitely contributed to the cause of physics education. A word of advice to
its users is hoviever necessary. The solution to a particular problem as given in this book is
never to be consulted unless an all out effort in solving it independently has been already made.
Only by such judicious uses of this book one would be able to reap better benefits out of it.

As a teacher who has taught physics and who has been in touch with physics curricula
at LLT., Delhi for over thirty years, I earnestly feel that this book will certainly be of benefit
to younger students in their formative years.

Dr. Dilip Kumar Roy

Professor of Physics

Indian Institute of Technology, Delhi
New Delhi-110016.



FOREWORD

A proper understanding of the physical laws and principles that govern nature require
solutions of related problems which exemplify the principle in question and leads to a
better grasp of the principles involved. It is only through experiments or through solutions
of multifarious problem-oriented questions can a student master the intricacies and fall
outs of a physical law. According to Ira M. Freeman, professor of physics of the state
university of new Jersy at Rutgers and author of ‘‘physic--principles and Insights’’ --
““In certain situations mathematical formulation actually promotes intuitive understand-
ing....... Sometimes a mathematical formulation is not feasible, so that ordinary language
must take the place of mathematics in both roles. However, Mathematics is far more
rigorous and its concepts more precise than those of language. Any science that is able
to make extensive use of mathematical symbolism and procedures is justly called an exact
science’’. LE. Irodov’s problems in General Physics fulfills such a need. This book
originally published in Russia contains about 1900 problems on mechanics, thermody-
namics, molecular physics, electrodynamics, waves and oscillations, optics, atomic and
nuclear physics. The book has survived the test of class room for many years as is evident
from its number of reprint editions, which have appeared since the first English edition
of 1981, including an Indian Edition at affordable price for Indian students.

Abhay Kumar Singh’s present book containing solutions to Dr. LE. Irodov’s Problems
in General Physics is a welcome attempt to develop a student’s problem solving skills.
The book should be very useful for the students studying a general course in physics and
also in developing their skills to answer questions normally encountered in national level
entrance examinations conducted each year by various bodies for admissions to profes-
sional colleges in science and technology.

B.P. PAL
Professor of Physics
LLT., Dellu



Preface to the Second Edition

Perhaps nothing could be more gratifying for an author than seeing his
‘brainchild’ attain wide acclaim. Fortunately, it happes so with ‘Solutions to I. E.
Irodov’s Problems in General Physics (Volume-1I) authored by me. Since
inception, it showed signs of excellence amidst its ‘peer-group’, so much so that it
fell victim to Piracy-syndrome. The reported on rush of spurious copies of this
volume in the market accelerated the pace of our contemplation for this second
edition. Taking advantage of this occassion the book has almost been comptelely
vetted to cater to the needs of aspiring students.

My heart felt thanks are due to all those who have directly or indirectly
engineered the cause of its existing status in the book-world.

Patna
June 1997 Abhay Kumar Singh



Preface

This is the second volume of my “Solutions to LE. Irodov’s Problems in General
Physics.” It contains solutions to the last three chapters of the problem book ‘Problems
in General Physics’’. As in the first volume, in this second one also only standard
methods have been used to solve the problems, befitting the standard of the problems
solved.

Nothing succeeds like success, they say. From the way my earlier books have been
received by physics loving people all over the country, I can only hope that my present
attempt too will be appreciated and made use of at a large scale by the physics fraternity.

My special thanks are due to my teacher Dr. (Prof.) J. Thakur, Department of
Physics, Patna University, who has been my source of energy and inspiration throughout
the preparation of this book. I am also thankful to computer operator Mr. S. Shahab
Ahmad and artist Rajeshwar Prasad of my institute (Abhay’s LI T. Physics Teaching
Centre, Mahendru, Patna-6) for their pains-taking efforts. I am also than%“ful to all my
well-wishers, friends and family members for their emotional support.

Abhay Kumar Singh

Patna
July, 1996
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PART FOUR

OSCILLATIONS AND WAVES

4.1 MECHANICAL OSCILLATIONS

41 (a)
®)
4.2 (a)

Given, x = acos (mt—%)

. . t .o 2 L1
So, vy = x = —a wsin mt-z and w, = x = - a®" cos o)t--4-

&)

On-the basis of obtained expressions plots x (¢), v, (¢) and w,(¢) can be drawn as

shown in the answersheet, (of the problem book ).
From Eqn (1)
Vy = -amsin(o)t—%) So, vf = azmzsinz(u)t-%)

But from the law x = acos (wt-n/4), so,x2 = azcosz(wt—n/4)

x2

or, cosz(mt-zt/4)--,\<2/a2 or sinz(mt--:n:/4)-1-—2
a

Using (3) in (2),
2

x
Vf = azu)z(l-;;) or v:‘: = o)z(az-x2)

Again from Eqn (4),w, = —aw’cos(wt-n/4) = - 0’x

From the motion law of the particle

X = asinz(mt-n/4) = % [1-cos(2mt-£)]

2
a a 1 a . a .
or, x-2-—2cos(2mt-2)--2sm2mt-25m(2cot+:n:)
. a a .
ie. x=3 -2sm(2u)t+u).

Now compairing this equation with the general equation of harmonic oscillations :

X = Asin(wyt+a)

a

Amplitude, A = )

and angular frequency, wy = 2 w.

Thus the period of one full oscillation, T = 2z =z
Wo [0}

@

©)

@

M)



(b) Differentiating Eqn (1) w.r.t. time

viy=awcos (2wt+mx) or v,2(=a ®? cos? Rowt+m)=a mz[l—sin2(2mt+n)] )]

2 2
From Eqn (1) (x-%) = %—sinz(thﬂt)
or, 4—+1—£—sin2(2cot+n) or 1—sin2(2mt+n)=4a—x(1—§) (3)

From Eqns (2) and (3), v, =a’w? dx (1 - ——) =4w’x(a-x)
Plot of v, (x) is as shown in the answersheet.

4.3 Let the general equation of S.H.M. be

x=acos(wt+a) 1)
So, vy =—aosin(wt+a) 2
Let us assume thatatf = 0 , x = x5 and v, = Vy
Thus from Eqns (1) and (2) fort = 0, x; = acosa, and Vy, = - amsina
v v
Therefore tana = - —~  and a = x(2,+ (—ﬁ) = 35.35 cm
®Xg ®

Under our assumption Eqns (1) and (2) give the sought x and v, if

2 \/
t=t=240s, a = x(2)+(vx/w‘ anda=wn'1(- ")=—E
o ) ® Xg 4

Putting all the given numerical values, we get :
x=-29cm and v, = - 81lcm/s

4.4 From the Eqn, v,z( = 0’ (a®-x%) (see Eqn. 4 of 4.1)
vi= w?(a®-x}) and v = o?(a*-x3)

Solving these Eqns simultaneously, we get

0=V D)/ (2-2) , a=V (md-v¥d) /(-4

4.5 (a) When a particle starts from an extreme position, it is useful to write the motion law as
X =acoswt @

(However x is the displacement from the equlibrium position)
It #; be the time to cover the distence a/2 then from (1)

1 n
a - = acoswt; or coswt1=—=cos-3-(as t,<T1/4)

2

N
[\SEESY

Thus === =



As X =acoswt, s0O,V, = —gosinwt
Thus Vael|v|=-v,=aosinwt, for ts t, = T/6

Hence sought mean velocity

fvdt 1/6 . 3q
Ta -{a(Zn/T)smcotdt/ T/6 = == 0-5m/s

(b) In this case, it is easier to write the motion law in the form :

<V> =

x = asinwt )
If ¢, be the time to cover the distance a/2, then from Eqn (2)
.2 . 2N 1 . X
a/2=-asmT12 or sinTrf =5 o= sing (ast,<7/4)
2n n T
Thus T'2-6 or,12-12

Differentiating Eqn (2) w.r.t time, we get

v -amcosmt-a&ﬁcoszﬂt
x T T
So, v = |v,‘|=a2—ucosg—’£t, for ts t, = T/12
T T
Hence the sought mean velocity
Jva 1 " an  2x  6a
<V> = fdt = (T/IZ){ a—T—oos Ttdt-T- 1m/s
4.6 (3) Asx = asinw!? S0, V, = awcoswt
3r
8
famcos(Zn/T)tdt V3
0 2V2aw . 2x
Thus <,v,>-fv,dt/fdt= 21‘ =3 (usmg Ts——)
8

(b) In accordance with the problem
— — —>
vV=vi, 5o |<v>|=]|<v,>|

2V2aw N 2V2 a0

3n 3Ix

Hence, using part (a), | <V>| = l
(c) We have got, v, = awcosw t

So, v=|v,|]=awcoswt, for t< T/4

= -—agwcoswt, for T/4dst s %T



T/4 37/8
famoosmtdt+f—awcosmtdt

Hence, <v> =.det =0 174
fdt 31/8
Using w = 2n/T, and on evaluating the integral we get
2(4-V2)aw
<V>= ——————
3xm

4.7 From the motion law, x = a cos w¢,, it is obvious that the time taken to cover the distance

equal to the amplitude (a), starting from extreme position equals 7/4.
Now one can write

4 4
As the particle moves according to the law, x = acos w ¢,

t = nZ+t0, where ¢, <Zand n = 0,1,2,...)

so at n = 1,3,5 ... or for odd n values it passes through the mean positon and for even
numbers of n it comes to an extreme position (if £, = 0).

Case (1) when n is an odd number :

In this case, from the equation

x = x asinw?, if the t is counted from n7/4 and the distance covered in the time interval

. . T . nm
to becomes,s; = asinwfy = asinw t—nz = asin mt—T
Thus the sought distance covered for odd # is

. nmn . nmn
Ss=na+s; =na+asm (Dt——z—‘ = aj|n+sm (Dt-T

Case (2), when n is even, In this case from the equation
x = acos wt, the distance covered (s, ) in the interval f,, is given by

T 7
-5y = acoswiy = acosu)(t—-n—— =acos|wt-n=

4 2
nmn
or, s2=a[1—cos(mt——)]
2
Hence the sought distance for n is even
nmn nn
s=nat+s; = na+a[1—cos((ut-7)] = a[n+1-—cos(cot——2-)]
In general
nmn .
a[n+1—cos(u)t——)}, n is even
S =

2
. EAY! .
a[n+sm(ut—- )J,nlsodd



4.8

4.9

Obviously the motion law is of the from, x = asinw?z and v, = wacos wt.
Comparing v, = wacos w# with vy, = 35cos ¢, we get

m-n,a-%f-,mus T-%"-z and T/4 = 05s

Now we can write

t=28s= 5x-§-+0-3 (where %—- 0'58)

As n = 5 is odd, like (4-7), we have to basically find the distance covered by the particle
starting from the extreme position in the time interval 0-3 s.

Thus from the Eqn.

X =acoswt = %f-cosu(O-Zi)

35 35 35
o= Tcos:t(03) or 5 = — {1-cos03n}

Hence the sought distance

s = 5x£+£{1—c0s0-3n}
nORn

= %5—{6—cos0-3n}- %%x7(6—cos54°)- 60 em

As the motion is periodic the particle repeatedly passes through any given region in the range
-as xs a. The probability that it lies in the range (x,x + dx) is defined as the fraction

A} (as t— o) where A ¢ is the time that the particle lies in the range (x, x +d x) out of the

total time z. Because of periodicity this is

dP dt 2dx
dp = dx = =TT

where the factor 2 is needed to take account of the fact that the particle is in the range
(x, x+dx) during both up and down phases of its motion. Now in a harmonic oscillator.

Vv=x=wmacosot=woVad-x

Thus since @ T = 2x (T is the time period)

We get dP-Z—idx-%%
a -
+a dP
Note that f Ix dx =1
S0 ap 11 is properly normalized.
dx =n 2 2

a -x



6

4.10 (a) We take a graph paper and choose an axis (X - axis)

4.11

and an origin. Draw a vector of magnitude 3 inclined

L .
at an angle 3 with the X -axis. Draw another vector ;7/3
of magnitude 8 inclined at an angle —g /3

(Since sin (w ¢+ 7/6) = cos (0t —-n/3)) with the
X - axis. The magnitude of the resultant of both these
vectors (drawn from the origin) obtained using paral-
lelogram law is the resultant, amplitude.

Clearly R?=3%4+8%42:38 cos 23—"- 9+ 64— 48 x %

=73 - 24 = 49
Thus R = 7 units

(b) One can follow the same graphical method here but the result can be obtained more
quickly by breaking into sines and cosines and adding :

Resultant x-(3+75_2—)cosmt+(6——\/5?)sinmt
=Acos(wt+a)
2 5\ 5.\ 30 - 60
Then A =(3+—ﬁ) +(6_ﬁ) -9+25+—7_2——-+36
=70-15V2 = 70-212
So, A = 6985 = 7 units

Note- In using graphical method convert all oscillations to either sines or cosines but do not
use both.

Given, x; = acoswt and x, = acosZwt
so, the net displacement,
xX=x;4+4x; =a{coswt+cos2wt } =a{coswt+20052wt—1}

and vw=x=a{-osinot-4wcoswtsinwt}
For x to be maximum,

2 2 2 2. 2

X =aw‘coswt-4awcoswt+daw sinowt =0

2

or, 8cos“wt+coswt—4 = 0, which is a quadratic equation for cos w t.

Solving for acceptable value
coswt = 0644
thus sinwt = 0-765
and Vmax = [ Vx| = +@a®[0:765 +4x0-765 x 0644 ] = +273 a »



4.12 We write :

acos21tcosS00¢t = % [cos 521t +cos 47-9t}

Thus the angular frequencies of constituent oscillations are

5215 ! and 479571

To get the beat period note that the variable amplitude acos2:1¢ becomes maximum
(positive or negative), when

21t =nn

Thus the interval between two maxima is

n
X 1-5 s nearly.

4.13 If the frequency of A with respect to K’ is vy and K’ oscillates with frequency v with respect
to K, the beat frequency of the point A in the K-frame will be v when

vV.=VoxvVv

In the present case v = 20 or 24. This means

vo=22. &v =2

Thus beats of 2v = 4 will be heard when v = 26 or 18.

414 (a)

®)

From the Eqn : x = asinw¢

2
sinfwt = ¥*/a> or cos’wr = l-i—f 1
And from the equation : y=bcoswt
cos’wt = y/b’ )
From Egns (1) and (2), we get :
2 2 2 2
l—x—z-xz- or %+X5-1
a b a b

which is the standard equation of the ellipse shown in the figure.
we observe that,

at t=0,x=0 and y =b
and at t-—n—x-+aand =0
"20)) = y

Thus we observe that at ¢ = 0, the point is at point 1 (Fig.) and at the following moments,
the co-ordinate y diminishes and x becomes positive. Consequently the motion is clock-
wise.

Asx = asinwt? and y = bcosw ¢t

. —> N d ~>
So we may write r = asinwt t+bcoswt j

, . e —> —
Thus T = W = - w7



8

4.15

4.16

417

(a) From the Eqn. : x = asinw ¢, we have
coswt=V1- (x2/a2)

and from the Eqn. :y = asin2 w¢t

2
=2asinwt coswt=2xV 1-(x2/a2) or y2 = 4x° (1—5-2-)

a
(b) From the Eqn. : x = asinw
sinfwt = x/a*
Fromy = acos2wt

2
y = a(1—2sin2mt) = a(1~2x—2-)
a

For the plots see the plots of answersheet of the problem book.

As U(x) = Uy(1-cosax)
au
So, F, ——E--—ansmax
or, F, = - Ujaax (because for small angle of oscillations sin 2 x = a x)
or, F,=-1U, ax
But we know F, = - m mgx , for small oscillation
U, a* ‘/

Thus co?, =

m

Hence the sought time period

ro2x 2x/E o/
an

(V1) a

% |

IfU(x) = 5-
X

then the equilibrium position is x = xo when U’ (x) =

or _2_a+£ 0= x5 = 2a
X % °b
Now write : X =Xx3+y
a b " 1 2y
Then U(x) = 5-—+(x-x) U (x) +5(x-xo) U (x)
xg %o
” 6a 2b - 4
But U'(x) = —-—5 = (2a/b) 3 (3b-2b) = b*/8d°
Xo Xo

- 1{6* .2
So finally : U(x) = U(x°)+§ _8_.? Y+
a

@)

M



4.18

4.19

9

We neglect remaining terms for small oscillations and compare with the P.E. for a harmonic,
oscillator : ’

-lmoozy2 1( L2 )yz SO W L
- =>|— , - —
2 2\8a V8aim

V8mad

b2
Note : Equilibrium position is generally a minimum of the potential energy. Then
U (xp) = 0, U'(xp)>0. The equilibrium position can in principle be a2 maximum but then

Thus T=2n

U" (x) < 0 and the frequency of oscillations about this equilibrium position will be imaginary.
The answer given in the book is incorrect both numerically and dimensionally.

Let us locate and depict the forces acting on the ball at the position when it is at a distance
x down from the undeformed position of the string.

At this position, the unbalanced downward force on the ball
=mg-2Fsin0

By Newton’s law, mx =mg -2 Fsin 0

mg-2F0 (when Bis small)

mg—2F—5—- mg—izx

72 1
v g AF. _ _4F( mgl
¢ gt 0 m
putting x' = x——m—f:—'l , we get
. 4T ,
x'= -—x
ml

Thus T==x V mTl =02s

Let us depict the forces acting on the oscillating ball at an
arbitraty angular position 6. (Fig.), relative to equilibrium
position where Fjg is the force of buoyancy. For the ball
from the equation :

Nz = IBz, (where we have taken the positive sense of Z
axis in the direction of angular velocity i.e. 0 of the ball — — = —p— -~
and passes through the point of suspension of the — ~~ I~ ~ T
pendulum O ), we get :

~mglsin®+Fylsin® = mPo )

Using m = g-nrso, Fg = gnrsp and sin 0 = O for small 6, in Eqn (1), we get :



10

4.20

4.21

1
T=2nﬁ—--2a L/-gl—
g(,_2 1-=
l(l 0) M
Hence T =2a V _al_ = 1-1s
g(n-1)

Obviously for small B the ball execute part of SH.M. Due to the perfectly elastic collision
the velocity of ball simply reversed. As the ball is in SHM. (]6] < a on the left)its motion
law in differential from can be written as

6--59--%9 6))

If we assume that the ball is released from the extreme position, 6 = f at ¢ = 0, the solution
of differential equation would be taken in the form

O-ﬁcosmot-ﬂcosV§ t (03}

If ¢’ be the time taken by the ball to go from the extreme position 6 = B to the wall i.c.
6 = - a, then Eqn. (2) can be rewritten as

- a =f cos v %t’
or t' = V é cos ! (—%) = V é (n—cos'l%)

Thus the sought time T = 2¢' = 2 v -;- (n—cos'l—g-)

Il (x . 10 . o-1 -1
=2 = | =+sin” "= |, because sin” "x+cos " x = /2
' (2 B) [ ]

Ilet the downward acceleration of the elevator car has continued for time ¢’, then the sought
time

t = V % +t', where obviously v —2;’-’- is the time of upward acceleration of the elevator.

One should r{ote that if the point of suspension of a mathematical pendulum moves with an
acceleration w , then the time period of the pendulum becomes

2n V L ( see 4.30)

| g-w]
In this problem the time period of the pendulum while it is moving upward with acceleration
w becomes



4.22

11

2n v ! and its time period while the elevator moves downward with the same

g+w
2V ——

magnitude of acceleration becomes
g-w

As the time of upward acceleration equals v % , the total number of oscillations during

this time equals

V2h/w
nV l/(g+w)

Thus the indicated time = Y 2h/w 2aVi/g =V2h/w V (g+w)/g

aV 1 / (g+w)
Similarly the indicated time for the time interval ¢’

t!
= ————o-u12nVi/g =t'V(g-w)/g
xVI(g-w)

we demand that

Voww V(gew)g+t'V(g-w)/g =V2h/w+t’
or, t' =V2h/w grw - \/—g_

Hence the sought time

y_vz_h_,_t',VZﬁ'g"'W

w wo Vg-V

2h V1+Bp-V1-8 -
” 1-\/176 , where f = w/g

If the hydromoter were in equlibrium or floating, its weight will be balanced by the buoyancy
force acting on it by the fluid. During its small oscillation, let us locate the hydrometer when
it is at a vertically downward distance x from its equilibrium position. Obviously the net
unbalanced force on the hycrometer is the excess buoyancy force directed upward and equals

nrix p g Hence for the hydrometer.

mx =-nrfpgx
2
.. nr
or, x =-—7&§x

Hence the sought time period

T=201 —5— =25s.

nripg




12
4.23

4.24

At first let us calculate the stiffness x; and x, of both the parts of the spring. If we subject
the original spring of stiffness k having the natural length /; (say), under the deforming forces
F - F (say) to elongate the spring by the amount x, then

’ F=xx 1)
Therefore the elongation per unit length of the spring is x//; . Now let us subject one of the
parts of the spring of natural length m/; under the same deforming forces F - F. Then the
elongation of the spring will be

ol =nx
lo
Thus F = x; (mx) )
Hence from Eqns (1) and (2)
K =MNK; of X; = K/7 3)
Similarly K2 = 1 -

The position of the block m when both the parts of the spring are non-deformed, is its
equilibrium position O. Let us displace the block m towards right or in positive x axis by
the small distance x. Let us depict the forces acting on the block when it is at a distance x
from its equilibrium position (Fig.). From the second law of motion in projection form i.e.
F,=mw,

—K X=KX = mXx

or, —(-'-(-+ K )x-mi' 7\ K K < Kax K
’ n 1-—1] ! ’w( 2
Thus P W T y = e
mn(m) 0 «<x—

Hence the sought time period
T=2aVn(l<n)m/k = 0-13s

Similar to the Soln of 4.23, the net unbalanced force on the block m when it is at a small
horizontal distance x from the equilibrium position becomes (x; + k; ) x.

From F, = mw, for the block :
~(% +Ky)x = mx

K +K
Thus X = - (—l———z)x
m
Hence the sought time period T = 2 x z
K1+ Ky

Alternate : Let us set the block m in motion to perform small oscillation. Let us locate the
block when it is at a distance x from its equilibrium position.

As the spring force is restoring conservative force and deformation of both the springs are
same, so from the conservation of mechanical energy of oscillation of the spring-block system :



4.25

4.26

4.27

13

a) *2 2

Differentiating with respect to time

2
-;-m(d—x-) L x1x2+lx2x2 = Constant

1 T | .
-2—m2xx +E(K1+K2)2xx =0

(x;+%x3)
- - —x
m

Hence the sought time period T = 2 Jt‘v ”
K; + Ky

During the vertical oscillation let us locate the block at a vertical down distance x from its
equilibrium position. At this moment if x; and x, are the additional or further elongation
of the upper & lower springs relative to the equilibrium position, then the net unbalanced
force on the block will be k, x, directed in upward direction. Hence

-KyXy = mx ¢))

or,

We also have X =X +X, 2)
As the springs are massless and initially the net force on the spring is also zero so for the
spring

K1 X = KpXp 3
Solving the Eqns (1), (2) and (3) simultaneously, we get

K1 Kp .o
X =mx

K; + Ky

(K1K2/K1+K2)x
m

. . \/ (x1K2)
Hence the sought time period T = 2x V m———

K K2

Thus X =

The force F, acting on the weighi deflected from the position of equilibrium is 2 T sin O.

Since the angle 0 is small, the net restoring force, F = 2 T, o%

2T,
or, F = kx, where k=T° < 21

v

So, by using the formula,
k 2T,
w=Vo, m=Vy

If the mercury nises n the left arm by x it must fall by a slanting length equal to x in the
other arm. Total pressure difference in the two arms will then be

To

pgx+pgxcos® = pgx(1l+cosO)
This will give rise to a restoring force
-pgSx(l+cosH)
This must equal mass times acceleration which can be obtained from work energy principle.
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4.28

NRHIAHY

1)
(1} 7

The K.E. of the mercury in the tube is clearly : -;-mfc

So mass times acceleration must be : m x’
Hence mx +pgS(l+cosB)x =
This is S.H.M. with a time period

m
T- 2“.vpgs(1+cos6)'

In the equilibrium position the C.M. of the rod lies nid way between the two rotating wheels.
Let us displace the rod horizontally by some small distance and then release it. Let us depict
the forces acting on the rod when its C.M. is at distance x from its equilibrium position (Fig.).
Since there is no net vertical force acting on the rod, Newton’s second law gives :

k“”z"’l‘—l/z_" NIT 0 C TNZ

g ore

kL mg

Nl +N2 = mg (1)
For the translational motion of the rod from the Eqn. : F, = mw,,
KN, -kN, = mx )

As the rod experiences no net torque about an axis perpendicular to the plane of the Fig.
through the C.M. of the rod.

I+ -
Ny [BE) = [ 52 ) ©)
Solving Eqns. (1), (2) and (3) simultaneously we get
x = - kg-lﬂx

Hence the sought time period

VL -2
T=2n T n kg 1-5s
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The only force acting on the ball is the gravitational force f':: of magnitude y gu pmr,

where y is the gravitational constant p, the density of the Earth and r is the distance of
the body from the centre of the Earth.

4n . = .
But, g =y —3—pR , so the expression for F can be written as,
= r
F=-m 8> here R is the radius of the Earth and the equation of motion in projection

form has the form, or, mx +—"—;;&x =0

The equation, obtained above has the form of an equation of S.H.M. having the time

period, T=2n v % ,

Hence the body will reach the other end of the shaft in the time,
t-z=nV5- = 42 min.
2 g

From the conditions of S.H.M., the speed of the body at the centre of the Earth will be
maximum, having the magnitude,

v=Rw=RVg/R =VgR =79km/s.

4.30 In the frame of point of suspension the matheinatical pendulum of mass m (say) will oscillate.
In this frame, the body m will experience the inertial force m ( - w)) in addition to the real
forces during its oscillations. Therefore in equilibrium position m is deviated by some angle
say a. In equilibrium position

Tocosaa = mg+mwcos(n-B) and Tysina = mwsin(n-f)

So, from these two Eqns

tan o= 8= 0SB

wsin

W sin” - : )
and msa-\/m w’sin B +(mg-mwcosf)

mg-mw cos




16

4.31

4.32

Let us displace the bob m from its equilibrium position by some small angle and then release
it. Now locate the ball at an angular position (o + ) from vertical as shown in the figure.
From the Eqn. : Ny, = 18,
-mglsin(a+9)—mwcos(n—B)Isin(a+6)+mwsin(:rt—B)Icos(a+9)=ml2él
or,- g (sin & cos 8 + cos a sin 8) - w cos (t - B) (sin o cos O + cos a sin 0) + w sin

(cos a cos O - sin a sin 0)

=16

But for small 0, sin® « 0 cos0 = 1

So, - g (sin a + cos 0. 8) - w cos (n - B) (sin & + cos a 0) + w sin B (cos a - sin a 0)
=16

or, (tana+6)(woosﬁ—g)+wsmﬁ(1—tanae)-cosae )

Solving Eqns (1) and (2)‘ simultaneously we get
-(g*-2wgcosp+w?)0= l\[gz+w2—2wgcosﬁ 0
— —>
Thus 0 = - 15—'1—”’—19

Hence the sought time period T = i)—n =2n V '—;I——_-,-
0

g-wl

Obviously the sleeve performs small oscillations in the frame of rotating rod. In the rod’s
frame let us depict the forces acting on the sleeve along the length of the rod while the sleeve
is at a small distance x towards right from its equilibrium position. The free body diagram
of block does not contain Coriolis force, because it is perpendicualr to the length of the rod.
From F, = mw, for the sleeve in the frame of rod

—KX+M@’X = mx

.. K 2
or, x =-|-0 X (6))]

Thus the sought time period
T-—2% - 07s D

— =
m

It is obvious from Eqn (1) that the sleeve will not perform small oscillations if

o2 v L3 10 rod/s.
m

When the bar is about to start sliding along the plank, it experiences the maximum restoring
force which is being provided by the limiting friction,

Thus

kN = moja or, kmg-mw(z)a
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433 The natural angular frequency of a mathematical pendulum equals wy = V g//

@

(b)

©)

We have the solution of S.H.M. equation in angular form :
0 =60,cos(wyt+ a)

If at the initial moment i.e. att =0, 6 = 6,, than a = 0.

Thus the above equation takes the form
6 = 0,cosm

,/5 - 30 \/2'§
0,, cos lt 3° cos 08 t

3°cos 35 ¢

Thus 0

The S.H.M. equation in angular form :
0 =0,sin(wyt+a)
If at the initial moment ¢ = 0, 8 = 0, then o = 0.Then the above equation takes the
form
6 = 0,sinwy¢
Let vy be the velocity of the lower end of pendulam at 0 = O, then from conserved of
mechanical energy of oscillaton

Emean = Eadremc or T, mean = Ualnm

or, -;-mv%=mgl(1—0059m)

Thus

o mcos- (1200 ) o cos-1f1o022 ],
- 2gl 2x9-8x0-8|

Taus the sought equation becomes
0 =0,sinwgz = 45°sin3-5¢

Let 6y and v, be the angular deviation and linear velocity at ¢ = 0.
As the mechanical energy of oscillation of the mathematical pendulum is conservation

1 mv%+mgl(1—cos@o) =mgl(1l-cosB,)

2
vo
or, ?=gl(cos90—cos9,,,)
2 2
_ -1 _ (] _ -1 o _ (0'222 = §.4°
Thus 6, = cos {coseo 2gl}-cos {cosS X980 8 54
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Then from 6 = 5.4° sin (3.5¢ + a), we see that sin o = -5%—1- and cos o < 0 because

1]

the velovity is directed towards the centre. Thus a = 5

+ 1.0 radians and we get the

answer.

4.34 While the body A is at its upper extreme position, the spring is obviously elongated by the

amount
mig
vl
If we indicate y-axis in vertically downward direction, Newton’s second law of motion in
projection form i.e. F, =m w), for body A gives :

a-

m m

mlg+x(a-—i—g)-mlw2a or,x(a——i—g-)-ml(wza—g) 1)

(Because at any extreme position the magnitude of acceleration of an oscillating body equals
®®a and is restoring in nature.)

If N be the normal force exerted by the floor on the body B, while the body A is at its upper
extreme position, from Newton’s second law for body B
N ( m g )
+Kja- T = m, g

m g 2 .
or, N=mg-x a-—- =myg-m(wa-g)(using Eqn. 1)

HenceN = (m1+m2)g-m1m2a

When the body A is at its lower extreme position, the spring is compresed by the distance

(a+ﬂ£}
K

From Newton’s second law in projeciton fonn ie. F, = mw, for body A at this state:
y y

mg-x é+£n—i-§ - m (- w’a) or, x| a+ -m(g+w’a) 3)

K
In this case if N’ be the normal force exerted by the floor on the body B, From Newton’s
second law

m
for body B we get: N' = K(a+ %g)+m2g = ml(g+u)2a)+m2g(using Eqn. 3)

2
Hence N' =(m+m)g+mo‘a

From Newton’s third law the magnitude of sought forces are N’ and N, respectively.

4.35 (a) For the block from Newton’s second law in projection form F, = mw,

N-mg=my @
But from y=a(l-cosmwt)
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We get y = wlacoswt @
From Eqns (1) and (2)

2
N=mg 1+ﬂg-g-coswt A3)

From Newtons’s third law the force by which the body m exerts on the block is directed

2
vertically downward and equls_ N = mg ( 1+ %‘- Cos @ t)

When the body m starts, falling behind the plank of loosing contact, N = 0, (because the

normal reaction is the contact force). Thus from Eqn. (3)
2

mg(l-o-gg—a-cosa)t) = 0 for some ¢

Hence Ay = g/u)2 = 8 cm.

We observe that the motion takes place about the mean position y = a. At the initial

instant y = 0. As shown in (b) the normal reaction vanishes at a height (g/wz) above
the position of equilibrium and the body flies off as a free body. The speed of the body

at a distance ( g/mz) from the equilibrium position is ©V a’-( g/mz)z, so that the
condition of the problem gives
-8;+a =h

[oVd-(g/0’) ]
+
2g o
Hence solving the resulting quadratic equation and taking the positive roof;

an—i‘{- '2—"2& « 20 cm.
o’ «

Let y(t) = displacement of the body from the end of the unstreched position of the
spring (not the equilibrium positiqp). Then
my = -xy+mg
This equation has the solution of the form
y=A+Bcos(mt+a)

if -mm2Bcos((ot+a)--K[A+Bcos(wt+a)]+mg
Then 0 =% and 4 =28
m X
we have y=0 and y=0 at r=20.So
-wBsina =0
A+Bcosa =0

Since B>0 and A> 0 we must have a = &t
B=A="8
'S
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4.37

and y--"ig-(l-coswt)

(b) Tension in the spring is
T=xy=mg(l-cosat)

s0 Toex =2mg, Toyn = 0
In accordance with the problem -
Fe-amr
So, m(xT3yj)=-am(xi%yj)
Thus X=-axand y =-ay

Hence the solution of the differential equation
X = —ax becomes x = acos(wpt+d), where w) = «

So, X =-awmgsin(wgt+a)
From the initial conditions of the problem, v, = 0 and x = r, at ¢ =20
So from Eqn. (2) o = 0, and Eqn takes the form

X = rocoswygt SO, COSWyl = x/1rg
One of the solution of the other differential Eqn y' = -y, becomes

y = a'sin(wgt+0'), where wp = o

From the initial condition,y = 0 at ¢t = 0, so & = 0 and Eqn (4) becomes :

y = a'sin wy1(5)
Differentiating w.r.t. time we get

y = a’ mgcos Wyt
But from the initial condition of the problem, y = v, at ¢ = 0,
So, from Eqn (6) vog=adwy or a =vy/uy
Using it in Eqn (5), we get

Vo . . Wy
y = —sinwgt or sinwgt = ——
o Vo
Squaring and adding Eqns (3) and (7) we get :
0)2)'2 xz
sin2m0t+ cos2mot = 02 + -
Vo To
L\ y 2
2
I, —| +a =1 as a, = w
g () o) (e i)

@)
)

(€)
@

(©)

™

1.38 (a) As the elevator car is a translating non-inertial frame, therefore the body m will experience
an inertial force m w directed downward in addition to the real forces in the elevator’s

frame. From the Newton’s second law in projection form

F, = mw, for the body in the frame of elevator car:

—x(-":—(g-+y)+mg+mw =my

4)
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( Because the initial elongation in the spring is m g/x )

. mw
so, my --Ky+mw--x(y-—x——)
& mw K mw
or dtz(y- X ) - -;(y- K ) @)

Eqn. (1) shows ‘that the motion of the body m is S.H.M. and its solution becomes

y—%-asin(VﬁH—a) 2

Differentiating Eqn (2) w.r.t. time

j-a@ cos(vgn»a) 3

Using the initial condition y (0) = 0 in Eqn (2), we get :

. mw
asmo, = ———
K

and using the other initial condition y (0) = 0 in Eqn (3)

.‘/K
we get ay — cosa =0
m

Thus a = -0/2 and a--@;‘l

Hence using these values in Eqn (2), we get
mwl oo / X
y -—-—-K ( 1-cos - t)
Proceed up to Eqn.(1). The solution of this differential Eqn be of the form :

mw . .‘/K
y-—-asm( —t+6)
K m
or, -a—t-asin(v5t+6)
’ Y= /m m
or, y-a—;=asin(wot+6) (wher Wy = V —K—) “)
w m

0
From the initial condition that att= 0, y (0)= 0,500 = asind or & =0

Thus Eqn.(4) takes the from :y - 9__;. = asinwy! o)
Wo

Differentiating Eqn. (5) we get : y - % = amyCcos w! 6)
o
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4.39

4.40

But from the other initial condition y (0) = 0 at ¢ = 0.

So, from Eqn.(6) - % =awy or a= —a/(o(s,
@9
Putting the value of a in Eqn. (5), we get the sought y(t). ie.
at a . a .
y-—73 =-—3sinwgt or y=—(wyl-sinwy?)
Wo wp o

There is an important difference between a rubber cord or steel coire and a spring. A spring
can be pulled or compressed and in both cases, obey’s Hooke’s law. But a rubber cord becomes
loose when one tries to compress it and does not then obey Hooke’s law. Thus if we suspend
a*body by a rubber cord it stretches by a distance m g/x in reaching the equilibrium
configuration. If we further strech it by a distance A h it will execute harmonic oscillations
when released if Ah < m g/x because only in this case will the cord remain taut and obey
Hooke’s law.
Thus Ahy,, = mg/x
The energy of oscillation in this case is
- 22
1 2 1mg
2 K ( A hmx ) 2 K
As the pan is of negligible mass, there is no loss of kinetic energy even though the collision
is inelastic. The mechanical energy of the body m in the field generated by the joint action
of both the gravity force and the elastic force is conserved i.e. AE = 0. During the motion
of the body m from the initial to the final (position of maximum compression of the spring)
position AT = O, and therefore AU = AU, +A U, = 0
or -mg(h+x)+-;—xx2-0
On solving the quadratic equation :

mg _\/ mg, 2mgh
X =—z >+
3 K x
As minus sign is not acceptable

22
x_L"_s_,,\/m_:;_,,Z_ms_h
K K K

If the body m were at rest on the spring, the corresponding position of m will be its equilibrium
position and at this position the resultant force on the body m will be zero. Therefore the
equilibrium compression A x (say) due to the body m will be given by

KAx=mg or Ax =mg/x
Therefore seperation between the equilibrium position and one of the extreme position i.e.
the sought amplitude

22
a-x—Ax-\/'lé-‘—+-2—'—n;g—h
X
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The mechanical energy of oscillation which is conserved equals E = U, ,because at the
extreme position kinetic energy becomes zero.

Although the weight of body m is a conservative force , it is not restoring in this problem,
hence U_yeme is only concerned with the spring force. Therefore

2 2
E =U,peme = %lca2 = mgh+m—2£—
Unlike the previous (4.40) problem the kinetic energy of body m decreases due to the perfectly
inelastic collision with the pan.Obviously the body m comes to strike the pan with velocity
Vo =V2gh If v be the common velocity of the " body m+ pan " system due to the
collision then from the conservation of linear momentum
mvg=(M+m)v

v = mvy _m 2gh 1
(M+m) (M+m)

At the moment the body m strikes the pan, the spring is compressed due to the weight of “he

pan by the amount M g/x . If I be the further compression of the spring due to the \ciocity

acquired by the "pan — body m " system, then from the conservation of mecksnical encrgy

of the said system in the field generatad by the joint action of both the gravity and spring

forces

or

2 2
l(M+m)v2+(M-i-m)gl - lx __M_g‘”) - lK{M_g_\,
2 2 K J 2 L X )
2 2
1 m2gh My, L L (Mg -
OI)E(M'" )(M+ ) (M+m)gl‘_ ( "Mgl 2K X (US]“!, ])
1 m;2 gh
or, lez-mgl —*2--(m+M)-
2 2 2xghm
ngsV migr, 2usknt
Thus | =
K
As minus sign is not acceptable
__g_ 1 v 2 2xkm-ghn m-gh
™ m’ (M +m )
If the oscillating “pan + body m’ system were at rest it correspond to their equilbgium position
i.e. the spring were compressed by (_M_EL”__)_E_ therefore the amplitude of oscillation

a =I_M=M1/1+2/“‘
K K mg
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4.42

The mechanical energy of oscillation which is only conserved with the restoring forces

becomes E = U_peme = %K a’ (Because spring force is the only restoring force not the
weight of the body)
Alternately E=Tywm= %(M+m)a2m2
1 2 K _1 2
thus E—E(M+m)a (M+m)-2xa
- O
We have F = a(yi= xj)
or, m(FTE YY) = a(Gize))
So, mx =ay and my = -ax 1)
From the initial condition,at ¢ = 0, x = 0 and y = 0
So, integrating Eqnynx" = ay
we get © < -ay orfc=%y )
Using Eqn (2) in the Eqn m | = -ax, we get
2 2
.e a .o a
- . - —_— 3
my Ty ory (m) y C)

one of the solution of differential Eqn (3) is
y =A sin(wgt+a), where wy = a/m.

Asatt = 0, y = 0, so the solution takes the form y = A sin wg¢
On differentiating w.r.t. time y = A g cos wg ¢

From the initial condition of the problem, at ¢ = 0, y = vo

SO, Vo = A wg oOor A= Vo/(ﬂo
Thus y = (vo/wy ) sin g ¢ “)
Thus from (2) x = v sin wy? so integrating
B AL t 5
X = -— 0)0 COS (l)o ( )
. Vo
On using x=0att=0,B=—
o
Vo
Hence finally X = m_( 1-coswyt) 6)
0

Hence from Eqns (4) and (6) we get
[x-(vo/wy) P + y* = (vo/wy )

which is the equation of a circle of radius (vop/wp) with the centre at the point
Xp = Vo/wWg, yo = 0
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If water has frozen, the system consisting of the light rod and the frozen water in the hollow
sphere constitute a compound (physical) pendulum to a very good approximation because we
can take the whole system to be rigid. For such systems the time period is given by

/ \ / 2
=2n é 1+ IIC—Z where  k? = 3R 2 is the radius of gyration of the sphere.

5

The situation is different when water is unfrozen. When dissipative forces (viscosity) arc
neglected, we are dealing with ideal fluids. Such fluids instantaneously respond to (unbalanced)
internal stresses. Suppose the sphere with liquid water actually executes small rigid
oscillations. Then the portion of the fluid above the centre of the sphere will have a greater
acceleration than the portion below the centre because the linear acceleration of any element
is in this case, equal to angular acceleration of the element multiplied by the distance of the
element from the centre of suspension (Recall that we are considering small oscillations).
Then, as is obvious in a frame moving with the centre of mass, there will appear an
unbalanced couple (not negated by any pseudoforces) which will cause the fluid to move
rotationally so as to destroy differences in acceleration. Thus for this case of ideal {luids the
pendulum must move in.such a way that the elements of the fluid all undergo the same
acceleration. This implies that we have a simple (mathematical) pendulum with the time

period :
‘/l
Tp=2n -
¢ g
2
2(R
Thus T, =T, 1+-5—(7)

(One expects that a liquid with very small viscosity will have a time period close T, while
one with high viscosity will have a time period closer to T}.)

Let us locate the rod at the position when it makes an angle 0 from the vertical. In this
problem both, the gravity and spring forces are restoring conservative forces, thus from the
conservation of mechanical energy of oscillation of the oscillating system :

;m3l (9) tmg (1 cosB)+—x(19) = constant
Differentiating w.r.t. time, we get :
imi® mgl . oo 1 2,00 _
573 269+ > sm99+2xl 200 =

Thus for very small 0

~

é'=-35(1+—“—’)e
2 mg

w

Hence, Wy = ﬁ(l+%)
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4.45 (a) Let us locate the system when the threads are deviated through zn angle o’ < , during
the oscillations of the system (Fig.). From the conservation of mechanical energy of the

system :

2.
-;——'—’11—-1-2‘—02-5- mgl(l-cosa') = constant (1)

Where L is the length of the rod, 0 is the angular
deviation of the rod from its equilibrium position i.e.
0 =0

Differentiating Eqn. (1) w.r.t. time

1mL? . - -,
2 12 200 + mglsina'a =0
L2. .. .
So, -1769+gla’a'-O(forsmalla',sina'-a')
But from the Fig.
) v o L
29=-la or a 219
., L
So, a' = 219
Putting these values of o’ and -‘%— in Eqn. (2) we get
2
a’e _3_89
dt? l

Thus the sought time period

T-at_ 327‘: \"1—
) 3g

(b) The sought oscillation energy

E =U_pope =mgl(l-cosa) = mngsinzg-

2 2
= mgl2%— - -"Lg;i(because for small angle sin 6 « 0 )

R2\ . ]
4.46 The K €. of the disc is -l—I(p2 = l(—”—'—I-(---)(pz- %mR2q>2

2 21 2

The torsional potential energy is %k(pz. Thus the total energy is !

mR2¢i>2+%k(p2 = -l-mthiJ%Jr%kqvg

1
4

.

By definition of the amplitude ¢,,, @ = 0 when @ = @,. Thus total energy is

@
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1 1 1
Fk@n = ZmR7 G+ >k}

2
\/ mR2 %
or Pm = Pp 1+ 2k

2

27

Moment of inertia of the rod equals mlZ about its one end and perpendicular to its length

3

Thus rotational kinetic energy of the rod = 5( ) 6 = -"L!—

when the rod is displaced by an angle 0 its C.G. goes up by a distance

%(l-cose)- I—g—zfor small 6.

Thus the P.E. becomes : m g%

As the mechanical energy of oscillation of the rod is conserved.

2 I3
%(%’—-)921--;—(—&"'2 1192= Constant

on differentiating w.r.t. time and for the simplifies we get : 0= - ?? 0 for small 6.

we see that the angular frequency w is
=V3g/2l

we write the general solution of the angular oscillation as :
0 =Acoswt+Bsinwt

But 0=0) at t =0, soA =0
and 6 =0, at t=0,s0
B = 0y0
Thus anoooso)t+—m2sino)t
Thus the KE. of the rod
2
T = %62 =[- o By sin @ 1+ 0y cos w ¢ |
12
= ——[0 cos? w £ + w? Bosm mt—20)00005m(ntcosmt]

On  averaging over one time period the last term  vanishes

<sinfwt>=<cos’wt>=1/2 Thus

<T>= —l—mlz(')(2,+l

12 8mg120%, (where o = 3gn2))

and
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4.48

4.49

Let I = distance between the C.G. (C) of the pendulum and. its point of suspension C
Originally the pendulum is in inverted position and its C.G. is above O. When it falls to th
normal (stable) position of equilibrium its C.G. has fallen by a distance 2 /. In the equilibriun

position the total energy is equal to KEE. = %—I ®” and we have from encrgy conservation :

l-I<.02 =mg2l or I= dmegl
2 >

Angular frequency of oscillation for a physical pendulum is given by w3 = m g1

2
Thus Te22 VL w2xVAinghe 4=

mgl mgl 3

Let, moment of inertia of the pendulum, about the axis, concemed is I, then writing
N, = IB,, for the pendulum,

-mgxsinaO-Ié or, é---"LIgiB (For small 6)

which is the required equation for S.H.M. So, the frequency of oscillation,

Mgx I
W; = _Ig_ o, x = ATé ol 1)
Now, when the mass m is attached to the pendulum, at a distance / below the oscillating axis,

dG’

_gMx+ml) _d’e
(I+mi1?) PTEN
which is again the equation of S.H.M., So, the new frequency,

or, ( For small 0 )

\/ g(Mx+ml) @)

Wy =

(I+m1?)
Solving Eqns. (1) and (2),
\/g((f/g)m1+mz)
(I+ml )
or mz_lwf\»mgl
’ 2 T+mi?
or, I(m%—w%)-=mgl—mo\)§l2

and hence, I=r7112(o\)%-g/l)/(mf—m%)=O-8g-m2
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When the two pendulums are joined rigidly and set to oscillate, each exert wrques on the
other, these torques are equal and opposite. We write the law of motion for the two pendulums
as

Lo = -0’0 +G
L6 = -wlL6 -G

where + G is the torque of mutual interactions. We have written the restoring forces on each
pendulum in the absence of the other as - (of 1,0 and - m%!z 0 respectively. Then

Il(l)f + 12(1)%
YA

H 110)3'0'120)%
ence w = V T +12

1

0 = 0= -0

Let us locate the rod when it is at small angular position 0 relative to its equilibrium position.
If a be the sought distance, then from the conservation of mechanical energy of oscillation

mga(l-cosB)+ %100' ((.))2 = constant
Differentiating w.t.t» time we get :
mgasineé+ %100299 =0
g 2

But Ipo = B+ ma® and for small 0, sin@ = 0, we get

12

s 2
12+a

Hence the time period of one full osscillation becomes

3 2/ 2
T=2n Lat or T2=%(£ +a]

12 12 a
ag
F T, obviousl -‘1 —12—- +al=20
or mmn y da\12a
2 !

So, +1=0 or a=——=

T 1242 23

‘FT“
Hence Ton = 2m —=
¢ gV3
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Consider the moment of inertia of the triangular plate about AB.

=Jffx2dm =ffx2pdxdy

h ) 2k h A B
2 =X _E_
{x pdx W V,__ { \/— (h-x)dx x
_2p (KB e _mi &
V3|3 4] 6V3 6
On using the area of the triangle AABC = —hi' andm = pA ¢
V3 ’
. 1mh
Thus K.E. = ETGZ
1 e’
PE. =mg (1- cosO)z—mgh--

Here O is the angle that the instantaneous plane of the plate makes with the equilibrium
position which is vertical. (The plate rotates as a rigid body)

1 mh2 2 1 mgh
Thus E'§—6—6 +2 3 62
2
2 _ 2g - mgh [ mh
Hence w 7 3 /———6
\/ h \/211
So T=2n _2g =7 —-—g .oand g = B/2.

Let us go to the rotating frame, in which the disc is
stationary. In this frame the rod is subjected to coriolis
and centrifugal forces, F,, and F.;, where

F,,,-f2dm(v'x wp ) and F.s -fdmm%r,

where r is the position of an elemental mass of the
rod (Fig.) with respect to point O (disc’s centre) and

V o= —

dt
As r=OP = OA+AP
dr d(AP) ) .
So, - a " (as OA is constant)

As the rod is vibrating transversely, so v’ is directed perpendicular to the length of the rod.
Hence Z dm { v x @) for each elemental mass of the rod is directed along PA. Therefore the
net torque of coriolis about A becomes zero. The not torque of centrifulgal force about point
A:

Now, Terw -fAPx dmwir =fAPx (ﬁ\dmg(OAmP)

v
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=fAPx (%ds)w%OA -f—'?—dso)%sasine(—k)

14
= -’;lw%asine(—k)fsds = mmga%sina(—k)
0
— 2 l .
SO, ‘t‘.f(z)- ,f(A)°k--mmansm9
According to the equation of rotational dynamics : T,z = [, 0
2 ..
or, -mm%a-zl-sine--'%!—e
2
or, 0 = - %#sine
' 3 wla
Thus, for small 0, 0 » - 5 —2-1—9
3w’a

This implies that the frequency wq of oscillation is wy =

4.54 The physical system consists with a pulley and the block. Choosing an intertial frame, let us
direct the x-axis as shown in the figure.

v

Initially the system 1s in equilibrium position. Now from the condition of translation
equilibrium for the block
To=mg 0Y)
Similarly for the rotational equilibrium of the pulley
K A/R= T, oR

or. To=xAl )
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from Eqns. (1) and (2) Al= ﬁK& 3)

Now let us disturb the equilibrium of the system no matter in which way to analyse its motion.
At an arbitrary position shown in the figure, from Newton’s second law of motion for the
block

F.=mw,
mg-T=mw=mx ©)
Similarly for the pulley
N,= 18,
TR-x(Al+x)R=1T6 ©)
But w=BR o, ¥*=RO (6)
from (5) and (6) TR-x(Al+x)R= Iii x Q)
Solving (4) and (7) using the initial condition of the problem
-kRx= (mR + é)x
or, X == x
m+ ;2‘

\ / 2
Hence the sought time period, T = 2—(»::—- 2n M:i

Note : we may solve this problem by using the conservation of mechanical energy also

At the equilbrium position, N,, = 0 (Net torque about 0)

So, mygR-mgRsina =0 or my = msina 1)
From the equation of rotational dynamics of a solid body about the stationary axis (say z-axis)
of rotation i.e. from N, = If,

when the pulley is rotated by the small angular displacement 0 in clockwise sense relative to
the equilibrium position (Fig.), we get : il
mygR-mgRsin(a+0)
2 .
= [MZR + mR*+ mARz] 0

Using Eqn. (1)
mgsina-mg(sinacos 8+ cos asin )
- {MR+ 2m(1+sina)R}é-

2
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But for small 8, we may write cos® « 1 and sin0 « 0

Thus we have

{MR+2m(1+ sina)R}é'
2

mgsina-mg(sina+cosaf) =

2mgcos a
T [MR+2m(1+ sma)R]

Hence, 0 =

2mgcos o
MR+ 2mR(1+ sina)

Hence the sought angular frequency wy = v

Let us locate solid cylinder when it is displaced from its

(@

stable equilibrium position by the small angle 0 during its A
oscillations (Fig.). If v be the instantaneous speed of the R /S L‘)\
U
’

CM. (C) of the solid cylinder which is in pure rolling,
then its angular velocity about its own centre C is
w =v/r

; ie }—-Vc
' @)

Since C moves in a circle of radius (R - r), the speed of C at the same moment can be written
as

v. = 0(R-r) 2
Thus from Eqns (1) and (2)

® = é@ 3)
As the mechanical energy of oscillation of the solid cylinder is conserved, i.e. E = T+ U =
constant

So, %mvf+%lcw2+mg(R -r) (1-cos8) = constant
(Where m is the mass of solid cylinder and I, is the moment of inertia of the solid cylinder
about an axis passing through its C.M. (C) and perpendicular to the plane of Fig. of solid
cylinder)

2

or, %mm2 2+‘—,1,_-m2—002+mg(R-r)(l—c:os())-roonstzmt (using Eqn (1) and
I,=mr/;)
2(R )

r2(8)

Differentlatmg w.r.t. time

+8(R-r)(1-cosB®) = constant, (using Eqn. 3)

%(R—r)Zéé#gsinBé =0

) = .28 ;
So, 0 3(Ro7) 0, (because fer small 6, sinB« 0 )

Thus wp = V_zﬂ_

3(R-r)
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4.58

Hence the sought time period

T=2% .o,V 3Rr)
(0 1)) Zg

Let x; and x, be the spring constant of left and right sides springs. As the rolling of th
solid cylinder is pure its Jowest point becomes the instantencous centre of rotation. If 0 be
the small angular displacement of its upper most point relative to its equilibrium position,
the deformation of each spring becomes (2R 6 ). Since the mechanical energy of oscillation
of the solid cylinder is conserved, E = T+ U = constant

ie. -;—I,(é)2+—;-x1(2R9)2 +%vc2(2R9)2 = constant
Differentianting w.r.t. time
%‘IPZéé.+%‘(K1+K2)4R229é =0

2 ..
or, (mé( +mR2)9 +4R*x0 =0
2 mR2
(Because Ip = I+ mR” = ——+ mR?

Hence o =_3%g
3m

Thus wy = LLY and sought time period

Im
2x 3m Im
T=a “2V3ge =*V 3¢

In the C.M. frame (which is rigidly attached with the centre of mass of the two cubes) the
cubes oscillates. We know that the kinetic energy of two body system equals -lz-uv,f. , Where

p is the reduced mass and v, is the modulus of velocity of any one body particle relative
to other. From the conservation of mechanical energy of oscillation :

2
1 2,1 /4
SKX 45N dt(lo+x)} constant

Here [ is the natural length of the spring.

Differenting the above equation w.r.t time, we get :

d(lo"'x) i]

ar

%Kin+%u2ii’ =0 [becomes

. mym
Thust = - ~x (where U= L2 )
7% m; +m,
A K mymy
Hence the natural frequency of oscillation : w, = — where p = .
1 m;+m,
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4.59 Suppose the balls 1 & 2 are displaced by x,, x, from their initial position. Then the energy
is:E = %mlﬁ + mza'cz + %k(xl - x2)2 = %mlvf

Also total momentum .is : m; x; + myXx, = my vy
myx; + myx;

Define X2 s x=x, - x,
m + m

Then xl-X+—&—x, xz-X-—L—x

m +m, m; + my

1_mmy 1,2

E (m1+m2)X2+2m x2 zkx

m; vy
- il

Hence
m; + my
2 2
m . my v my; m
So 1 mm x2+-1-kx2-—1-m1v§--1- L 1™ v?
2m +m 2 2 2m+m 2m+m

(a) From the above equation

1/& ‘/3X24 -1 mym 2
We see @ m — 68, when p e+ mg 3kg.

(b) The energy of oscillation is
1 mm 5, 1
Vl -
2 my + my 2
We have x = asin (ot + a)

% x (0.12)° = 48 x 10~ = 48 mJ

Initially x=0att=0s0 a=0

Then x = a sin wt. Also x = v; at ¢t = 0.
v

So wa-vlandhcncea-—1-=1—2--2cm
® 6

4.60 Suppose the disc 1 rotates by angle 0, and the disc 2 by angle 0, in the opposite sense. Then
total torsion of the rod = 6; + 0,

. 1 2
and torsional PE. = —x (6, +60,)
2 ) (2)
The K.E. of the system (neglecting the moment of inertia
of the rod) is
. . ( D
-;—I 1 0% + %I 2 9% \

So total energy of the rod

E= %Iléh%aé%»f%x(e,»fez)’

We can put the total angular momentum of the rod equal to zero since the frequency associated
with the rigid rotation of the whole system must be zero (and is known).
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. 91 92 01 + 62
Thus L6 =68 o Tr =1L~ L i/L,
So Oy = —2— (6,48,) and B = —1— (6,46
1 I I 1 2 an 92 = I], +12 ( 1 + 2)
1 11 I
and E = 2I I (911’62) + = K(61+92)
The angular oscillation, frequency corresponding to this is
LI . r LI
w’ = x/ L+l =x/I'" and T=2xn , Where I' = L+l

In the first mode the carbon atom rem=ins fixed and the oxygen atoms move in equal &
opposite steps. Then total cncrgy is

6Y)
.1‘ X
l2mo;c2+%2 K x*

2
where x is the displacement of one of the 0 atom (say left one). Thus

wf = k/my.

@

In this mode the oxygen atoms move in equal steps in the same direction but the carbon atom
moves in such a way as to keep the centre of mass fixed.
2 my

Thus 2mgx+m.y =0 or,y = - x

m,

2
1 2.1 2my . 1 21 2myg . 1 2mgy) .
KE.= §2m0x2+2mc( = x)- =2myx +22m0 oy 2 ~2—2mo 1+ - x?

Al )
2
)f

2 .
2 2 2
P.E.=lk(1+ ""’)x’ +lx( m")xz -—-2x 14210
2 2, m .

e m

2 mg
m

2 _ K
Thus w3 mo(

Hence, W, = V1 V 11 ~ 191 0,

mq
and o, = @, 1+
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*. 462 Let, us displace the piston through small distance x, towards right, then from F, = mw,

4.63

1.

P

|

1

tex.

|
or, (p,-p,)S = -mx Q)
But, the process is adiabatic, so from PV = const.

s = Vs oy = Po Vo
27 (Vo-Sx)" L (Ve+Sx)T

as the new volumes of the left and the right parts are now (V + S x) and (V; - S x) respectively.

So, the Eqn (1) becomes.

P VoS 11 -y
m (Vo-Sx) (Vo+Sx)

nViS {(szn’— (Vo-Sx)’} .

m (Vo -5%x*)"
BTV LEAMPRRTY:
poVoS Vo Vo
\ —— y

or, 1
m

vy (1_ xi;_)

Vo

- -

2.2

Neglecting the term 15725__ in the denominator, as it is very small, we get,
0

2p,S?
i - o 2Po2 YX

m Vo
which is the equation for S.H.M. and hence the oscillating frequency.

2
(00:5\/ SPoY

m Vo

In the absence of the charge, the oscillation period of the ball
T=2nVi/g
when we impart the charge g to the ball, it will be influenced by the induced charges on the

conducting plane. From the electric image method the electric force on the ball by the plane
2

— and is directed downward. Thus in this case the effective acceleration
4neg(2h)

of the ball

equals
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q2

"' P et
£ =¢ 16:uz.,mh2

and the corresponding time period

eVl a2V —

__11__

16ueomh
From the conditon of the problem
T=nT'
2 2402 1 2 1
So, T =qn“T or — =7 3
g o —
16xegmh

Thus on solving

q=4h \/neomg('nz— 1) =2ucC

In a magnetic field of induction B the couple on the magnet is ~ M B sin 0 = - M B 0 equating
this to 16 we get

10 +MBO = 0
2 _MB - \/ g
or ) T or T=2m MB
Given T, = Ty/y
1 1 1
B, VB "B n
or By, = q Bl

The induction of the field increased 1’ times.

We have in the circuit at a certain instant of time (¢ ), from Faraday’s law of electromagnetic
induction :

di dx
Ld -Bldt or Ldi = Bldx
As at t=0,x=0, so Li=Blx or i-Tlx(l)
|
For the rod from the second law of motion F, = mw,
-ilB =mx

. .. 1’B 2
Using Eqn. (1), we get : X = - L X = —wpXx 2
where wy = IB/V mL

The solution of -the above differential equation is of the form
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x = asin(wyt+ a)
From the initial condition, at ¢t = 0, x = 0, so o = 0
Hence, x = asinwgt A3)
Differentiating w.r.t. time, x = @ w, cos wg ¢
But from the initial condition of the problem at ¢ = 0, x = v,
Thus Vo= awyg Or a = vy/wg “
Putting the value of a from Eqn. (4) into Eqn. (3), we obtained

x-xgsinmt where wy = I8
wp 0 " VmL

As the connector moves, an emf is set up in the circuit and a current flows, since the emf is

§=—BIi,wcmusthave:—Blfc+L%t£-0 L

o, I=BIx/L 7002020020000

provided x is measured from the initial position.
We then have

KK X
K X x

X

A X X
K KX

mx = —E%-{.B.l-rmg

for by Lenz’s law the induced current will oppose
downward sliding. Finally

(B1)
mL

X+ x=g

. Bl
on puttin; Wy =
putting Y

X+oix =g

A solution of this equation is x = _% +Acos(wpt+a)
o

But x =0 and x = 0 at ¢ = 0. This gives

X = -55 (1-coswgt).
o

We are given x = age P sinw ¢
(a) The velocity of the point at ¢ = 0 is obtained from
Vo=(x).o= wap
The term "oscillation amplitude at the moment ¢ = 0" is meaningless. Probably the im-

plication is the amplitude for ¢ < < 1 . Then x = a, sin w ¢ and amplitude is a,.

B

(b) x = (-Pagsinwt+magcosmt)e P’ =0
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4.69

when the displacement is an extremum. Then

w
tanwt = —
B
or mt-tan'l-(g-+nu,n-0,1,2,...
Given ¢ = q)oe'“'coso)t
we have ¢ = -Bop-wqpe P'sinms
¢ =- ﬁ‘b‘*B‘D‘Poe'B‘sinmt—mztpoe'B'cosmt

=plo+2pwgre Psinor-w’e

SO
@ () =-Boo, (§)o = (P2 -)p

) ¢ =-gpe” ﬂ'( B cos w ¢ + w sin w ¢ ) becomes maximum (or minimum) when

¢ = g(p*-0’)e Pcoswr+2pmgye Psinwr =0

2 2
w” -
or tilll(l)t-—‘—"E

2w
1 -1(02—92
and t, = —| tan +nx|,n=0,1,2,..
P 2fw
We write x = age P! cos (wr+a).
l
1 4 — _p‘ .
(a) x(0)=0=>a-::—2—=>x=+ age Flsinwt

x(0) = (x).o=%wag
Since ay is + ve, we must choose the upper sign if x (0 ) < 0 and the lower sign if
x(0)> 0. Thus
x(0 n .-
a, " and o = ) ifx(0)<0
-2 if£(0)>0
(b) we write x = Re A e B*i®F 4 = g ¢f®
Then x=v,=Re (-B+iw)Ae Prriv
From v, (0) = OwegetRe (-B+iw)A =0
This implies A = + i(8+iw)B where B is real and positive. Also

Xp=ReA =% wB

| x|

Thus B = o with + signinA if xp<0
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- signinA if x>0

So A-:iM|x0|-(Tl+t-l-E)|xol
o o
Finally ag = 1+(%) %01

tana = i, a= tan'l(—-—ﬁ)
® ®
o is in the 4% quadrant (-%<a<0) if x>0 and a is in the 2nd quadrant

(§<a< n) if xp<0.

470 x = age Plcos (wt+a)

41

Then (x).0=-Bagcosa~waysina = 0
or tana-—E-.
w
o
Also (x);-0=apcosa = —
n
sec’a = nz, tana = - 'r|2—1

Thus B-mVn2—1

(We have taken the amplitude at t = 0 to be ag ).

We write x = age P’ cos(wt+a)
- ReAe-ﬁ”im',A = aoeia
x=ReA(-B+iw)e Pr+ivt
Velocity amplitude as a function of time is defined in the following manner. Put f= £, +7,
then
X = ReAe—B(toﬂf) eim(t°+t)

- ReAe-Bto euulonmt- ReAe-Bloelmt

fort<< l. This means that the displacement amplitude around the time ¢, is a, e P% and

B

we can say that the displacement amplitude at time ¢ is a, e B Similarly for the velocity
amplitude.
Clearly
(a) Velocity amplitude at time ¢ = a,V Bz +ole Pt
Since A(-B+iw) = gpe'*(-B+io)
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=aV B+’ e’
where y is anotner constant.

) x(0) =0=>ReA =0 or A==xiq
where a, is real and positive.
Also v,(0) =xg=Re t iay(-B+iw)
=% wa
Thus ay = LZ%'— and we take - ( +) sign if x; is negative (positive). Finally the velocity

amplitude is obtained as
X )
—| OI ;32+c02 e P,

4.72 The first oscillation decays faster in time. But if one takes the natural time scale, the period
T for each oscillation, the second oscillation attenuates faster during that period.

4.73 By definition of the logarithemic decrement (k = f 2—(;‘-) we get for the original decrement

Ao
2R 2nnf
N = p—F——= and finally A =
Voi Voi-rp
M/27
Now ___ﬁ____sﬁ or _E..______
o _ B2 2n g V'—z'
0 Ao
1+(2—;)
»
2w . "2::
) \/____2_- -
A Ao
1+| — -9
(2:!:) 1+ 2,‘;)
A niy/2n
Hence — =
2n 2
\/1_(,,2_1)(13)
2n
For critical damping wy = n.p

4.74 The Eqn of the dead weight is



mi+2pmx+mwgx =mg

g g
so Ax-—-—z- oru)(z,s-——-.

S Ax

’ 2
Now )\.-2“6& nf or —0 (A)

© \/_2—&2' R-F
_2m
Thus 14| —-
S (25)
2
=2n \/% \/1+(5’-‘;) =\/—A§’£(4u’+)3) = 0.70 sec.

4.75 The displacement amplitude decrease 7 times every n oscillations. Thus

—_ = e's o "
n
or 2208 g o £ Inn
N} © 2=mn’
® nn
So 0 = 35 = x40,
476 From x =age P'cos (w1 +a ), we get using
(x)nuo=1=agcosa
0= (x),.0=-PBagcoso-waysina [
w 1

Then t:mm=---E Of COSO = ————=

W “’(02'0'62
oo vt
I—-—-&l-mi e Pt oos((ot-tzm'1 %)

and x =

2 w
Total distance travelled in the first lap = /

To get the maximum displacement in the second lap we note that

X = [—ﬁcos(mt-tan'lﬁ)—msin(wt-tan'lﬁ)]
. @ @

v m2+B2 -Bt
xX————e

w

x=0 attr = -3)— gnn+£+ tan"lﬁ

=0

when wt=x,2x,3x,... ctc.
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Thus Xmax = —8ge P cosa = - 1e P for t = /0

so, distance traversed in the 2°% lap = 27e~"P/®
Continuing total distance traversed = [ +2 e “P® 4212700,

s 21" Pe [y —21
l_e—Bn:/w eBn:/(o_l
- le“”“’+1 - ll-&-e"/2
P01 e -1

where A = 2—::)-E is the logarithemic decrement. Substitution gives 2 metres.

4.77 For an undamped oscillator the mechanical energy E = -;—m)? + %m m(“;x2 is conserved. For

a damped oscillator.

x=aye Pcos(wr+a), o =V wi-p?
and E(t) = %m?+%—mm§x2

=-;-ma§e'2p'[ﬁzcos2((ot+a)+2chos(cot+a)x sin(cot+a)+w2sin2(wt+a)]

1 -
+§-maﬁ(o5e 2B cos? (e +a)

= %ma%m%e’”'-r%magﬁze'”'cos(2wt+2a) +%ma%ﬁme'2
If p < <w, then the average of the last two terms over many oscillations about the time ¢

will vanish and

B'sin(2wt+2a)

<E(t)> = %ma(z,w%e“

and this is the relevant mechanical energy.

2Bt

In time v this decreases by a factor %so

e'”'-% or ‘|:=M

28 °
g =11
27
2 .
and A-%z—- 2 = 2n - since (0(2,-%.
_ 2 2
=P \/ Do -1 V—g—“ ; -1
B IIn“n
1 2
and 0="= 487" 1 & 130.

5 lm’q
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The restoring couple is

I'=-mgRsing « -mgRo
The moment of inertia is
_3m R?

==

Thus for undamped oscillations

3mR?
2
2 _ 28

o, p=3p

Also A=

‘/ 2
Hence B % . 1+(_L)

Hence finally the period. T of small oscillation comes to

2
ro2n_ 2n o o N 3R(
2g 2z

o " Vap

R 200
2g(4:rc +A°) = 0.90 sec.

Q+mgRop =0

Let us calculate the moment G; of all the resistive forces on the disc. When the disc rotates
an element ( 7 d r d 0 ) with coordinates ( r, 0 ) has a velocity r ¢, where @ is the instantaneous
angle of rotation from the equilibrium position and r is measured from the centre. Then

2n R
G, =fd9fdr-r-(F1x r)
0 i
R 4

=fnrd)r2dyx2n = g_n?}!;(p
0

2
2

2
mR* .. mnR
Thus 5 @ + 2

Also moment of inertia =

4

p+agp =0

.. anR?. 2a
Q@ +2J2m—cp+mR2(p =0

2
2 20 and ﬁ=ngR
2m

Hence Wy =
mR?>
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2

2
and angular frequency o = v 2a ) (znR
mR 2 2m

Note :- normally by frequency we mean % .

From the law of viscosity, force per unit area = m %
so when the disc executes torsional oscillations the resistive couple on it is
R 4
-fn-Z:rrr. r—}?-r-dr X2 = Il—J;'—R—-q)
0

(factor 2 for the two sides of the disc; see the figure~in the book)

where @ is torsion. The equation of motion is
4
I¢ + I%R— P+cop =0

Comparing with P +2BP+mip = 0 we get
p=mnaR*/2hI

Now the logarithmic decrement A is given by A = BT, T = time period

Thus N =2AhI/aR*T

If = angle of deviation of the frame from its normal position, then an e.m.f.
¢ =Bad’op
2 .
is induced in the frame in the displaced position and a current % = Ba% flows in it. A

couple

24 2 4
B%.B.a.asB a

P
then acts on the frame in addition to any elastic restoring couple ¢ . We write the equation
of the frame as

.. 2 ‘-
Ip + R p+cp =0
Ba*
Thus B = 21R where f is defined in the book.

Amplitude of oscillation die out according to e ' so time required for the oscillations to

1 . .
decrease to -; of its value is

| ==
[}
Q:Niw
~
A”
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4.82 We shall denote the stiffness constant by x. Suppose the spring is stretched by x, . The bar

in then subject to two horizontal forces (1) restoring force — x x and (2) friction kmg opposing
motion. If

x0>lc—'£g- = A

the bar will come back. «X—

(f xos A, the bar will stay put.) ﬁw& 00

The equation of the bar when it is
moving to the left is

mx = -xx+kmg
This equation has the solution

= A+(xp-A) cos V % t

where we have used x = xp,x = 0 at ¢ = 0. This solution is only valid till the bar comes

o -2/ \E

and at that time x = x; = 2A -x,. if xo> 2 A the tendency of the rod will now be to move
to the right .(if A < xo < 2 A the rod will stay put now ) Now the equation for rightward motion
becomes™

to rest. This happens at

mx = -xx-kmg
( the friction force has reversed).

We notice that the rod will move to the right only if
K(xg—-2A)>kmg ie x>3A
In this case the solution is

k
x=-A+(xy3-3A) cos V s
. . / k
Since x=2A-xpand x =0at t=¢ == m

The rod will next come to rest at

=l'2=27t/V£

and at that instant x = x, = xy— 4 A. However the'rod will stay put unless xo> 5 A.
Thus

(a) time period of one full oscillation = 2 / V -:1—

(b) There is no oscillation if 0 <xp< A
One half oscillation if A<x3<3A
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4.83

4.84

2 half oscillation if 3A<xy;<S A etc.
We can say that the number of full oscillations is one half of the integer n
Xo— A
2
where [ x ] = smallest non-negative integer greater than x.

where n =

The equation of motion of the ball is
m(x +wix) = Fycos ot
This equation has the solution

x =Acos(wgt+a)+Bcoswt

where A and o are arbitrary and B is obtained by substitution in the above equation
Fo/m

o3 - w’

B =

The conditions x = 0, x = 0 at ¢ = 0 give

Fo/m .
Acosa+—— =0 and -wpAsina =0

Wy - ®
Fo/m Fo/m
This gives a = 0, A=- 20/ 5 = 20/ 5
Wy = W w -0
Fo/m
Finally, x = % (coswyt~coswt)
w - wp

We have to look for solutions of the equation
mx +kx =F,0<t;<v,

mx +kx=0,1>%
subject to x(0) = x(0) = O where F is constant.

The solution of this equation will be sought in the form

X = {-+Acos(mot+a), Osts~

x =Bcos(wy(t-T)+P), t>71
A and o will be determined from the boundary condition at r = 0.

0=€-+Acosa
0 =-wdsina
Thus a=0andA-—€ and x:-%(l—coswot) 0= t<t.

B and B will be determined by the continuity of x and x at 7 = 7. Thus
F F .
;(l—cosmot) = Bcosp and ;60 FSinwT = -;1)0 Bsin B
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2

Thus Bza(g) (2-2cosmyt)
or B = 2% singg—t-|
x(t)

i
| /\
|
] /
t

%

4.85 Fo. uhe spring mg = x Al

where K is its stifness coefficient. Thus

-5

wp = Al

3=

The equation of motion of the ball is
.. .2 F,
x +2fx+wgx = —coswt
m
Here Ne—2nB B Mim
Voi-p2 @ Vis(r2n)

To find the solution of the above equation we look for the solution of the auxiliary equation

2

. . Fy ;
z+2ﬁz+moz-7n—e"‘"

Clearly we can take Re 2 = x . Now we look for a particular integral for 2 of the form
= A eimt
Thus, substitution gives A and we get
(Fo/m )eimt
w% —0?+2i fow

so taking the real part
(Fo/m)[(mg—mz)oosmt+2f5msinwt]

(02-w? ) +4p* 0

_Fy cos(wt -@)

T m
Viw-o?raga?

The amplitude of this oscillation is maximum when the denominator is minimum.

X =

Tthis happens when
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0'-203 0’ +4B2 0’ +0f = (0 -3 +2p2)+4p2 w2 -4p* is minimum. ie for

o’ = wf-2p?
2 g2
Thus (0,2,,,-0)(2,(1——%—)
Wo
2
2
(3] 4 ()
A PR i S Y S il
Al 2 Al A\
142 14| 57—
( 1;) (27!)
and a Fo/m Fo/m Fym )
T Vageg-4pt 2pVal-p 28 27
2
A
1+f—
. _F . (2“) _ oAl 4x?
T 2mop  M2nm T 4nmg 22
F,
4.86 Since a = o
Vi(w?- o} +28°) + 46 (i - )
we must have - 0} -0 +2p = - (02-wi+2p%)
2, 2
+Q
or mg—Zﬁzsmlz 2=(o,2”
4.87 En(wg-mz)coswt-ﬂﬂwsinmt
" V(w?-0?)+4p* e’
. Fyw 2Bocosot+(w’-w)sinwt
Then X = 2 2\2. aa2,2
(-0 ) +4p°w
Thus the velocity amplitude is
v Fn(l)
0-
m\/(wg-wz)2+4 2 w2
Fy
B 2
‘/ 2
Wo 2
m (0) (D) +4B
This is maximum when o’ = wp = 0,

and then Vores = ImpB"



2
. mg 2
Now at half maximum Pl 128

or 0+ 2V3Bw-w) =0
=T pV3 VRIF
where we have rejected a solution with — ve sign before there dical. Writing
o, = V wy+3p +B\/§ , 0, =Vas+3p° -Bﬁ
we get (a) w,,, = @y = m ( Velocity resonance frequency)

®) B-= o1 -y | and damped oscillation frequency
2V3

2
Vart = Voo (2202

12
4.88 In general for displacement amplitude
F, 1
a=—
mA (02— @)+ 4B ?
F, 1
mV (o -wi+2 )+ 48 (wh - B?)
By @ 0}
Thus n= = 2 o 2 o2
Gow V4B (wp~P°) 2BV wp-B
But B M2 A B
u — e, T =
Wy \/1+()\./2:rt)5 2m m2—[52
2
2 1+ 5)—;;
@ A _1 -
Hence = 2(32 =2 * 2.90
2n

4.89 The work done in one cycle is
T T

A =dex ={det ={Focosu)t(—masin(mt-—qa))dt

T

-fFo(na(-cosmtsinmtcosm+cos2mtsin(p)dt
0
1

T . .
= EFomaasmcp = naFysing

51
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4.90 In the formula x = acos(wr-)

4.91

F, N
we have a=— -
m \/(u)(z)-u)z)2+4[32m‘
2w
tangy = ———
¥R
2 2
Wy — t
Thus g = ———( 0 ;)m) an 9
Hence wo = VK/m = 20s7%,

and (a) the quality factor

n V- B lv 4w’ wp

BT 2B T2

-1 =217
(0§ - w? ) tan’

(b) work done is A = ma Fysing

ama®V (0i-w? Y +4p% 0’ sing = xma*x2Bw’

nmaz(w?,—wz)tancp = 6mJ.

2w

wp - ®?

Here as usual tanp =

where @ is the phase lag of the displacement

Fy 1
x=acos(wt-¢), a=—

m \/(m%—wz)2+4ﬁzm2

(a) Mean power developed by the force over one oscillation period

nFyasing 1

=—7 = EFoa(nsqu
B B _ b 1
m (wp-w’)+4p°w’ m 2 2

m
2 _w| +4 62
®
(b) Mean power < P > is maximum when o = w, (for the denominator is then minimunr
Also

P Fo
Zmax = 4 B
4.92 Given B = wy/m. Then from the previous prol;lem
F2
<P > = 0 %o . 1 )

nm 2 2
w, w,
(—g—co) +4-——g—

@ n
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At displacement resonance @ = V w(z, -2 ﬁ2

<P Fozmo 1 Fozwo 1
>res = 2 7= 3, 4 7]
nm 48 4 wy nm 4 we/M Wy
I RCY AW E —7 3\ t4
wp-2p" m i 1-% n
n
- Fg 7’ - Fon -2
4 mawg 21 +1 Admwg -1
n’-2
. Fgm
while <P > = Amog’
<P > ..-<P >
Thus P e 100,
<P>mu n -1

.. . N __—t
493 The equation of the discis @ +2B ¢+ mg ¢ = = C;S =

Then as before ¢ =@pucos(wt-a)
N, 2w
where = , ana =
P 1[((1)(2)—(1)2)2+4ﬁzmz]1/2 Wy - ®

(a) Work performed by frictional forces
T

= -[N,do where N, = -2/8¢ = -[2BI¢?dt = -2nBwl¢}
0

= - JtI(p,z,,[(m?,—wz)2+4Bzw2]V2 sina = - N, @, sin o

(b) The quality factor
172
0= . V wj - B2 eV wg - B2 1 40wy 4p%w?
A BT 2p (02 -w*)tana  2tana | (w3-0’)* (0i-o®)?
12
40lwlP ol N
-1 ——0)—2-90—5&— tan’ since w(z,-w2+——"'—coso.
2tana | NZcosa 1o,
1/2
__1 [4deiPen o
2sina N2 :

402 P 0P N
1 d ztp,,, e om BN L costa
N I,

12
2
1 ’412%. s 4o, 2 } 1

= e o + w”cos o+ cos“a -1
2sina | N2 N,
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4.2 ELECTRIC OSCILLATIONS

4.94 If the electron (charge of each electron = — e ) are shifted by a smau distance x, a net + ve
charge density (per unit area) is induced on the surface. This will result in an electric field
E = nex/g in the direction of x and a restoring force on an electron of

ne*x
€9 ’
2
.. ne'x
Thus mx = -
€9
. né
or X+—x=20

megg

2
This gives w, = V 2E - 1645 x 10 57

0
as the plasma frequency for the problem.

4.95 Since there are no sources of emf in the circuit, Ohm’s 1 law reads
q al

¢~ ta
. dq .
where g = change on the capacitor, I = ar - current through the coil. Then
il SR SR S

d t2 LC’
The solution fo this equation is
q = gmeos(wot+a)

From the problem V,, = qc—"' . Then
I=-wyCV,sin(wgt+a)
and V=V,cos(wgt-a)
P 2
Vis =YV,
w% c? "
2 LP _ 2
or Vs -E,— = Vln .
1, p. 4
By energy conservation EL r+ Yolu constant

When the P.D. across the capacitor takes its maximum value V,, the current I must be zero.

Thus "constant" = —;—C V,z,,

Lr

ol v?a= Vﬁ once again.

Hence
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4.96 After the switch was closed, the circuit satisfies

L4

d C
or %-&mﬁq-O:q-CVmcosmot
where we have used the fact that when the switch is closed we must have
|4 C Vi, I & 0att=20.

Thus (a) I-%tq--r'-CV,,,coosinwot

‘/C .
= -V, Lsmu)ot

The electrical energy of the capacitor is -i a cos’ wgt and of the inductor is
®) 2C

-;-L Pasin®wyt-
The two are equal when
Wot = z
0" " 4
At that instant the emf of the self-inductance is

di
~L— = Vacos oot = v,/V2

4.97 In the oscillating circuit, let
g =gucoswt

be the change on the condenser where

2

® and C is the instantaneous capacity of the-condenser (S = area of plates)

€S
= 2=
y
y = distance between the plates. Since the oscillation frequency increases 7 fold, the quantity
2 Y
@ = eSL
changes 112 fold and so does y i.e. changes from y, initially to n2 ¥, finally. Now the P.D.
across the condenser is

-1
LC

V= -qﬂcosmt = Ym cos®t

c SOS
and hence the electric field between the plates is

Im
E = 80Scosoot



Thus, the charge on the plate being g,, cos w ¢, the force on the plate is

Gn 2
F €S cos“w ¢t
Since this force is always positive and the plate is pulled slowly we can use the average force

%

F=3es
and work done is A 'F('lz)h‘)’o)-(n 1)2‘12:)’;
QZYo ‘12
But 26,8 €S =3C. Co = W the initial stored energy. Thus.

A= ('n -1)wW.
4.98 The cquations of the L — C circuit are

C\V-{Ldt C,V-|Ldt
Liaﬁ])-_‘__f_l__-_’._-_f_i__
dt C, C2
Differentiating again L(L+D) = - 1 I = - ]2
G G,
(of} C,
Then =g Czl b-cie!
I = 11*12
S0 L(Ci+Cy)I+I =0
or I = Jysin(wgt+a) T
A A
where m% = N — (Parta) II Sw __f Iz

(Hence T = 2z 0.7 ms)
o

At t=0,I=0soa=0
I = Iysinwyt
The peak value of the current is J, and it is related to the voltage V by the first equation
LI=V- fIdt/(C1+C2

or +L wylycos wgt = V- rosmcootdt

Cl + C
(The P.D. across the inductance is V at t = 0)

1 Iy
= V+C1+C2 wo(coscoot -1)

Ve
Hence Iy = (C,+Cy)woV = VV 21222 L 805 A.

L




67
499 Initially g, = CV, and g, = 0. After the switch is closed change flows and we get

h1+q: = CV
91 . dI 42
C +L %" C - 0 (1)
Also I =g, = -, Thus I
2l —>-00009090 —
LI+ C 0
Hence f+oo(2,1 =0 = Z% , +Q1__.C C kg Q2
-qg 1 T-
The soloution of this equation subject to ‘i, -qz
I=0att=0 iW/
o-

is I=1Iysinwgt.

b/
Integrating g, =A- aq- cos wg !
0

I
g, = B+— coswyt
o

Finally substituting in (1)

A-B 2],
—E———-mo—ccosu)ot+LIomocosm0t- 0
cV,
Thus A=B= and
CcV,
__Q+£ =0
2 (000
(oA
$0 9= (1+coswgt)

\/
g, = —-20(1-—cosco0t)

4.100 The flux in the coil is
O(t)=(P t<0
0 t>0

4

[ 1a

dl o

The equation of the current is -L - 1)
2

This mean that LC-Z—‘ZI +I =0
t

1

or with mf,sﬁ I = Iysin(wo1+ o)
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4.101

4.102

I
Putting in (1) -Lljywpcos (wgt+a) = - wOC [cos(wgt+a)~ cosa]
0
This implies cosa = 0 .. I = x Jjcos wgt . From Faraday’s law
dd dl
e=-a - La

or integrating from t = — ¢ to — € where ¢ — 0
® = LI, with + sign in [

so Isg-)-cosmt
5 L 0+ -

GivenV =V, e P coswt

(a) The phrase ‘peak values’ is not clear. The answer is obtained on taking [cosw t| = 1

. nn
1.e t=——
(1)

(b) For extrema %tz =0

-Bcoswr- wsinwt =0
or tanwt = - f/w

ie. ot =nn+ tan”t (:Tnﬁ)

The equation of the circuit is

2
dt dt o

where Q = charge on the capacitor,

This has the solution Q0=0,ePsin(or+ a)

- R Vi -8 of =1
where B-ZL,w wy - B°, o Ic:
Now I-ig=0 atr =20

dt
so, O e’“'(-Bsin(a)H a)+wcos(wt+a))=0 att =0
Thus wcosa = Bsina or ot=t:m’1—(‘;l
Now V, = — and V=P.D.att=0=gﬂsina
m-C 0 c
Yo
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4103 We write
-éd-‘tQ-I-I,, e P sinme
=gmlI, e ®* " (gm means imaginary part)
Then
-Bt+imt
Q=gml, B+ iw
e-pt«u’mt
Q =gml, B-iw
. -Bt+ int
+tion)e
< gm1, (Brio)e”
+
I e Pt Bsinwt+ ® coswt
=im€ B+ o
=1, e P sin(wr+ 8) , tand = =,
' ﬁ2+ o’ B

( An arbitrary constant of integration has been put equal to zero.)

Thus

V=%-I,,, V —é— e Psin(wt+ d)

V(O)-I,,Vf; sinb-I,,,v—é- #ﬁz
o+

L
C(1+ pYw?)

414 1 =1 e P sinwt

ﬁ-—,mo \/L—c-’“"‘/—"—

I=-gq, q= charge on the capacitor
- Bt Sin((l)t+ 6)

Then g=1I,e , tand = —.
" W/w2+ﬁz
Thus Wus-;-LI,z, e 2P sin‘ot

i e~ 2Bt sinz(mt+ d) _ LI,,Z, - 2B
2C ©° + I_’,z 2

WE =

sin? (wt+ 0)
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Current is maximum when zd;e' B sinwt = 0

Thus - Bsinwt+ wcoswet =0

or tanmt-%-umb

i.e. Wt =nxn+9d
W .2 . 2

and hence = s2m (wt) = s"2‘6 = 12
We  sin®(wz+ 8) sin®2d  4cos’d

1 W 1 L* 1L

- . = m — X -—-5_
4p%/w; 4p* LC R? CR?

(W), is the magnetic energy of the inductance coil and Wy is the electric energy of t

capacitor.)

4.105 Clearly
L -L1+L2,R - R1+R2

T )
4'106Q=BT or ﬁ.QT
Now Bt =Inm sot-l—nn—']-QT
-uln -0.5 ms
v
4.107 Current decreases e fold in time
1 2L 2L
t = B =R seC = RT oscillations
2L o
R 2n
—L—V—— R- _LV.‘L__
=R LC L2 oy C_ 1 = 15.9 oscillations
7T w
4.108 Q'ﬁT-2B
o
m.zﬂQ! B-2Q'

v 1 Wo
Now W=V 1+ 7 Of W= ——————
40 / 1
1+——.—

49Q?

D= @ ~x100% = 0.5%

SO

100 % = —
8Q



4.109

4.110

4111

At t = 0 current through the coil = 2
R+r

P.D. across the condenser = £
R+r

(a) Att = 0, energy stored = W,

2 2 y2
lL( & )_’_.l..c(_ﬂ_) _le2£L+_C§_l=2‘0mJ.

T 27\R+r 2 \R+r) 2 (R+ r)

tR/2 tR/L

(b) The current and the change stored decrease as e ~*®2" so energy decreases as e~
W=W, e "™ =010 mJ.

Voi-p

02> Iy _ O
BT B 2P 2p
W
or —31.\/1+4Q2 or p-___“ﬂ__.
B 1+ Q?
Now W =W, e 2P

Thus energy decreases 1) times in ]En.ﬂ sec.

Vi+40® omn
~ . = 1.033 .
n 2 wo 27 vy sec 33 ms

= In

In a leaky condenser

iQ-I—I’ where I’=Y-leakcurrent
dt R
_9__,;41__,d(d V
Now |4 C Ldt Ldt dt+R
2
-_1%49 L dq
d12 RC d:
., 1dQ 1
o 9*Rcar*rc?™"

Then q=que " sin(wt+ a)
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LC 4R*c
o vVi__1
® 2=58=RCVIc 1ric?

4.112 Given V = Ve ® sinwt, o w 0y BT <<1
Energy loss per cycle

Power loss =

T
1 2
- ECV'X Zﬂ
(energy decreases as Wy e~ 2P 5o loss per cycle is Wyx 28 T)
Loy2z R
Thus <P> 3 CV, x I
2<P> L
or R = v C

m
1L _\fC Va -
Hence Q= R c - I 2<P> - 100 on putting the vales.

4.113 Energy is lost across the resistance and the mean power lass is
<P> = R<I*> = 2 R IZ = 02 mW.

This power should be fed to the circuit to maintain undamped oscillations.

RCV,?
4.114 <P> = ¥i as in (4.112). We get <P> = 5 mW.
4.115 Giveng = q; + q, I L .ﬁtrz
L =-q,L=-q N -
LL =RL =4, -

C pum—

Thus CL g1+ (q1+ o) = 0

RC g+ q1+ ¢, =0

Putting ¢, = Ae‘®’ g, = Be*'®!
(1- o’LC)A+ B =0
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63
A+(1+ioRC)B =0
A solution exists only if

(1- @®’LC)(1+ ioRC) =1

or ioRC- 0*LC-iw’LRC?>=0
or LRC*0*-iwLC-RC =0
2 .1 1
0w -1m C LcC 0

=t VLIl Ligso
2RC LC ™ 4R C? 0

[V

Thus g1 = (Ajcos gt +A,sinwyt)e Pl etc.

oy is the oscillation frequency. Oscillations are possible only if m% >0

i.e 1 <£
€. AR L
We have . ]; Iz
Ll Il+ RlIl =L2 12+ R212 I ~ > 1
fIdt M
= - ——-C-—'

Ri,L = R, L
I=5L+1 b 22

Then differentiating we have the equations
L1C Il+ R1C11 + (11'1' 12) =0
L,C I+ RyCL + (LL+ L) =0

Look for a solution

I =A e*, I, = Ay e*'
Then (1+ > L;C+ aR,C) A+ Ay =0
A +(1+0®LyC+ aR,C)Ay =0
This set of simultaneous equations has a nontrivial solution only if
(1+ a’L,C+ aR, C)(1+ a’Ll,C+ aR,C) =1
or IER. LiRy+ L2R1+qL1+L2+ R1R2C+R1+ R, -
L,L, L,L,C L,L,C

This cubic equation has one real root which we ignore and two complex conjugate roots. We
require the condition that this pair of complex conjugate roots is identical with the roots of
the equation

a?LC+ aRC+1 =0
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4.117

The general solution of this problem is not easy.We look for special cases. If Ry = R, = 0, tha

L,L,
R=0and L=

L+l If Ly =L,=0, then

L=0and R =R,R, / (Ry +R;y) .These are the quoted solution but they are misleading.

We shall give the solution for small R, ,R; . Then we put & = - +i® when B is small

Weget(1—m2L1C—2iﬁmL1C—B#1C+imR1C)

(1-0?L,C-2ipol,C- s,(2C+ ioR,C) = 1

(we neglect B> & BR;, PR, ). Then

Ll + L2
L,L,C

(1- L, C)(1-0°L,C) =1 = o* =

PR . . 2 .L L1L2
This is identical with © ic if L = L+L,

also (2BL;- Ry)(1- @’L,C)+ (2BLy- Ry)(1- 0?L,C) =0
R R,L}+ R,L} RiL}+ R,L}

This gives p = 5T = 3L L+ L) = R = ____(L1+L2)2

q dl d
o=E+LE—+R1 1_+_Q 0y L 23

\/— — 900 ——990~
For the critical case R = 2

.. . Sw
Thus LC ¢ + 2VLC g+ q =0 a/c

Look for a solution with ¢ o e*’

1

Vic’

An independent solution is t e’ . Thus

= (A+ Bt) e"/“‘c,
At t=0g=CV, thus A = CV,

Also at t=0g=I=0

0=B-A——=B=VV&

vic L



Thus finally I= %? -V, ‘\/ % e-r/w/'l.—c-'
1 -\/ ) -t/m
W(CVO-G Vo L
- 2 e-:/ﬁz

The current has been defined to increase the charge..Hence the minus sign.
The current is maximum when

d Yo i 4

«~"1° ' st'c") -0
This gives ¢ = VLC and the magnitude of the maximum current is

Vo.‘/C
|Im-x|- e L'

4118 The equation of the circuit is ( I is the current)

L %TI +RI=V,coswt
From the theory of differential equations
I =1 P +IC

where Ip is a particular integral and I- is the complementary function (Solution of the
differential equation with the RHS = 0 ). Now

Ic = Ico et
and for Ip we write Ip = I cos(wt-@)
Substituting we get
V,, 1L
| —— = 13 —
L W/R2+m2L2,q> "R
Vm - tR/L

Thus I, = cos(wt- @)+ Icpe
QR2+ ’L?

Now in an inductive circuit ] = 0 at t = 0
because a current cannot change suddenly.
»n

Thus Icg = - ————="co0sQ
VR?>+ 0’L?

and so
-tR/L ]

Vi
(= —;EV__.,,—__-TDZ’L_Z [COS((Dt— @)-cospe
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4.119

4.120

Here the equation is (Q is charge on the capacitor)
g-+ R % =V, cosmt

A solution subject to Q = 0 at ¢t = 0 is of the form (as in the previous problem)

Q= Q,,.[cos(o)t— ?)- cosi'ﬁe"mc]
Substituting back

chms(m_ F)- 0RQ,sin(wi- §)

=V, cosmt

= V,{cosPcos(wt- ) - sinFsin(wi- §)}

S0 Qn=CV,cos¢
owRQ, = V,sing
This leads to
cv, -
Qm' "'_,tan(P-(DRC
Vi+ (oRC)?
Hence
Vo - Ly
I_QQ_= -sin(mt-tp)+-—M. e~ VRC
W sin @
2 —
R°+ (mC)

The solution given in the book satisfies ] = 0 at r = 0. Then Q = 0 at ¢t = 0 but this
will not satisfy the equation at ¢ = 0. Thus /= 0, ( Equation will be satisfied with 7 = 0
only if Q= 0 at t = 0)

Y,

With our J, 1(:-0)-7"'
The current lags behind the voltage by the phase angle
-1 wl
= {a —_—
¢ n R

Now L = pg n2 ma?l, 1= length of the solenoid

R = P'2“b‘12” '_I,2b=diametcr of the wire
n
But 2bn =1 b'i
2n
2 2
-1 MnTlma®-2mv 1
Then ¢ = tan p2manl " 4n?
2
= tan'l RoT 27

4pn
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4122

HereV = V,_cosw¢
I =],cos(wt+ @)

67

Vi 1
where I, = - = tang = RC
V g2, (1
R%+ (wC)
2
. 1 V,
Now R2+————5= =
((DC (Im)
1 Vi 2
oRC ~ (RI,,) -1
Thus the current is ahead of the voltage by '
¢ =tan" ' —%~ = tan~1 V) . w60
oRC (R_I—,;) -1
[ 4
f1ad:
Here V-IR-;-'OC
or RI+=I=V =- oVsinot
© c==v
Ignoring transients, a solution has the form T
I=ILsin(ot- a) o —————
I
wR I, cos(mt-a)-fé,’-sm(mt—a)-—mv’o sinwt?
= - @Vpsin(wt- a)coso+ cos(wr- a)sina}
so Rloﬂ'—VoSin(l
—I°—=—Voosa a=n+tan" ' (wRC)
oC 0
Vo
Io= ) =
2 —
V R +(0)C)
I=1Iysin(owt-tan"! ©RC-7n) = - [ysin(w1- tan"! @RC)
t
1,
Then Q -fIdt-Qo+ ;—D‘lcos(mt—t:m'1 oRC)
0
It satisfies Vo(1+ coswt)=Rdth+%
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if Vo(1+ coswt) = - RIysin(wf- tan"wRC)
Q I
+ C+mccos(mt-tan mRC)
Thus Qo=CV,
and —-VO/V1+(mRC)2
RI, = VowRC checks
Vi+(woRC)
v
Hence V'-%-Vo-f—————g—-———cos(mt-a)
V1i+ (0RCY

©) -

Vi+ (oRC)
or 1]"'-1-(11"’(RC)2
or RC-Vnz-l/m-22ms.
4.123 VR
] '_\_/_R___ VIR Voltage VLR

cyrrent

Itage
VRoCurrent VoltageV
@) ®)
1
ol - —
() tan(p-—R—wC-- - ve
as w2<-Ll—C
4124 (a) I, = Vm 2 4-48 A
R2+(wL_-c51—E)

(b) tang = '—Rm'—,, QP = — 60°
Current lags behind the voltage V by @



Vv, I 0-65 kV
© c=*oC"™

Vi =I,VR*+ o’L? = 0-5kV
Vim

\/R +(mL-_)

c
V.. Vi

25 (a) V= —

i V(oRCYP+ (0’LC-1) \/(wz 2

o
Vi
2
v W _ 1+_& ap’_4p'
0.)(2) (00 (Do (Do
R2
This is maximum when o = wo 2 B m—
oL
(b) Vi 'Ime =V, >
\/ 2 1
R+ (mL _u)C)
VL v, L
= = > = -
R?, 1 \[ 2 1 (2L _, 1
L- L2~ S22 _R? |+ —
u)2 ( m2C) mz( C ) o® C?
VL

\/(L_ (1- <& ))2 r15- (- den?)

w?C

This is maximum when

1 1 2
——=L-5CR
o’ C
2 1 1
LC- =C2R? _17-2-.3_
2 @9 (08

69
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4.126. v, = I, \/R2+ L2
VaVR24 0?L?

2

Ve, (02~ )

oC

for a given o, L , R, this is maximum when

1 1
— =wL or C = —— =282 uF.
o’L #

ol
For that C, V, = R* O wavVi+ (0L/R) = 0540 kV
At this C A S/ /1 LAV
s C"wCR™ R
4.127
oc oo I-1’
- —
O ¢ 0O I
0 Poor Condo |—
0 00 0 A AA—
We use the complex voltage V = V,, e'®’. Then the voltage across the capacitor is
, 1
(-1 )imC

and that across the resistance R I’ and both equal V . Thus
v, . .
I'=2 e I-1'=iaCV, e’
Hence
Vo ;
I=-2(1+ioRC) "’
R
The actual voltage is obtained by taking the real part. Then

V,
I= -ITM V1i+ (wRC) cos(wt+ @)

Where tanp = ®RC

Note —> A condenser with poorly conducting material (dielectric of high resistance) be
the plates is equvalent to an an ideal condenser with a high resistance joined in p
between its plates.



4.128

4.129

4.130

i, Jha o dh

Vget ¢ T iy
dr, dI,

L2 -, 2t
2dre 274

from the second equation
Lyl = -Ly; 1)

L3) ..
Then Li- —II,+
L,
Thus the current oscillates with frequency
1
o = =
V Ly
C|L-—
Given V = V_cos ot \ _W,_]
I=1I,cos(wt~p) L’R
where
Vin o\ o-
I, = =
Vitefor--L
R +(u)L mC)
f1a [ sin(wt-9)
Then, Vo= = wC

Y sin(wt- @)
V(1- «*LC)+ (0RC)

As resonance the voltage amplitude across the capacitor

eV L v,

1 CR?

So —=n
CR?
Vi 1.Vt
Now Q= CRE 4 -3
For maximum current amplitude
Vi

]-
m .\/ , , 1 2
R +!\mL-—ch



1 Vm
L = and then I, o = —
@’ C m0 R
I, V,
Now _;'_.o__ ot
2 !n-—l!z
R°+ 73
o’C
2
So neVi, =12
(wRC)
n-1
OWRC = ——
Vyi-1
2
Now Q_\/ LV 1.Vt V. 1.1 1
CR?2 4 oRC 4 (n-1) 4
4.131 At resonance
(.OOL'-"((!)OC)_I or mo-\/'il—é"
d e = 2
an mJres R'
Now —Yﬂ-- Vm - Vm
Y/ Ly Ve 1Y
2 - R*+ | wgL - —
R +((1)1L (.l)lC) ( 2 (1)2C)
Then mlL--—l—-Vn!—lR
0)1C
w, L - ﬁ =+Vn?-1R (assuming w, > w, )
0 % vaZ-1R
or (1)1—0)1:—(1)24»0)2:— no - 2
2
or W+ Wy = . (01+ 0y) = 0y = Vo0,
W, 0
and W= W) = n2_ 1 %
s R e
2L 2Vni-1
and 0- Vb 1 _ Vir-Dow 1
apt 4 (@3- o) 4
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4132 Q = & ~ — for low damping.

28 2P
1 RI,
Now \/ = I,= current amplitude at resouance
1
R +(mL- mC)
@ _ R
or w—;— Z-:Zﬁ
Thus 0w xf
S Aw =2p and Q = —>
0 o =28 an Q-Aw'
4.133 At resonance W = Wy
Vim
Iy, (@) = “RT
Vin
Then 1, (M) = >
-\/R + | nogl -
('ﬂ 0 NwC )
Vm . Vi
= 2 =
Vealno IVE Vii(ors L) oo L
USRS LTI

4.134 The a.c. current must be
I=I V2 sinwt
Then D.C. component of the rectified current is
172
<['> = % f Ioﬁ sin w ¢ dt
0

1T
=Ioﬁ2n{sm9d0
LV2

n
Since the charge deposited must be the same

V2

Igtg = —t or t =
0% n

a
NS

The answer is incorrect.
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4138 (1) I(t) -Ilt? 0st<T

I(t+ T) = I(t)
Now mean current

T
2
<I>-%f11%dt-11%2-11/2
[}
Then I, = 21, since <I > = I.
Now mean square current <2 > _
T )
o a2 _1_1'1_ _
41 7 12 dt 3
0
2]
so effective current = —— .
V3
(b) In this case I = I, |sinw¢]|
T
1 .
and Io--fflllsmmﬂdt
0
2=z x
1 25
= -2—u-Ilf |sin@|d0 = fsmede =
0
nl,
So Il = >
212
Then, mean square current = </ 25 - fsmzcotdt
0
2,2 2= 2,2
n Io 1 f .2 n Io
"2 %3 sin“0d0 = 3
0
so effective ent nhy
0 cleC current = —(— .
Ve
Ve
4.136 Py = 7
Ve /R P,
P, . = 0 R . d.




4.137

4138 p

4.139

Thus QRL-- V-1
R
or W= ZVn—l
v = oL Vn-1 = 2 kH of on putting the values.
Z =VR?*+X? or Ry=V 2% x?
X,
The tan O =

Vz? _x?
2 _y2 X, .2
So cos¢;=u=\/1_(_l')

y:4

X, 2
@ = cos”! 1- (7") = 37°

The current lags by ¢ behind the voltage.
V2
also P=VIcosgp = — V2% - X?=.160 kW.

Z2
~ VX(R+r)
(R+ r)2+ w?L?
This is maximum when R+ r = o L for

P V2 ) V2
(L) [ oL |
R+ r+ R+ r- +20l
R+r VR+r
2
Thus R = wL - r for maximum power and P, = 2‘;1‘ .

Substituting the values, we get R = 200 Q and P_,, = .114 kW.
VIR
R*+ (X, - X )
Varying the capacitor does not change R so if P increases n times

z = VR%+ (X, - Xc )> must decreases Vn times

P =

R . .
Thus Cos@ = = increases Vn times

% increase in cos ¢ = (\/—;— l)x 100 % = 30.4%.

75
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V2R

4140 P =
R*+ (X, - X )

At resonance X; = Xo = wy = \/LiE .

Power generated will decrease n times when
2
2 1Y _._ 2
(XL-XC) (mL-(OC) (" 1)R

or m—(—;;-:\/rl%-:\/—n—-—l_26.
Thus szzmﬂm-m?,sO

(0F VA=18) = ad+ (n- )P
or %=\/1+(n—1)ﬁz/w§ +Vn-1 /w,

(taking only the positive sign in the first term to ensure positive value for (1)3 J)
0
[0 1‘\/ Wy 2
Now Q = 28~ 2 (—) -1
®
— =V14+4p0?
B
Thus _g Vl +Vn-1 /V1+4Q

For large Q
- Wy _ﬁn—l - \/en‘lxIOO%-O.S%
g 20 20
4.141 We have
VVR:+ XP
V, = VR V= 1+ 4p
V(R+ R, )+ X? V(R+ R, P+ X?
2 2
VoR
50 (R+ Ry )*+ X} = (V—R) , RE+ X} = (—?—)
Vi Vi
2 R? 2 2
Hence R>+ 2RR; = — (V*- V%)
Vi
or R, = (V- V- V)

2V?
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V2R, V2 Vi R?
Heat generated in the coil = = xRy = —:x vai- V2-V
(Ry+ R+ Xx? R "' R? 2V12( 2)
vi-vi- vy 30 W
2R -
4142 Here I = L, V = effective vol
. 2= g V= ecffective voltage I

v >
L = ===
VR"’+XL2 1 R
VV(R+R )P+ X v
.

and I =
RVRZ+ X7 Rey I
2 I

R g is the impedance of the coil & the resistance in parallel

I’-1} R+ 2RRy _ 11 2RR;
Now T = Rl vl R )
Iy R{ + X/ 12 R* + X;
- }-1 _ 2RR
I R*+ X/
Now mean power consumed in the coil
VZR I’- ;- i}
=I!R = — = I} R. L= —R(I -I})=25W.
R2+ XL 2]2
4431 1.1 _1 . . 1+ioRC
Z RY 1 R R
io
R - 400

2 | = e
Vi+ ((DRC)2

4144 (a) For the resistance, the voltage and the current are in phase. For the coil the voltage is
ahead of the current by less than 90°. The current is obtained by addition ‘because the elements

are in parallel.
R o axisof R

7

¥ Voltage 7
Io

I ,r I
@ ° ®)
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(b) I. is ahead of the voltage by 90°.
(c) The coil has no resistance so I, is 90° behind the voltage.

A
Ic
Ir .
®
Io
\
'L ©
4.145 When the coil and the condenser are in parallel, the equation is
dIl Ladt
L—1+R11-f 2 =V, ,coswt . I\ A ]
dt c 7 7
I=L+1 l LR L J«_Z
Using complex voltages = 4
ng v Peim g V=Vm currént =
m . iot
Il m,lz l(ﬂCVme T
and
1 . ior _|R-ioL+ioC(R*+ 0’L?) iwt
I (R+iwL+lmc)V"'e '[ R+ 2L Va €
. Vim
Thus, taking real parts I= m cos(mwt- @)
2 2 2,2 2
where 1 _[R°+ {mC(§ +2(02L1/2) ol }*]
[Z2 (o)] (R*+w”L?)
‘n2 2,2
and tan(p=mL-mC(: + L)

(a) To get the frequency of resonance we must define what we mean by resouance. One
definition requires the extremum (maximum or minimum) of current amplitude. The other
definition requires rapid change of phase with ¢ passing through zero at resonance. For
the series circuit.

v ol - —
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LlC at resonance. In the present case the two definitions do
not agree (except when R = 0 ). The definition that has been adopted in the answer given
in the book is the vanishing of phase. This requires

C(R*+ w’L?) =L

both definitions give ? =

or w? = 1 R—2 w? ® 31.6 x 10’ rad/s
L C L 2 res > res . .
Note that for small R, ¢ rapidly changes from =~ — %to +12t- as w passes through
®,.s from < w,,; t0 >, .
VaR CR
(b) At resonance I, = L/C - Vi 2

so I = effective value of total current = V Q— = 3.1 mA.

similarly I = =V V = 098 A.

vL/C

2,2
%-RLf = 0.98 A,

Ip =wCV =V

Note :- The vanishing of phase (its passing through zero) is considered a more basic
definition of resonance.

4.146 We use the method of complex voltage . S— ‘Q-R
V - V eiu)l
° 177 eimt l -k-c
0 . iot
Then I, = T =imCVye vV C L,R
ioC T
77 eimt |
ILR = 0 .
' R+iol

R-ioL+ioC(R*+w’L? )
R*+ 0°L?

I = IC+ IL,R = Vo

Then taking the real part

v3V§2+{mC(R2+m2L2)-mL}2
= 3% cos(wt-¢@)
R°+w*L
mL—wC(R2+w2L2)
R

where tang =
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4.147 From the previous problem

R%+ w?L?
y4

VR2+ [mC(R2+ msz)— u)L}2

R*+ w?L?

\/(R2+ w?L?)(1-20?LC)+ 02CH(R%*+ w?L?)?
VR?+ w?L? VR?+ 0?L?

\/(1-2m2LC)+ 0?C?(R*+ 0?L?) \f(l—mzLC)2+(mRC)2

4.148 (a) We have

€ = - %s mCI)osinmt-Lj+ RI

Put I=1I,sin(wt-@). Then

o Pysinw ¢

0P {sin(wt- @)cos@+ cos(wr-¢)sing}

LI,ocos(wt- @)+ RI,sin(wt- @)
N\) RI,

0w ®ycosp and LI, = Pysing

od
or Im=——0— and tantp=%—.
VR?+w %L ?
(b) Mean mechanical power required to maintain rotation = energy loss per unit time
T 252
L rra e Lppp o L O R0 R
= T{Rl dat = 2RI,,, " 2R 02L?

-
4.149 We consider the force Fj, that a circuit 1 cxerts on another closed circuit 2 :-

— - —
Fp = l,dlyx By,
— i > .
Here B;, = magnetic field at the site of the current element d I, due to the current I; flowing
in 1.
- 5
_ M Lidhxrp
4n o
— — — . >
where r, = r,- r; = vector, from current element d /; to the current element d [,
Now

—> -, —> - —> —>
7o ff,, dhx(dhxTh) w ff o dh(dhrp)- (dh-db)rp
12=4nf 11 r?z = ax 142

-
In the first term, we carry out the integration over d I, first. Then

3
L&Y)
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dl dl — dl- —
ff ‘( 7 fdzlf —a '1-_fd11f dzz.vzri=o
’12 12

because f dlz-Vz;-l— =fd§; curl (V-—L) =0
T

Thus Fp=- 22 [[nn, af- af; ';2

L£V]
The integral involved will depend on the vector a that defines the separation of the (suitably
chosen )centre of the coils. Let C; and C, be the centres of the two coil suitably defined.
Write

— - — - - -
rp=rn-nrn=p-prt+ta

- —> . . - — —>
where p; ( p, ) is the distance of d I, (d ;) from C, (C;) and a’stands for the vector C; C, .

s 1
12
Then T = - Va 7'12

- dll dlz
and F12 = V 1112

The bracket defines the mutual inductance L;, . Thus noting the definition of x

dLy
<F,> = Tx <LI>

where < > denotes time average. Now

I = Iycos w t = Real part of Iy e'®’

. . . arn a1,
The current in the coil 2 satisfies RIh+ Ly—— = - Li,——
dt dt
I -iwL12 I iot th 1
or € = m ( in the complex case )
taking the real part
oL, ] Ly,
12=-—2—M—(mchosmt Rsinwt ) = ———(D—L—Iocos(mtﬂp)
R+ © L2 R+ (othz
R N
Where tan ¢ = —— . Taking time average, we get
(DLIZ
oL WLyl WL L, Iy 9L
<F, > = 12, 1210 241240 12

1
0 T 5,CO8Q = 2
dx ‘/R2+m2L§ 2 2<R2+m2L2) dx
The repulsive nature of the force is also consistent with Lenz’s law, assuming, of comse, that
L4, decreases with x.
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4.3 ELASTIC WAVES. ACOUSTICS

4.150

4.151

Since the temperature varies linearly we can write the temperature as a function of x, which
is, the distance from the point A towards B.

-T,
7 L, [0<x<!]

ie., T-T1+T2
T,-T
hence, ﬂa(’ll)a 1)

In order to travel an elemental distance of dx which is at a distance of x from A it will take
a time

dx
dt = 2
VT ]
From Eqns (1) and (2), expressing dx in terms of d7, we get

gt (mr)

oVT \-Th
Which on integration gives

t TZ
1 dT
[a- a(:rz-rl)fﬁ
= 2 (VT - V)
21
a(\/—T_{+ T2)

Equation of plane wave is given by

Hence the sought time ¢ =

E(r,t) = acos(wt-K-7), where K = -(3;1 called the wave vector

A
and n is the unit vector normal to the wave surface in the direction of the propagation of

wave. A
y A 7
P (I;y)i)
A7
0 > X
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or, E(x,y,z) =acos(wt-k,x-ky-kz)

- acos(o)t-kxcosa—kyéosﬂ-kzcosy)
Thus E(x1,¥1,21,t) =acos(wt-kx;cosa-ky,cosBp-kz; cosy)
and E(x3,¥2,23,t) =acos(wt-kx,cosa-ky,cos B-kz, cosy)

Hence the sought wave phase difference

P2-¢; = k [(x;-x;)cos o+ (y -yy)cos B+(z-2)cosy
or Ap = |p2-@| =k |[(xl-xz)cosa+(y1—yz)cosﬂ+(21-2/z)cosv]|

)

= Vl [(11-x2)005(1+()’1")‘2)005ﬂ+(21"7/z)C°SY] I
4.152 The phase of the oscillation can be written as
®=wt-k-r
When the wave moves along the x-axis
P = wt-k,x (On putting k, = k, = 0).

Since the velocity associated with this wave is v;

)
We have k, = —
Vi
o )
Similarl = — and = —
y k, v k, v
== oA WA wA
Thus k=—e+—e+—e;.
vi V2 V3

4.153 The wave equation propagating in the direction of +ve x axis in medium K is give as
E=acos(wt-kx)

So, E=acosk(vt-x), where k = % and, v ‘is the wave velocity

In the refrence frame K’ , the wave velocity will be (v - V') propagating in the direction of
+ve x axis and x will be x’. Thus the sought wave equation.

E=acosk[(v-V)t-x']
or, Ezacos[(m—%V)t-—kx']=aws[mt(1-%’)—kx’]

4.154 This follows on actually putting
E=f(t+ax)

Pt _ 138

in the wave equation —_— =
1 d xz v a_tf

(We have written the one dimensional form of the wave equation.) Then

L (tvax) = P f (s+ax)
v .
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so the wave equation is satisfied if
1
o=z —
\
That is the physical meaning of the constant o .

4.155 The given wave equation
E =60cos(1800¢- 53x)
is of the type
E=acos(wt- kx), where a = 60x 10" °m
® = 1800 per sec and k = 5-3 per metre

As k = gx"—, SO A = ZTn

and also k-g, so v=2=340 m/s
v k

(a) Sought ratio = % = ;—E =51x107°

(b) Since & = acos(wt-kx)
%—? = -—qosin(wt-kx)
So velocity oscillation amplitude

(%—?) or vy = aw = 0-11 m/s Q)
m
and the sought ratio of velocity oscillation amplitude to the wave propagation velocity
Vm 0'11 -4
= 340 32x10

(c) Relative deformation = %—E =aqksin(wt-kx)

So, relative deformation amplitude

-(g—f) -ak=(60x10"5x53)m = 32x10"* m )
m

From Eqns (1) and (2)

vi|adt

)

Thus (%%) - % (%—?) , where v = 340 m/s is the wave velocity.
m m

4.156 (a) The given equation is,
E=acos(wt-kx)



4.157

4.158

®)
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So at t=o0,

E=acoskx

Now, %--amsin(mt—kx)
and d—g-amsinkx,att-o.
dt
Also, d—§-+aksin(u)t—kx)

dx
and at t =0,
a8 = ~aksinkx.
dx

Hence all the graphs are similar having different amplitudes, as shown in the answer-
sheet of the problem book.

At the points, where § = 0, the velocity direction is positive, i.e., along + ve x — axis in
o .o dt .
the case of longitudinal and + ve y- axis in the case of transverse waves, where a8 is

dt

positive and vice versa.

For sought plots see the answer-sheet of the problem book.

In the given wave equation the particle’s displacement amplitude = ae™ "
Let two points x; and x, , between which the displacement amplitude differ by n = 1%
So, ae ' —ge " = nae ™
or e Ti(1-m) =e "™
or In(1-m)-yx =-7vx
or, xg-x, = - (1-1)
Y
So path difference = - 1 17'

and phase differenclt = %x path difference

2naln(1-m) - 2n
A Y Ay

= (-3 rad

Let S be the source whose position vector relative to the reference point O is 7.
Since intensities are inversely proportional to the square of distances,



Intensity at P(I;) d&
Intensity at O () &
where d; = PS and d, = Q5.

But intensity is proportional to the square of amplitude.

2
a;
So, —=—= or a;d, = = k(sa
2" E 14, = ;yd, (say)
Thus dy =% and dy = £ P S q

a; as
Let 7 be the unit vector along PQ directed from P to Q.

g A k A —p
Then PS =din=—n =¥ pug
! a T r 1:1
—> A kA
and SQ =dyn=—n
a
From the triangle law of vector addition. o
—> —-—> - A
OP +PS =08 or 71’+a£n=?
1
or a; ;1.+k:l = al? 1)
Similarly ;:-;k—;\l =r, or a ?;—k;t =ayr ¥))
2

Adding (1) and (2),
—> —> —>
ayri+ ayry = (a;-ay)r
—> —>
- G+ an

Hence r=
a, + a,

4.159 (a) We know that the equation of a spherical wave in a homogeneous absorbing medium

of wave damping coefficient y is :
E -

Thus particle’s displacement amplitude equals

age V"

" cos(wt-kr)

a'o e'"

r

According to the conditions of the problem,

aroe-—yro
at r=ry, g = ——— @
To
ag a'o""

@

and when r=r, — =
n r
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Thus from Eqns (1) and (2)

T
eT("’o) = _0_
n r

or, Y(r-ry) =In(nrg)-Inr
1 Inrg-1 -
o, - nm+inr, nr=ln3+ln5 In10 - 008m-}
r—ro 5
' =y
() AsE = 2% cos(wi-kr)
' -yr
So, 98 _ %o wsin(wr-kr)
at r
() -
—_—
r
ie"Yf aO
But at point A, -;I_
2 -6
So, (3_§) =B %HIT _0x10 ., 22 x 145 x 10 = 15 m/s
ar | n n 3

4.160 (a) Equation of the resultant wave,

E=§+§ = Zawsk(');—x)ms{w, _ﬁix_)}

- a’cos{mt—l‘—(jziﬂ}, where a' = 2acosk’ (YT{)

Now, the equation of wave pattern is,
x+y = k, (a Const.)
For sought plots see the answer-sheet of the problem book.

For antinodes, i.e. maximum intensity

k(y-x
cos 2 =3+ 1 =cosnn
or, t(x-y)=2:n =nk
or, y=xxnh,n=0,1,2,

Hence, the particles of the medium at the points, lying on the solid straight lines
(y = x+ n)), oscillate with maximum amplitude.
For nodes, i.e. minimum intensity,

k(

cos——%——x—)- =0

or, :-"—(—%—Q=(2n+l)g



or, y=xx(2n+1)M2,
and bence the particles at the points, lying on dotted lines do not oscillate.

(b) When the waves are longitudinal,

For sought plots see the answer-sheet of the problem book.

k(y-x) = cos'l%— oos'l%-
or, %--cos{k(y—x).-r cos ™! %}
-%cosk(y—x)—sink(y—x)sin( %—)
-ggcosk(y—x)-—sink(y-x) 1_§_§ 1)
a a
from (1),
if sink(y-x) =0 sin(nx)

g =& (-1)

thus, the particles of the medium at the points lying on the straight lines, y = x = _nz_).

will oscillate along those lines (even n), or at right angles to them (odd »).
Also from (1),
if cosk(y-x)-0=cos(2n+1)§

&

5 =1- §2/a a circle.
a?

Thus the particles, at the points, where y = x+ (n+ 1/4) A, will oscillate along circles.
In general, all other particles will move along ellipses.

4.161 The displacement of oscillations is given by & = acos (wz-kx)

Without loss of generality, we confine ourselves to x = 0. Then the displacement maxima
occur at ¢ = nx . Concentrate at ¢ = 0. Now the energy density is given by

w=pdw’sinPor atx=0

T/6 time later (where T = % is the time period) than ¢ = 0.

.2 3
w-pazmzsmz—-a-pazwz-wo

3

Thus <w> =—pa‘w = —
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4.163

4.164
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The power output of the source much be
4nPI, = Q Watt.

The required flux of accoustic power is then : Q = An

Where Q is the solid angle subtended by the disc enclosed
by the ring at S. This solid angle is
Q=2xn(1 - cosa)

!
So flux O=Il |1 - s—| 2nP
» o( ,?——,m)
Substitution gives @ = 21T x 30 (1 - ————) UW = 1.99 pW.
1
1+4

Eqn. (1) is a well known result stich is derived as follows; Let SO be the polar axis. Then
the required solid angle is the area of that part of the surface a sphere of much radius whose

colatitude is < a.
[»3

Thus stZusian(-)sZu(l-cosa).
0
From the result of 4.162 power flowing out through anyone of the opening

P h/2

-1 —2
2( \/R2+(h/2)2)
P(y___h
2( \/4R2+h2)

As total power output equals P, so the power reaching the lateral surface must be.
-P- 2.2(1_ h )- ph = 0-07W

21 Var*+n*| VaRr +h?
We are given
E=acoskxmt
S0 %—E-—aksinkxcosmt and a—‘?-m—amcoskxsinmt
Thus (§).o=acoskx, (§),.pn=-acoskx

(8 -aksinkx,(a—g) = ~aksinkx
dx t=0 dx t=-T1/2
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(a) The graphs of (&) and (%E) are as shown in Fig. (35) of the book (p.332).
(b) We can calculate the density as follows :

Take a parallelopiped of cross section unity and length dx with its edges at x and
x+dx.

After the oscillation the edge at x goes to x + E(x) and the edge at x +dx goes to
x+dx+&E(x+dx)

=x+dx+E(x)+ g—de. Thus the volume of the element (originally dx) becomes
( 1+ 9§ ) dx
Ix
and hence the density becomes p = Po

1+§—§~.

0x

On substituting we get for the density p (x) the curves shown in Fig.(35). referred to 1
above.

(c) The velocity v (x)at time t = T/4 is
(2_%) = -qwcoskx
at t - T/4

On plotting we get the figure (36).

4.165 Given & = acoskxcosw?

(a) The potential energy density (per unit volume) is the energy of longitudinal strain. This
is

2
w, = (%stress X strain) - —;—E(g—%) R (6_§ is the longitudinal sttain)

ax
w, = %Ea2k25in2kxcos2mt
o E 2 2
But ) = ? or Ek“=pw
Thus w, = 1 2

2.2 .2 2
p = 3 P4 @ sin kxcos“wt

(b) The kinetic energy density is

_Lp(a_gz

1 5 2
2 a:) aPpa @

cos’kxsin*wt.
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On plotting we get Fig. 37 given in the book (p. 332). For example at t = 0
W= Wty = ;pa o?sin® k x

and the displacement nodes are at x = + —— so we do get the figure.

2k

Let us denote the displacement of the elements of the string by
€ = asinkx coswt
since the string is 120 cm long we must have k120 = nx
If x, is the distance at which the displacement amplitude first equals 3-5 mm then
asinkx, = 3-5 = asin (kx; +15k)

n-15k
2
One can convince ourself that the string has the form shown below

MM75
N

It shows that kx120 = 4%, so k-—cm 1

Then kx,+15k = n-kx, or kx, =

Thus we are dealing with the third overtone

Also kx; = % 0 a=35V2mm ~ 4949 mm.
1 T 1 T l
We have n = 21 — 2 I Where M = total mass of the wire. When the wire

is stretched, total mass of the wire remains constant. For the first wire the new length
= I+ m;! and for the record wire, the length is I + myl. Also Ty = a (m,;!) where o is a
constant and T, = o (1, /). Substituting in the above formula.

v - 1 (an 1) (l+myl)
L= 214y 0) M

v = 1 (am ) (1+m,l)
27 2(1+myl) M

va _ l+my \/:q_?_.l+n2
vi 1+4mp My 14my

vi _ymU+m) /00414002
v Mm(1+ ) 0-02(1+ 0-04)

=14
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4.169

4.170

Let initial length and tension be / and T respectively.

SO, vl..zliv—pT;

In accordance with the problem, the new length

, Ix 35
I''=]- 100 = 065!
and new tension, 7' = T+I% =1-7T
Thus the new frequency
V.L‘/_I_’L,‘ 1 \/1'7T
2 20 P11 2x0:-651 P1
Hence }'2_ 17 L3 2

vi 065 " 0-65
Obviously in this case the velocityof sound propagation
v=2v(h-1)
where /; and [, are consecutive lengths at which resonance occur
In our problem, (L -1,) = I
So ve2v]l=2x2000x85 cm/s = 0-34 km/s.
(a) When the tube is closed at one end

v = % (2n+1), where n=0,1,2,...

340
= m(zn-l-l) =100(2n+1)
Thus for n=0,1,2,3,4,5,6,...,weget

ny=1001H,, n, = 3001 H,, n; = 5001H,, n, = 7001 H,,
ns = 9001H,, ng = 11001 H,, n, = 13001 H,
Since v should be <v, = 1250 1 H,, we need not go beyond ng.

Thus 6 natural oscillations are possible.

(b) Organ pipe opened from both ends vibrates with all harmonics of the fundamental
frequency. Now, the fundamental mode frequency is given as
v=v/A

or, v=v/21

Here, also, end correction has been neglected. So, the frequencies of higher modes of
vibrations are given by
v=n(v/2I) 6]
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or, vi=v/21, vy=2(v/2l), v3=3(v/2))

It may be checked by putting the values of # in the equation (1) that below 1285 Hz,
there are a total of six possible natural oscillation frequencies of air column in the open
pipe.

Since the copper rod is clamped at mid point, it becomes a mode and the two free ends will
be anitinodes. Thus the fundamental mode formed in the rod is as shown in the Fig. (a).

4.172

X XK

4.171 (a) 4.171 (b)
In this case, l = -;—'
S wo¥ 1y ENE
’ 0721 21 P e

where E = Young’s modules and p is the density of the copper

Similarly the second mode or the first overtone in the rod is as shown above in Fig. (b).

3A
Here l = 2
1% 3 E
Hence v1—21—2lvp
2n+1 E
=57 where n = 0,1,2

Putting the given values of E and p in the general equation
v =38(2n+1)kHz
Hence vy = 3-8 kHz, v; = (38x3) kHz, v; = (38)x5 =19 kHz,
vy = (38x7) =266 kHz, v, = (38x9) = 342 kHz,
vs = (38x11) = 41-8k Hz, v¢ = (38)x13kHz= 49-4k Hz and
v; = (3-8)x14kHz > 50 k Hz.
Hence the sought number of frequencies between 20 to 50 k Hz equals 4.

Let two waves & = acos (wt-kx) and & = acos (¢ +kx), superpose and as a result,
we have a standing wave (the resultant wave ) in the string of the form
E=2acoskx cosmt.

According to the problem 2a = a,,
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4.173

Hence the standing wave excited in the string is

E =a,coskx coswt )

98
or, 3¢

So the kinetic energy confined in the string element of length dx, is given by :

-3 2]

= -wa,coskx sinwt )

2 at
or, dT--;—(-’?—dx)az,mzcoszkx sin? @ ¢
2 2
_ mam(l) .2 2232
or, dT = 21 sin” wt cos Y x dx

Hence the kinetic energy confined in the string corresponding to the fundamental tone

A2
2 2
ma, ®
T-de- 2 sin? wtfcoszzTuxdx
0

21

Because, for the fundamental tone, length of the string [ = %—

2 2

Integrating we get, . T= lm a?,, N

2 sin” wt
Hence the sought maximum kinetic energy equals, T, = %m a,z,, o’ ,
because for T, , sinwt = 1
(i) Mean kinetic energy averaged over one oscillation period
2n/w
f Tde f sin” wt dt
2 2 0
<T> = fdt =zma,,,w Tawe
Ja
0
1 2 2
or, <T>-§ma,,,m .
We have a standing wave given by the equation
E = asinkx cos ot
So, é—§-=-aoosinkx sinwt )
at
and 38 | akcoskx coswt )]

at
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The Kinetic energy confined in an element of length dx of the rod
2
dT = %(dex)(%?) = %pSazmzsinzu)t sin® kx dx

So total kinetic energy confined into rod
V)

T-de- %pSazmzsin2 (ntfsinzzT“ xdx
nSazmzpsinzmt
or, T = ak 3

The potential energy in the above rod element

dU-faU- —fF§d§, where Fy = (pSahc)a2§
or, Fga—(dex)m €
so, dUu = wszdxfEdg
1]

pmstde - p w>S a*cos® wt sin’kx dx

or, du = > >

Thus the total potential energy stored in the rod U = f du
V2

or, U = pw?Sa®cos® ot f sin? ZTnx dx

0

upSa w’cos’wt
4k

To find the potential energy stored in the rod element we may adopt an easier way. We know
that the potential energy density confined in a rod under elastic force equals :

SO, U =

Up = %(stressxstrain) = —;-oe = —;-Ye2

= -;-pVZS

- lw_(a_%

|»—-

pw
k!

= -2-pa Zw?cos® wtcos®kx

2 g2

\_/N
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4.174

4.175

Hence the total potential energy stored in the rod

a2
U=fUDdV=f -;—pazmzcoszmt cos’kx S dx
0

_ xpSa2m20052mt

ak @

Hence the sought mechanical energy confined in the rod between the two adjacent nodes

E-T+u- 20028
4k
Receiver R, registers the beating, due to the sound waves
reaching directly to it from source and the other due to
the reflection from the wall.
Frequency of sound reaching directly from S to R,

v
Vs—r, = Vo when S moves towards R,

-u

v
and Vv'g_,p =V when S moves towards the wall
SR, 0y

Now frequency reaching to R; after reflection from wall

v
vw_.Rl=v0v+u,whenSmovestowardsRl e — o — o -

R, 6 R

and vy _, R = Vo , when S moves towards the wall

Thus the sought beat frequency
Av = (VS—-RI'VW~Rl) or (V'W—»Rl" VS—-R1>

v v 2vovu  2uvg
Vo - Vo = 3 2- =1Hz
v-u viun o yio gy v

Let the velocity of tuning fork is u. Thus frequency reaching to the observer due to the
tuning fork that approaches the observer

’

Vv =YV

— [v = velocity of sound ]

Frequency reaching the observer due to the tunning fork that recedes from the observer

" v
v =YV
vV+u
" 1 1
So, Beat frequency v-v"' = v = vyv -
vV-u v+u
2 VoV u
Or, V = ———
) viou?

So, vu2+(2vv0)u—v2v=0
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-2vvy ¢ \/4\/(2,v2+4v2v2
2v
Hence the sought value of #, on simplifying and noting that ¥ > 0

2
vv
u-—Q( 1+(—"—) -1)
v Vo
Obviously the maximum, frequency will be heard when the source is moving with maximum
velocity towards the receiver and minimum frequency will be heard when the source recedes

with maximum velocity. As the source swing harmonically its maximum velocity equals
a w. Hence

Hence u

v, v and v v Y
mx = 0 y_aw min = 0 viam
. 2am
So the frequency band width Av = vy, = Vyip = V| —5——5 3
vi-a‘w
2, 2 2
or, (Ava“)o '+ (2vyva)w- Avv =0

-2vwvas \/4v§v2a2+ AV a’v?
2Ava®
On simplifying (and taking + sign as @ —> 0 if Av — 0)

2
\AY
on e (Vi (32T 1)
Ava Vo
It should be noted that the frequency emitted by the source at time ¢ could not be received
at the same moment by the receiver, becouse till that time the source will cover the distance

So, o =

%—w t2 and the sound wave will take the further time -;-w t2/v 1o reach the receiver. Therefore

the frequency noted by the receiver at time ¢ should be emitted by the source at the time
t;< t . Therefore

t1+(%wt12/v)=t 1)
and the frequency noted by the receiver
- 2
v : o V+w tl ( )
Solving Eqns (1) and (2), we get
v
v o= = 1-35 kHz.



o8

4.178 (a) When the observer receives the sound, the source is

4.179

closest to him. It means, that frequency is emitted by
the source sometimes before (Fig.) Figure shows that
the source approaches the stationary observer with
velocity v, cos 0.

Hence the frequency noted by the observer

v
v_v"(v—v,‘cosfi) N |
- \% - Vo \ '
vo(v—'qvcose) 1-mncosO @ N\
But X _...l._z_t'iz.. So X _V_‘_ Vo
Vs v 2 ;lzfxz Sy o
or, cos =1 ®

Hence from Eqns. (1) and (2) the sought frequency
Vo
I-n

v =5 kHz

2

(b) When the source is right in front of O, the sound emitted by it will not be Doppler shifted
because 8 = 90°. This sound will be received at O at time ¢ = é after the source has

passed it. The source will by then have moved ahead by a distance v, ¢ = I 1. The distance
between the source and the observer at this time will be / V1 + ni = 0.32 km.

Frequency of sound when it reaches the wall

, vV+u
v =v

wall will reflect the sound with same frequency v'. Thus frequency noticed by a stationary
observer after reflection from wall

v .
v' = v'v S » since wall behaves as a source of frequency Vv'.
vV+u v v+u
Thus, v'i=wv . =
vV v-u v-u
v-u A ov-u
or, ANo=A or — =
v+u A v+u
"
So, 1- A _q_v-u _ 2u
A v+u Vv+u

Hence the sought percentage change in wavelength

A= M 100 = 2% 4100 % = 0.2% decrease.
A v+u
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4.180 Frequency of sound reaching the wall.

4.181

4.182

v-u
VvV = vy ( v ) (1)
Now for the observer the wall becomes a source of frequency v receding from it with velocity u
Thus, the frequency reaching the observer

v -v(vju) -vo(v'“) [Using (1)]

v+u

Hence the beat frequency registered by the receiver (observer)

2
“Y0 o 0.6 Hz
u

Av = vy—-v' =

Intensity of a spherical sound wave emitted from a point source in a homogeneous absorbing
medium of wave damping coefficient y is given by

I= %paze'z"wzv

So, Intensity of sound at a distance r, from the source
_hL _172p e gl
r rf
and intensity of sound at a distance r, from the source

2 _ 1/2pa’e ety

=IL/r
2772 722
. 1 I]_ 12
But according to the problem = =
n ry ry
2 2
r r
So, 3_2_1_.-- e n) or In 71_22 =2y(r,-r)
ry ry
In(nri/ri
or, Y=M=6x10'3 m-!
2(ry-r)

(a)Loudness icvel in bells = log Iio‘ (o is the theshold of audibility.)

So, loudness level in decibells, L = 10 log IL
(i}

I
Thus loudness level at x = x; = L, = 10 log Ij
0
I"z
Similarly L, =10 logK

I"z
Thus L, - L, =10 log I
1
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(®)

4.183 (a)

®)

_ 1/2pa olve 217 —29(x%-%)
o, L, =L,+ 10log 2palelve TR =L, + 10log e 7R
L, =L,-20y(x;-x;) loge
Hence L' =L-20yxloge [ since (xp-x;) = x]

=20dB-20x0-23x50x0-4343 dB
= 60dB-10dB = 50dB

The point at which the sound is not heard any more, the loudness level should be zero.
Thus
L 60

0=L-20yxloge or x= g e = 20x023x0 4343 ~ 200 m

As there is no damping, so

L =10logl =101 /2pa”w’v/rs 20 1
= 10log —~ = g — = - ogr,
o gIo e 1/2pa’w’y B 7o

Similarly L, = - 20log r
So, L, -L,o = 20 log (ry/r)

’
or,L, =L, + 20]og(-—0) = 30+20xlog 2 = 36 4B
0 r 10
Let r be the sought distance at which the sound is not heard.
To r r
So, L, = L,0+20]og—r- =0or L, = ZOIOgE or 30 = ZOIOg%
So, logloz% =3/2 or 10%%) = r/20

Thus = 200Y10 = 0-63 Km.

Thus for r>0-63 km no sound will be héard.

4.184 We treat the fork as a point source. In the absence of damping the oscillation has the form

C-—O;‘it;cos(oot—kr)

Because of the damping of the fork the amplitude of oscillation decreases exponentially with
the retarded time (i.e. the time at which the wave started from the source.). Thus we write
for the wave amplitude.

Const. - t—-
13 — e
a ,__.
e—s(” V) ” Pt+dp
This means that ——— =
Ta

X+dx
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Ta

Thus e == of=——T—=012.5s
]

4.185 (a) Let us consider the motion of an element of the medium of thickness dx and unit area
of cross-section. Let & = displacement of the particles of the medium at location x. Then
by the equation of motion

pdx§ = -dp
where dp is the pressure increment over the length dx

Recalling the wave equation
. 2
E = vza_g
ax
we can write the foregoing equation as
2
P v? a——% dx = -dp
ax
Integrating this equation, we get

Ap = surplus pressure = - pvzg—x§+ Const.

In the absence of a deformation (a wave), the surplus pressure is Ap = 0. So ’Const’ =
0 and

- _pv2i%
Ap = -pv ox

(b) We have found earlier that
W= Wt w,
2

Wi = = (QE),WP=_1_E(3_§)2 1 2(a_§)2

total energy density

2P| ot 2% ox ) T2°PV | ox
It is essy *» see that the space-time average of both densities is the same and the space time
average of total energy density is then

ws - < 03] >

The intensity of the wave is
(A )
= V<W> = < J__ >

(Ap)n

. 2 _l 2 -
Using <(Ap)>—2(Ap),.. we get [ Zov



102

4.186 The intensity of the sound wave is

_(Ap) (Ap) U7 AN
2pv 2pvA

Using v = vA, p is the density of air.

Thus the mean energy flow reaching the ball is

27 _ 2(AP).2n
xXR°I = =R PN

nR? being the effective area (area of cross section) of the ball.
Substitution gives 10.9 mW.

1

A 2
4.187 We have P 7 = intensity = (—p)ﬂ
4nr pVv
or (ap). =V 225
" 2nr?
1
_-\/1-293kg/m3x340m/sx0-80w_ 1293x340x -8 (kgkgm?s >ms~')?
27 x1-5 x 1-5 m? 2ax15x1S m
= 49877 (kgm'ls‘2)= 5Pa.
A
(AP)n =5x10"°
p
(b) We have Ap = —pvzg—é
(Ap), = pV2kE, = pv2rvE,
A
En=a= (2P ) 3 =3um

2mpvvy | 2mx 1293 x 340 x 600

E, 3x10°° 1800

-6 -6
X " 3207600 - 3ap <10 =5x10

4.188 Express L in bels. (i.e. L = 5 bels).
Then the intensity at the relevant point (at a distance r from the source) is : Iy10*
Had there been no damping the intensity would have been : e 10-10’“

Now this must equal the quantity

5 » Where P = sonic power of the source.
4nr

P 2yr
Thus —— = e 10
4r 0

or P =4nrle? I;10" = 1.39 W.
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4.4 ELECTROMAGNETIC WAVES. RADIATION

4.189 The velocity of light in a medium of relative permittivity ¢ is —<- . Thus the change in

Ve

wavelength of light (from its value in vaccum to its value in the medium) is

. C/\/; c c 1
AN = . -v-v(\/g—l)-—SOm.

4.190 From the data of the problem the relative permittivity of the medium varies as

3
e(x) = g e (¥

Hence the local velocity of light
V(X)) = =—=m=—7=—c¢ ©
1

1

v P W §

Thus the required time ¢ = dx -ﬁ-f e %=
4 v(x) c 4

1, &
- =In-t
& Ve, —e 2 =41 g_l‘/el—\/sz
N c 1 I € 4 1 E];
21 nt)z “82

4.191 Conduction current density = OE -

-
Displacement current density = L2 € g E iwegE

at at
Ratio of magnitudes = I -'-'5- = 2, on puting the valucs.
W E gy Jdis
4192 o8 o
. - -
Ve E= -Gk
=V cos(wt-k"F)x E, = EXE, sin(0t-F:7)
At =0
oH  FXE,

So integrating (ignoring & constant) and using ¢ = \/—1—-
o o

7. BEn

k €9 FXE-;
Cos ¢ txck = o A

cosckt
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4.193 As in the previous problem
— kxE E, A
x "'cos(wt-k_"r—'j=;-o'"—ce,cos(kx—wt)

V=2 E,e cos(kx-ot)
= — E,e cos(kx-w
o Enee

Thus

€ A
(a) att=0f1>=vu—oEme,coskx
0

Optt =10, H=" i—° E, & cos(kx-otp)
0

4194 E,u =§ }_‘_?-dl_’= E,l(coswt—-cos(wt-kl)

Putting the values E,, = 50m V/m,’l = 5 metre

2nvl nx10®8 n
T3

ol _
c c 3x108
g =50 mV —sinz | sin| wr-2
6 6
. T n n
=—255m(mt+6—2)-25005(mt—3)mV
—> N
4195 E =) E(1;x) - a
B=kB(t1x)
and Curlf=££=—ﬁ=—l’c\§—é
ax at t
9E _ 3B
S0 T ax ot
9E 1 9E
Also Curl B—souo—a—t—=-c—i——t—
A 0B dB 1 0FE
and Cul B =- . S0 Ix —cz Y,

I
F
x~
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) E,- xﬁ- ] E:,x(kx ,,,)-l-oosz(wt—l?'-ﬁ
Wo k
f K o .
e m % €08 (wt-k-7)
— -
<5>=1y2 :E
27w k
4197 E = E, cos(2nvt-kx)
@) Jjus = %?— = - 2nggvE,sin(wt-kx)
Thus s Yoms = < Jer >

=V2 neggvE, = 020 mA/m>

®) <S> = %v -;—‘; E? asin (196). Thus <S,> = 3.3 p W/m?

4.198 For the Poynting vector we can derive as in (196)

<S> = % V .8__:0_0 E? along the direction of propagation.

Hence in time ¢ (which is much longer than the time period T of the wave), the energy
reaching the ball is

nR2x-;- %E:xt=5kl

4.199 Here E = E:, cos kx coswt -

FromdivE =0 wegetE,, =0 so E, isin the y~-z plane.

Also
-
0B — —» —>
il VxE = - VcoskxxE,coswt
= FXE, sinkxcos wt

—_ FXE, . >
so B = % sinkxsinwt = B, sinkxsin o ¢

— Em — -
Where |B,,,| = and B, L E, in the y -z plane.
At t=0,B=0,E =E,coskx

At t=T/4 E=0,B = B,sinkx
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E = E:, coskxwt
-
— k_’xE,,,
H = sinkxsinwt (exactly as in 199)
Ho @
- — E,x(kXE
S =ExH = --——x—(—-x———)- = sin2kx sin2mw¢
o @ 4
Thus S, = -l-e cE2 sin2kxsin2wt [as - c
x 4 0 m Mo € €
<S,>=0
Inside the condenser the peak electrical energy W, = % (o4 V,,2,
2 SoJ'I:R
V T d

(d = separation between the plates, nR2 = area of each plate.).
V = V,sinwt, V, is the maximum voltage

Changing electric field causes a displacement current

Jas = 9D _ gE,wcoswt
at
gV,
= od MCOS(Dt

This gives rise to a magnetic field B (r ) ( at a radial distance r from the centre of the plate)

2 cos w t

€9 W
B(r)2nr = p.onrzj,,,-_,- po:rtrz od

B = %souom-g-Vmcosmt

Energy associated with this field is
= (43 B2 1, o p 2, drx dx V.2 cos?
=f r2u0=8eop.od223t{rrrxx,,,oosmt

1 2 @R* 2
= gtk V,, cos“ ot

Thus the maximum magnetic energy

2 2
_ Tl 2TR” 2
Wn = 55~ (0R) =~ Va
W, 1 o R _15
Hence W, 3 goto(WR) = —( p ) =5 x 10

The approximation are valid only if wR <<c.
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4.202 Here I = I,,cos w t, then the peak magnetic energy is

W, = -;—LI,,Z, - %p.onzl,fnde

Changing magnetic field induces an electric field which by Faraday’s law is given by
: 4 Bas = nr ;
E-2nr = -dtf B-dS =xrpygnl,osinnt
1 .
E = Eruonl,,,msmu)t

The associated peak electric energy is

4
w, f—eE dsrs-;-eougnzl,f mzsinzmtxng d
W, 1 2~ 1 (@R
Hence —W;-geouo(wR) =3¢ )
Again we expect the results to be valid if and only if

( 95) <<1
c
4.203 If the charge on the capacitor is Q, the rate of increase of the capacitor’s energy
10 Qo
dt(ZC) o gonRzQQ

Now electric field between the plates (inside it) is, E = —2— .

TR 2 €
. aD @
So displacement current = 37 " Y

This will lead to a magnetic field, (circuital) inside the plates. At a radial distance r

2rrHy(r -urz—z-Q or Hy =
0 () xR o 2nR?

Hence Hg (R) = E%E at the edge.

_Q

Thus inward Poynting vector = .§ = =~ _ x
y & 2nR TR 2 €9

Proved

Total flow = 2ntRdxS = Qde

TR g9

4.204 Suppose the radius of the conductor is Ry. Then the conduction current density is

'-—2-1 =oFE or E-—7—I _‘__2_91
Je n Ry "Ryo =R,

where p = %is the resistivity.
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4.205

4.206

Inside the conductor there is a magnetic field given by

H2nRy=I or H=

I
eI at the edge
. Energy flowing in per second in a section of length / is
pI%l

JtRo2

EHx2nRyl =

But the resistance R = _p_l_f
NRO

Thus the energy flowing into the conductor = [ ’R.

Here nev = I/nR*?
where R = radius of cross section of the conductor and n = charge density (per unit volume)

Also lmv2-=eU or V_VZeU.
2 m

Thus, the moving protons have a charge per unit length

nenR IV el

This gives rise to an electric field at a distance r given by

I m
E o \/ 2eU/2J\:r

. . I
The magnetic field is H = Tar (for r>R)

Thus

2
S = 4I o) 'V Z'ZU radially outward from the axis
g4l 1

This is the Poynting vector.

Within the solenoid B = pynl and the rate of change of magnetic energy

cw <4 (L 22 o2 - 2_p2717;7
—W,,,-dt(zp,onl xR l) pon mRIIT

where R = radius of cross section of the solenoid / = length.

Also H = B/py = nI along the axis within the solenoid.
By Faraday’s law, the induced electric field is

Eg2nr = nr’B = :trzp,onf

or Ee-%pton}r
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so at the edge Eq (R) = %p.o nIR (circuital)
Then S, = E¢ H, (radially inward)

and W,,, =- %p.onzliRXZan = ponan2lII as before.

Given ;> @

The electric field is as shown by

the dashed Tines (-—-—>--rx-). < %
The magnetic field is as shown O O O

(O) emcrgmg out of the paper.

S ExHis parallel to the wires ) > ) ¢2
and towards right.

Hence source must be on the left.

The electric field (----—>) and the magnetic field (H —> ) are as shown.
The electric field by Gauss’s theorem is like

A
E, = >
y
Integrating @ =Aln 72 0
s0 A= Vr (ry> 1) / +V\
In 2
n
Then E = v
r
rin—
n
. . I
Magnetic field is Hy = Twr

The Poynting vector § is along the Z axis and non zero between the two wires
(ri< r < ry) . The total power flux is

n

—L-andrslV
2772
n 21T nr1
As in the previous problem
Vi t I t-
Ers_(lisr(_n_ and He-ﬂz(_s_r_l)
2
rin =
r

Hence time averaged power flux ( along the z axis ) = %Vo Iycos @
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On using <cosmtcos((ot—q>)>-%coscp.

4.210 Let n" be along the z axis. Then
S = Ep, Hly'Ely Hy,

and 57‘ - E2x H2y-E2y Hz:
Using the boundary condition E;, = E,, , H;, = Hj, at the boundary (¢ = x or y) we see
that

Sin = S2p -

*3 2
4211 P- a |p"]” when
eé; e
I—”" Ze.-?.-’= E;’im.-r—.-’r;Em,-rT

€; e

if — = — = fixed
m; m
d* —-
But ;752"‘;' r; = 0 for a closed system
Hence P=0.
1 2(p)
1.212 =
P 43580 3¢
'?'2 = (en?a)oos’wt
2 4 2
Thus < P> = —2—3(em2a)2x L e—m—g-;ss.l x 1075 w,
4mey 3¢ 2 12mec
1.213 Here
2
3 e .4 1
p =X force —R2 ——-—47‘60.
2
2
Thus P = 1 3 eq2 23.
(d4mey)” \mR*) 3¢

214 Most of the radiation occurs when the moving particle is closest to the stationary particle. In
that region, we can write

R? = b2+ v%:¢?

and apply the previous problem’s formula

(dmeg)’ 3 (b2+v2t?)?
(the integral can be taken between = o with little error.)

o 2
1 2 qe2 dt
Thus AW ~ c3_j;( p- )
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Now f dt - lf dx v
(b%2+v2e?y? v (b%+x?%)?  2vb¥

2 4

Hence, AW ~ 1 ng e

(4::1:&:0)3 3c¢3mPvb?

4.215 For the semicircular path on the right

mv2=Bev or v=B—e1i
R m B X X X X
E -7 1 , B2e?R? ~
Thus K.E. = -Emv = m X X X X
2 2y’
Power radiated = 1 3 ev X X X X
4ey 3¢ R >
X X XX

Hence energy radiated = A W

2
1 2 (BzesR) nR B3e’R?

= . m =
dmeg 3¢ m? BeR 6eom3c3

AW __ Bé®
T 3eoc3m

(ncglecting the change in v due to radiation, correct if A W/T <<1).

So 5 = 206 x 107,

mv

4.216 R = 2B

1 2 2y’ 1 2 [e?BvY
Then P (ev) (e v)

4mey 3¢° m

1 B?e* T
= 3 3 3
TEyC

This is the radiated power so

ar B’e’
dt 3megm’c?
Integrating, T = To e~ "
3neom3c3
T = 52"
e

T is (1836 )% = 10 times less for an electron than for a proton so electrons radiate away
their cnergy much faster in a magnetic field.
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4.217 P is a fixed point at a distance !/ from the equilibrium position of the particle. Because
! > a, to first order in 2 the distance between P and the instantaneous position of the particle

is still I For the first czllse y=0 so t = T1/4

The corresponding retarded time is ¢’ =2 -:j

Now y (t' )=-macosm( ;) =—m2asin%-l-
For the second case y = a at ¢t = 0 so at the retarded time ¢’ (nTI_
Thus j»'(t')--wzacos-mTl

The radiation fluxes in the two cases are proportional to (y (z'))” so

S
1 20! = 3.06 on substitution.

Note : The radiation received at P at time ¢ depends on the acceleration of the charge at the
retarded time.

4.218 Along the circle x = Rsinw?, y = Rcoswt

A
where ® =%.Iftis the parameter in x(¢),y(¢) and 1 »
t' is the observer time t:hen wt
t' =t+ l__'EC.(_.t_). :
0 P
where we have neglected the effect of the y--cordinate
which is of second order. The observed cordinate are 1t >
x'"(¢")=x(t),y"(t") =y(¢)
1-—coswt 1—-—‘2 1—-—'Z
c c cR

2.9

and d 2’2 _ i_tT_zi -vx/R
dt t'dt 1Yy
cR
2 2 v2 v .y
1 R?” R |{cR? ¢
v vy 2 3
1-2X11- vy
cR cR LYy 1-
1 cR) cR

This is the observed acceleration.
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(b) Energy flow density of EM radiation S is proportional to the square of the y- projection
2.

of the observed accéleration of the particle [i.e. d—L) .

dtlZ
2 4
A i1 1+%
Sl C C C
Thus - = / = .
S7 3 3 v\
1-¥) (1. (1“)
c) c ¢
We know thatSo(r)oc—}-z-
r
At other angles S (r,0) «sin’0 %@:”/Z
Thus S(7,0) = So(r)sin’0 = S,sin>0 7 . >30
Average power radiated
2 8=
= Sox4:tr2><-§ = --3—Sor2
(Averagc of sin®>@ over whole sphere is %—)
From the previous problem.
8w Syr?
Py = ————
3
s 3P,
or =—
0 8nr
Thus <w> = So __{3Po
¢ 8mcr

(Poynting flux vector is the energy contained is a box of unit cross section and length c).

The rotating dispole has moments
Dy = pCos®f, p, = psinwt

2 4
Thus P = 1 —2—30042-—-2——9—3.
4mey 3¢ 6meyc

If the electric field of the wave is -
E =E;coswt

then this induces a dipole moment whose second derivative is
2 —>

e Eo

cos w ¢

S5
p
20 1\2

: 1 2 (eE) 1

Hence radiated mean power <P> = x5

dxeg3c3| m
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On the other hand the mean Poynting flux of the incident radiation is

€& 1
<Spc> =7V -p‘—o'xi'Eo2
P 1 2 (e’ Ve
<S> 4dmg 3(€ollo) (m X €
2
L (e
6 | m

4.223 For the elastically bound electron

myrmodro= eE(’,cosmt
This equation has the particular integral
(i.e. neglecting the part which does not have the frequency of the impressed force)
e’E, o’

—p
—- €eEy cosot
r 2
(wg-w°)m

- —
3 so and p=

5 coswt
m ;-

Hence P = mean radiated power
2

1 2 e’ w? )
alv-rdeos 1 Burscaerd iy 2
4ney 3¢\ m(ws-w*) | 2

The mean incident poynting flux is

<S,o,u.>= E" 0

2 2 4
P W (e )
Thus <S,-,,,>’6n(m] ’

4.224 Let r = radius of the ball
R = distance between the ball & the Sun (r<<R).
M = mass of the Sun
Yy = gravitational constant

Man s P 51
Then R? 3 7P Y mrte

( the factor -i—convcrts the energy received on the right into momentum received. Then the

right hand side is the momentum received per unit time and must equal tle negative of the
impressed force for equilibrium).

3P
Thus r o= 161|:yMcp-0'606pm'

Yeveve



PART FIVE

OPTICS

5.1 PHOTOMETRY AND GEOMETRICAL OPTICS

5.1 (a) The relative spectral response V (A) shown in Fig. (5.11) of the book is so defined that
A/V (M) is the energy flux of light of wave length A needed to produce a unit luminous
flux at that wavelength. (A is the conversion factor defined in the book.)

At A = 0-51 pm, we read from the figure

V() = 0:50 so

energy flux corresponding to a luminous flux of 1 lumen = oi;—o = 32mW
At A = 0-64 pm , we read
V(y) = 017

and energy flux corresponding to a luminous flux of 1 lumen = ﬁ = 94mW

d
(b) Here d®, () = fdh, MsAsh,

M-M
since energy is distributed uniformly. Then
L A
d fV()\.)d<1> MN)/A i———j‘V()\.)d)\.
) 2 A=) )
1 1

since V(A) is assumed to vary linearly in the interval A; < A<}, , we have
L5

1 1
M_vamdx = S0 +V(A)
}'l
D,

Thus P = A V) +V(y))
Using V(0-58 pm) = 0-85

V(063 um) = 025

P,
Thus P = x 11 = 1-55 lumen.

2x16
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DA
5.2 We have @, = m
1 1 /
But Q=3 d E,2,,x41tr2 or E,2,,=-——?;A; Lo
Mo 2rnr'V(h) %o
area
mean energy
flux vector
For A=059pm V(L) = 0-74 Thus
E, =114V/m
£
Also H, = M_ E, =302mA/m
0

5.3 (a) Mean illuminance
_ Total luminous flux incident
a Total area illuminated

Now, to calculate the total luminous flux incident
on the sphere, we note that the illuminance at the
point of normal incidence is Ey . Thus the incident

flux is E, - n R% Thus

. nR-E,
Mean illuminance = 5
2nR
or <E> = l E,
270

(b) The sphere subtends a solid angle

.

2x(l-cosa) = 2x|l -~

at the point source and therefore receives a total flux of

VEA-R

2nl|1- ]

90-a

The area irradiated is : 27tR2fsin9d9 =2xR*(1-sino) = 2nR2(1-5)

I
0
I 1-V1-@®/1)

Thus <E>='—2—‘—"_"
R R

l
Substituting we get <E> = 50 lux.
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5.4 Luminance L is the light energy emitted per unit area of the emitting surface in a given
direction per unit solid angle divided by cos 6. Luminosity M is simply energy emitted per
unit area.

Thus M-fL-cos9~dQ

where the integration must be in the forward hemisphere of the emitting surface (assuming
light is being emitted in only one direction say outward direction of the surface.) But

L =Ljcos®
2
Thus M-fLocosze-dQ = 2nf Lycos’0sin0d 0 = %nLo
0

5.5 (a) For a Lambert source L = Const
The flux emitted into the cone is

®=LAScosadQ

=LASf 2ncosasinada
0

=LASn(1-c¢os’0) = nL ASsin?0

(b) The luminosity is obtained from the previous formula for 0 = 90°

M= CD!BA=S90 ) _ xL

5.6 The equivalent luminous intensity in the direction OP is

LScos® 0
and the illuminance at P is
LScosOcos _ _Ls#
R+ 1) (R* + h%)? 0
LS LS

= v 2

R 2 h

(7+ h) R Vi) +2r 0

vh
P
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5.7

58

This is maximum when R=nh
and the maximum illuminance is
. 2
LS2 - 1-6 x 10 = 40 lux
4R 4

The iliiminance at P is

3
E, = -(;gg:—?—)-cos 0 = I(_B):;ﬁ
since this is constant at all x, we must have 0
1(0) cos’ 0 = const = I
o (8) = Ip/cos® ® h
The luminous flux reaching the table is 6
P = nR2xI—‘; = 314 lumen -, 'p
h a x

The illuminated area acts as a Lambert source of luminosity M = m L where
MS = pES = total reflected light
Thus, the luminance

L =RE
n

The equivalent luminous intensity in the direction
making an angle 0 from the vertical is

LScos0 = &iicose

and the #lluminance at the point P is

Lii cos 0 sin 0/R? cosec’ 0 = E-%;icos 0sin’ 0
n

This is maximum when P

;‘%(cosﬂsinse) = -sin*0+3sin’0cos’ 0 = 0

or tan29-3=>tan9-\/§
Then the maximum illuminance is

3V3 pES

16 R?

This illuminance is obtained at a distance Rcot® = R/V3 from the ceiling. Substitution
gives the value
0-21 lux
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From the definition of luminance, the energy emitted in
the radial direction by an element dS of the surface of the

dome is
dd =LdSdQ 9
Here L = constant. The solid angle d Q is given by
dA cos 0
dQ = ———
R 0
where d A is the area of an element on the plane illuminated by the radial light. Then
LdSdA c

d<I>="—R'2—— os 0

The illuminance at O is then
a2 .

E - -d—q)--f—L—Zﬂ:stinedﬁcosG-ZnL xdx = nL
dA R?
0

Consider an element of area dS at point P. 4
It emits light of flux

d® =LdSdQcos 0

dA

h*sec’ 0

LdSdA 4 I 9
= —_h2 cos O P

A
4

=LdS - cos’ 0

in the direction of the surface element dA at O.
The total illuminance at O is then

E =dezScos46
h

But dS =2nrdr = 2nhtan0d (htan 0)
= 2nh’sec’0tan0d O
2
Substitution gives E=2xnL f sin0cos0d0O = nlL

0

Consider an angular element of area
2nxdx = 2nh’tanBsec’0d 0

Light emitted from this ring is

d® = LdQ(2nh*tan0sec’0d6) - cos O
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dAcos 6

h*sec’

where dA = an element of area of the table just below the untre of the illuminant.

Now dQ =

Then the illuminance at the element dA will be

0=a

E, -onLsinecosﬂdB

0=0
where sino = —R . Finally using luminosity M = nL
h + R
2
.2 R
Ey = Msin“a = Mh2+R2
h2 2 Im .. N
or M = Ej|1+—| =700lm/m” *(11x = 1 —; dimensionally |.
R m

5.12 See the figure below. The light emitted by an element of the illuminant towards the point O
under consideration is

d® =LdSdQcos (a+f)
The element dS has the area

dS = 2nR*sinada
The distance
12
OA = [h2+R2—2thosa]

we also have

oA kR R
sina_sin(a+ﬂ) _sinﬁ & A
From the diagram \
B \
cos (o + B) = hcosa-R oC+/3 \
OA B \
cos B = h-Rcos a b
04

If we imagine a small area d= at O then

dEco:ﬁ -do
OA

Hence, the illuminance at O is

fd_cp =funkzsinada(hcosa-R)(h4-Rcosa)
dz (0A)
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The limit of o is o = 0 to that value for which o+ = 90° for then light is emitted

tangentially. Thus

Q = cos'll—‘
'max h .
m-ll_l
h
Thus E -f L2xRsinoda (h-ZRCO:a)(hmsa-f)
0 (h*+R°-2hR cos o)
we put y=Hh+R*-2hRcosa
So, dy = 2hRsinado
W-R _h2-+R2-y h2+R2-l_R
dy 2h 2R
2
E- sz R 2hR yz
*-R’
K-R
_ L2nR? (K -R*+y) (K -R*-y) P
8 1R ¥
(h-R)
K-R

2 T2

i ) h -R
_nlL f BB |14 o=l [_G-RY
4h2 y2 W y (h—R)z

(h-RY

hz[(h +R? - (W -RY-(h*-R)+(h- R)]

nL 2 2 2 2 nL R?
—|2hK +2R -2h"+2R" | =
w2 2R ] -
Substitution gives : E = 251 1ux

5.13 We see from the diagram that because of the law
of reflection, the component of the incident unit
b - . . »
vector e along-n changes sign on reflection while
the component ll tot the mirror remains unchanged.
Writing e = e" +e, Z

where eJ_ = n'len)
g = e @)

we see that the reﬂected unit vector is 777777%

?-e“ -e 2n(—”)

SV

Ny
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5.14

5.15

5.16

We choose the unit vectors perpendicular to the mirror as the x, y,z axes in space. Then after
reflection from the mirror with normal along x axis
—' - AN — A A A
e =e-2i(ie) = e ite Jte k
A, Ac A . . . 0
where i, j, k are the basic unit vectors. After a second reflection from the 2nd mirror say
along y axis.

" ’ A A g A Y A
e =?-2](1-?)=—exz—eyh+e,k
Finally after the third reflection
— A, A Y —
e =-e i-e J-ek=-ce.

Let PQ be the surface of water and n be the R.I. of water. Let AO is the shaft of light with
incident angle 8; and OB and O C are the reflected and refracted light rays at angles

0; and 0, respectively (Fig.). From the figure 6, = g— 6,

N
From the law of refraction at the interface PQ A QI 9 /5
sin 0, sin 6,
Tsin®, . (= — e ————
S'“(E'Bl) P::-_:Q T = .
sin 8 o lg\N ==
or, cos 6, tan 0, — = =12 c=-
Hence 0, = tan~!n
Let two optical mediums of R.I. #; and n, respectively be
such that n; >n, . In the case when angle of incidence is N
0, (Fig.), from the law of refraction
nysin @, = ny (€Y Ny al Q
In the case , when the angle of incidence is 0;, from the P n,
law of refraction at the interface of mediums 1 and 2 .
ny sin 91 = n, sin 92 \&IC’-.
But in accordance with the problem 0, = (7n/2-0;)
so, n;sin 0; = n,cos 6, 2
Dividing Eqn (1) by (2)
sin 0, ., 1
sin®;  cos @
2
1 v n -1
= = — i = 3
or, n = 0.’ so cos 0, = and sin 0, = (3)
n cos 6
But 2=
n,  sin0;
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So, ol _n (Using 3)
n M 2
Thus i L
np -1
From the Fig. the sought lateral shift
=OMsin(0-8)
=dsec Bsin (0 - )
= d sec P (sin 0 cos B - cos 0 sin §)
=d(sin@-cosOtanf) @
But from the law of refraction
sin0 = nsinf or, sinf = §1_x_1n_9
2_ .2
\/n -sin“0 sin 0
So, cosp= ————— and tanf = ——
" V n?_sin’0
Thus x =d(sinB-cosBtanf) = d sine—cose—ﬁl-g——
V n?-sin’0
-dsine[l-v A-sin’0 9 ]
n?—sin’0

From the Fig.
MP  MNcosa
OM ~ hsec(a+da)

As d o is very small, so

MNcoso. MNcos’a

sinda =

do = hseca h O
Similarly
2
4o = MN clos 0 @
h
From Eqns (1) and (2)
da K cosla hcos’® da
—_—= or, h' = —_— 3
do hcos’0 cos® a 0 3

From the law of refraction
nsino = sin @ A)
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5.19

5.20

. 2 .2
sina_sme’ S0, oSO = n -s;n 0 ®)
n n
Differentiating Eqn.(A)

da cos 0

ncosoda = cos9d® or, — = O
0 ncosa
Using (4) in (3), we get
, hcos’0
h - ®)
ncos” a
3 2.°...3
Hence W = —no®9 _ __Mheos 8 im0 Eqn(B) ]
n?-sin’0 (nz—sinza)
n —-—————nz

The figure shows the passage of a monochromatic ray through the given prism, placed in air
medium.

From the figure, we have

0 =p+p; @A)
and o = (oy+03)-(B;1+B;)
a=(og+ay)-0 @)

From the Snell’s law

sino, = xsin B,

or oy = nf, (for small angles) )
and sina, = nsinf,
or, o, = n B, (for small angles) 3)

From Eqns (1), (2) and (3), we get

a=n(p+p)-0
So, a=n(6)-6=(n-1)6 [Using Eqn.A]
(a) In the general case, for the passage of a monochromatic ray through a prism as shown
in the figure of the soln. of 5.19,

a=(a;+ay)-6 ()]
And from the Snell’s law,

sino; = nsinfB; or a; = sin~! (nsin ;) 03]
Similarly o, =sin~' (nsin B,) = sin~ ! [nsin (8- ;)] (As 6= B, +B)
Using (2) in (1)
a = [sin"(nsin51)+sin'1(nsin(9—Bl))]-9
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For a to be minimum, g—gl =0
or, n cos B, _ ncos(0-f;) -0
Vi-n%sin®p, V1- n’sin®(0-p,)
or cos’, __ cos’(0-B)
’ (1-n2sin®B;) 1-n2sin®(0-P,)
or, cos’ By (1-n’sin’ (8-, )) = cos’(0-B,) (1-n”sin’B,)
o, (1-sin’)(1-n’sin’(0-p,)) = (1-sin’(0-p;))(1-n"sin’p;)
or, 1-n?%sin?(0-p, ) - sin® B, +sin’ B; n%sin® (0 - B, )
= 1-n2sin®B, -sin® (0 - B, ) + sin’ B, n>sin® (0 - B, )
or, sinz(e-ﬂ,)-nzsin2(e-31)-sinzsl(x-nz)
or, sin? (0 -B,)(1-n2) = sin?B, (1-n?)
or, 0-Bf;=f; or B, =6/2
But Bi+B, =0, so, P, =0/2 =20,

which is the case of symmetric passage of ray.
In the case of symmetric passage of ray

o = oy = a'(say)
and B, = B, = p = 6/2
Thus the total deviation
a=(oa;+ay;)-0

a=2a’'-0 or a,_a;O @)
But from the Snell’s law sina = nsin
So sina+e-nsin9—
’ 2 2

In this case we have
a+0
2

sin =n sin% (see soln. of 5.20)

In our problem o = 0
So, sin® = nsin (0/2) or 2sin(6/2)cos (0/2) = nsin (6/2)
Hence cos (0/2) = % or 0 =2cos ! (n/2) = 83°, where n = 15
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§.22 In the case of minimum deviation

5.23

5.24

. a+0 . 0
sin > —nsm2

So, o = ZSin'l{nsin-g}-O- 37°, for n = 15

Passage of ray for grazing incidence and grazing imergence

is the condition for maximum deviation (Fig.). From Fig.
a=nx-0=mx-20,

(where 0O, is the critical angle)

So, a = n-2sin(1/n) = 58°,

for n = 1-:5 = R of glass. / \
The least deflection angle is given by the formula,

d = 2o -0, where a is the angle of incidence at first surface and 0 is the prism angle.

Also from Snell’s law, n; sin @ = n;sin (6/2), as the angle of refraction at first surface is
equal to half the angle of prism for least deflection

n 15 .
i - =< i -— ° = 5639
50, sin o n sin (0/2) 133 0 30
or, a = sin~1(-5639) = 34.3259°

Substituting in the above (1), we get, & = 8-65°

From the Cauchy’s formula, and also experimentally the R.I. of a medium depends upon the
wavelength of the mochromatic ray i.e. n = f(A). In the case of least deviation of a
monochromatic ray the passage a prism, we have: .

nsin—g--sina;e (1
The above equation tales us that we have n = n(a ), so we may write
dn
= —— 2
An do.Aa 2

From Eqn. (1)

or,

3)

From Eqns (2) and (3)




5.25

127

. 2({a+8 .‘/
1 -sin ( 2 ) 1—n2sinzg

or, An = 0 Aa = A a ( Using Eqn. 1.)
2sm2— 2sm-2-
2sing
Thus Aa = An=0-44
2. 20
1-n°sin 2

Fermat’s principle : “ The actual path of propagation of light (trajectory of a light ray ) is
the path which can be followed by light with in the lest time, in comparison with all other
hypothetical paths between the same two points. ”

“Above statement is the original wordings of Fermat ( A famous French scientist of 17th

century)”

Deduction of the law of refraction from Fermat’s principle :

Let the plane S be the interface between medium 1 and medium 2 with the refractive indices
n; = c/vy and n, = c/v, Fig. (a). Assume, as usual, that n; < n, . Two points are given— one
above the plane S (point A ), the other under plane S (point B ). The various distances are :

AA, =hy, BB, = h,, A; B; = |. We must find the path from A to B which can be covered
by light faster than it can cover any other hypothetical path. Clearly, this path must consist
of two straight lines, viz, AO in medium 1 and OB in medium 2; the point O in the plane
S has to be found.

First of all, it follows from Fermat’s priniciple that the point O must lie on the intersection
of S and a plane P, which is perpendicular to S and passes through A and B.

Indeed, let us assume that this point does not lie in the plane P; let this be point O, in Fig. (b).
Drop the perpendicular O; O, from O, onto P. Since A O, <A O; and B O, < B O,, it is clear
that the time required to traverse A O, B is less than that needed to cover the path A O, B.

Thus, using Fermat’s principle, we see that the first law of refraction is observed : the incident
and the refracted rays lie in the same plane as the perpendicular to the interface at the point
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where the ray is refracted. This plane is the plane P in Fig. (b); it is called the plane of
incidence.

Now let us consider light rays in the plane of incidence Fig. (c). Designate

A,;0 as x and O B; = | -x. The time it takes a ray to travel from A to O and then from
OtoBis

A0 0B Vhi+x? Vii+(l-x)

T2 ,22 17 ___l_(____l_ 1)
Vi V2 Vi V2

The time depends on the value of x. According to Fermat’s principle, the value of x must

minimize the time 7. At this value of x the derivative d 7/d x equals zero :

aT _ x l-x

dx h =0 @
Vl\/h12+x2 vz\Fh22+(]_x)2
Now,
S — sina, and L2 S sin B,
Vhi+x? Vhl+(l-x)
Consequently,
sina_sinﬂ_o or sina _ Vi
vy v, ’ sinfp v,
i /n n
So, sin a C 1_Mm

Sinp  c/np m

Note : Fermat himself could not use Eqn. 2. as mathematical analysis was developed later
by Newton and Leibniz. To deduce the law of the refraction of light, Fermat used his own
maximum and minimum method of calculus, which, in fact, corresponded to the subsequently
developed method of finding the minimum (maximum) of a function by differentiating it and
equating the derivative to zero.

5.26 (a) Look for a point O’ on the axis such that O' P’ and O’ P make equal angles with O’ O.

This determines the position of the mirror. Draw a ray from P parallel to the axis. This
must on reflection pass through P'. The intersection of the reflected ray with principal
axis determines the focus.

N\

@ (®)
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(b) Suppose P is the object and P is the image. Then the mirror is convex because the image
is virtual, crect & diminished. Look for a point X (between P & P’) on the axis such that
PX and P’ X make equal angle with the axis.

M)
Pl
— !
0 E 0
P )y
@ ' (®)
5.27 (a) From the mirror formula,
1.1 1 s's
gty = weset f= S W
In accordance with the problem s-s' =/ ‘—:j =f,
. . ! , B
From these two relations, we get : s 1-p° s 1+p
Substituting it in the Eqn. (1),
oty
el A T
(1=B)  @-B)
1-B
1 1 1 s s
(b) Again we have, sty = G o, 5 +1 = f
1 s s-f
or, — = =_1 =
Br f f
- L
or, b= L @

Now, it is clear from the above equation, that for smaller f, s must be large, so the
object is displaced away from the mirror in second position.

Le. B2 = ;,L_f 3

Eliminating s from the Eqn. (2) and (3), we get,

_ABiB o osem

- (B-B)
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5.28

5.29

. 1 1 1 s,
For a concave mirror as usual —+— = — so §' = .
s s f s-f

(In coordinate convention s = —s is negative & f = —|f| is also negative.)

If A is the area of the mirror (assumed small) and the object is on the principal axis, then

the light incident on the mirror per second is Iy iz
s

This follows from the definition of luminous intensity as light emitted per second per unit

solid angle in a given direction and the fact that _“_‘2, is the solid angle subtended by the mirror
s

at the source. Of this a fraction p is reflected so if / is the luminous intensity of the image,

A A
then ] — = ply—
R p082

2

Hence I=pl (ﬁ!‘e—;)

(Because our convention makes f - ve for a concave mirror, we have to write | f|.)
Substitution gives I =20 x 10*cd.
For O, to be the image, the optical paths of all rays

OAO; must be equal upto terms of leading order in 4. Thus
n; OA + ny AO, = constant

But, OP = |s|, O, P = |s'| and so

2
0A = ViZ + (s[+0) = |s|+ 8 + -2"—

[s] A
Vi2 7 o~ K
0,A = h+(|s|-6) =|S|—6+'2m h
. 2 T T T
(neglecting products 4° 0). Then 2 0 Pls M c O,
n
nyls| + nl|s'| +nd-md+ h? (ﬁ + I:z—,l) = Const.
Now (r - 6)2 + h? =1
. h?
or B =2rd or 6=—
2r
Here r = CP.
, B(m-m n ny
Hence ny|s| + ny |s'] + > { " +|s|+|s'| = Constant
Since this must hold for all 4, we have
ny n n-m
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From our sign convention, s’ > 0, s < 0 so we get

o M TmTh,

s' s r

5.30 All rays focusing at a point must have traversed the same optical path. Thus

5 L

r

| F ,
o\ < (= F

@)
x+nV P+ (f-x? =nf or (nf-x? = 0’ +n’ (f - x)*
or, = (nf—)t)z—[n(f—x)]2 =(nf-x+nf-nx)y(nf-x-nf+nx)
=x(n-1)2nf-(n+1)x)
=2n(n-1)fx-(n+1)(n-1)x*

Thus, (n+1)(n—1)x2—2n(n—1)fx+n2r2=0
n(n-1)f = \/nz(n-1)2f2—n2r2(n+1)(n—1)
50 x= n+1)(n-1)
__"L[ vV _n+1r_2]
n+1 1= 1 n-1yg?

Ray must move forward so x < f, for + sign x >f for small r, so —sign.
(Alsox = 0 as r — 0)
(x >f means ray turning back in the direction of incidence. (see Fig.)

2
Hence x=—"f-[1_ 1_!‘._*_1_"_2]
n+l1 n-1f
For the maximum value of r,
n+lr?
1- - =0 A
n- 1 f2 ( )
because the expression under the radical sign must be non-negative, which gives the maximum

value of r.

Hence from Eqn. (A), rpx=fV (m-1)/(n+1)
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5.31 As the given lense has significant thickness, the thin lense, formula cannote be used.

For refraction at the front surface from the formula = -2 = 2 1; L

L5 1 15-1
s -20 5
On simplifying we get , s’ = 30 cm.

Thus the image I’ produced by the front surface behaves
as a virtual source for the rear surface at distance 25 cm
from it, because the thickness of the lense is S cm. Again
from the refraction formula at cerve surface

n n-n

-~

[ |
|
I
-
]
él
1
[
/

-1-5 0
On simplifying, s’ = + 6-25 cm

Thus we get a real image / at a distance 6- 25 cm beyond the rear surface (Fig.).

h‘u
]l
]
|
wn
<

5.32 (a) The formation of the image of a source S, placed at
a distance « from the pole of the convex surface of
plano-convex lens of thickness d is shown in the fig-

‘\/
T 7

ure.
. . . \
On applying the formula for refraction through spheri- \\
cal surface, we get N/N
—n7-l=(n—1)/R,(heren2-n and n, =1) AN
s s 0 ~ 0
n_1 1_n_ (-1 R
or, 43 (n-1)/R o, T~ d R l
) I

g _ogfr =1 >

o s =7 {d R } <3S | —d—

But in this case optical path of the light, corresponding to the distance v in the medium

is v/n, so the magnification produczd will be,

g gz @-D] _dfr @-D] , d@#z-1
" ns n)ld R .[ n)ld R [ nR
Substituting the values, we get magnification § = - 0-20.

(b) If the transverse area of the object is A (assumed small), the area of the image is ﬁzA.

2

We shall assume that 2 4 > A. Then light falling on the Jens is : LA 3

N

nD%/4




from the definition of luminance (See Eqn. (5.1c) of the book; here

cosO ~ 1 if D> << s*> and dQ =

nD*/4

2
La2/4 | B4 = Lo n D4l

S2

Substitution gives 42 1x.

5.33 (a) Optical power of a thin lens of R.I. » in a medium with R.I. n, is given by :

®)

1 1
D =(n- —-—=
(n-m)| & "&,
From Eqn.(A), when the lens is placed in air :
1 1
q)o = (n_l)\Rl_Rz
Similarly from Eqn.(A), when the lens is placed in liquid :
1 1
D = (n-ny) Rl_R2
Thus from Eqns (1) and (2)
® =" g -2D
n-1 o-

The second focal length, is given by

’
S , where n' is the R.I. of the medium in which it is placed.
> p
I P
f = (I) - cm

Optical power of a thin lens of RI. n placed in a medium of R.I. ny is given by :

1 1
CD-(n-—nO)(Rl—RZ
For a biconvex lens placed in air'medium from Eqn. (A)
c(n-1y(L_L)_.2(n-1)
Py =(n-1 )( R CRl=

where R is the radius of each curve surface of the lens
Optical power of a spherical refractive surface is given by :
n-n
R

For the rear surface of the lens which divides air and glass medium

P =

n-1

q)o- R

>—)- Then the illuminance of the image is

(Here n is the R.I. (2) of glass)
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5.34 (a)

Similarly for the front surface which divides watc - "ud glass medium

n-n n-ng
=

_R R (€)

Ql-

Hence the optical power of the given optical system
n-1 n-ny 2n-ny-1

D= Pt Py = b = @
From Eqns (1) and (4)
d 2n-ny-1 (2n-ny-1)
iy e w ¥ v Bl

Focal length in air, f = -}5 =15cm

and focal length in water = '(%0 = 20cm for ny = —;—
Clearly the media on the sides are different. The front focus F is the position of the
object (virtual or real) for which the image is formated at infinity. The rear focus F’ is
the position of the image (virtual or real) of the object at infinity. (a) Figures 5.7 (a) &
(b). This geometrical construction ensines that the second of the equations (5.1g) is

obeyed. DV P
:gf 4

/

C

s

AP /’\/ﬁ B
o Ff 0 LF

(a) Convex lens (b) Concave lens  AA

(b) Figure 5.5 (a) & (b) with lens

\ I

p' P<< >
ST
. i
0 Pl 0' F
P
\ A
(a) Convex lens (b) Concave lens

(P is the object)
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(c) Figure (5.8) (a) & (b).

Clearly, the important case is that when the rays
(1) & (2) are not symmetric about the principal \
axis, otherwise the figure can be completed by 1
reflection in the principal axis. Knowing one path

we know the path of all rays connecting the two 7
points. For a different object. We proceed as 0! or
shown below, we use the fact that a ray incident €= >

at a given height above the optic centre suffers a T~ ->or"”
definite deviation. T =S =z

The concave lens can be discussed similarly. 4

Since the image is formed on the screen, it is real, so for a conversing lens object is in the
incident side.
Lets, and s, be the magnitudes of the object distance in the first and second case respectively.

We have the lens formula

1 1 1
et == 1
In the first case from Eqn. (1)
i 1 1 f@
-——< == o1, § = = 26-31cm.
(+D) "~ (-s1) f Po-f
Similarly from Eqn.(1) in the second case
1 1 1 lf

-1 N 5 VY
(I-Al)—(-sz) G or, S (<Al =7 26-36cm.

Thus the sought distance Ax = s, -5; = 0-Smm =~ Alfz/(l-fz)

The distance between the object and the image is I Let x = distance between the object and
the lens. Then, since the image is real, we have in our convention, ¥ = -x, v = [ -x
“ 1,1 1
x Il-x f
or x(-x)=If oo’ -xl+1if=0
Solving we get the roots
[l * - 4lf]

(We must have ! > 4f for real roots.)

(a) If the distance between the two positions of the lens is Al, then clearly
Al = x,-x, = difference between roots = VP — 4If

2
s0 f--l2—_4[A—!—=200m
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5.37

5.38

5.39

b) The two roots are conjugate in the sense that if one gives the object distance the other
jug g )
gives the conesponding image distance (in both cascs) Thus the magnifications are

l * (en]arged) and - L= VP - 4
T- \/l2 - \/l2 - 4if

The ratio of these magmﬁcation being 1 we have

I -VE-af o~ VP-4 ‘/»/i-
n

(diminished).

VB I + 1
or 1_4_f=‘/j__‘_12-1_4___‘/11—__
I Vi + 1 (1 + Vi)
Hence f= (1—+in_\/?)- 20 cm.

We know from the previous problem that the two magnifications are reciprocals of each other
(B8’ B = 1). If h is the size of the object then 4’ = f’ h and

hII = ﬁl! h
Hence h=VH h".

Refer to problem 5.32 (b). If A is the area of the object, then provided the angular diameter

of the object at the lens is much smaller than other relevant angles like D we calculate the

f
n D?
7

light falling on the lens as LA y
s

where u? is the object distance squared. If B is the transverse magnification [B = %) then
the area of the image is ﬁzA. Hence the illuminance of the image (also taking account of
the light lost in the lens)

aD’ 1 (1-aaDL

as PPA af’

since s’ = f for a distant object. Substitution gives E = 15 1x.

E=(01-olLA

(a) If s = object distance, s’ = average distance, L =
luminance of the sounce, A S = area of the source as-
sumed to be a plane surface held normal to the prin-
cipal axis, then we find for the flux A @ incident on
the lens

Aq>=fLAScosedQ

2
-LASfcosGZnsianO - LASnsin’a = LAS®L

2

45
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Here we are assuming D << s, and ignoring the variation of L since o is small
2
!

Then if L' is the luminance of the image, and A S’ = (%—) A S is the area of the image

then similarly

2 2 2
L’AS’-D—2n=L’ASD—2n=LASD—2n D
4s' 45 45 & /2
or L' = L irrespective of D. I 7 1
S | S

(b) In this case the image on the white screen from a Lambert source. Then if its luminance
is Ly its luminosity will be the x L, and
2 2
s D
nly—AS =LAS—nmx
0 s? 45

or LO x D2

since s’ depends on f, s but not on D.

Focal length of the converging lens, when it is submerged in water of R.L n, (say) :
2(n -
1 (m_j)(1_1) 2(u-n) O
f 1 ng R R ng R
Simillarly, the focal length of diverging lens in water.
n -2(ny-n
1 _(P2_q)(L_L Z2(m-n) )
f2 ny -R R noR
Now, when they are put together in the water, the focal length of the system,
_1_ = l + l
f h £
- 2("1-"2)_2(”2-"0) - 2(n-ny
nyR ny R nyR
-1y R
or, =——=35cm
2(nm-m)
C is the centre of curvature of the silvered surface and

O is the effective centre of the equivalent mirror in the
sence that an object at O forms a coincident image. From
the figure, using the formula for refraction at a spherical

surface, we have ; N\
C 0

n L _n-1 =R

-R "~ 2f R T 2(2n-1)

(In our convention f is - ve).
Substitution gives f = — 10 cm.
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5.42 (a) Path of a ray, as it passes through

the lens system is as shown below. 1
Focal length of all the three lenses, >

f= 11_6 m = 10 cm, neglecting their signs.
| ——>|

Applying lens formula for the ﬁ.rst lens, \L_ Som - Scm > & Sem

considering a ray coming from infinity,

111 e )

s " f or, s =f=10cm, (

and so the position of the image is 5 cm to the right of the second lens, when only the

first one is present, but the ray again gets refracted while passing through the second, so,
1 1 1 1

STSTFT -0
or, s' = 10 cm, which is now 5 cm left to the third lens so for this lens,

11_1 o 1_3
s 5 10 s 10
or, s = 10/3 = 3-33 cm. from the last lens.

(b) This means that if the object is x cm to be
left of the first lens on the axis OO’ then the image
is x on to the right of the 3rd (last) lens. Call the
lenses 1,2,3 from the left and let O be the object,
0, its image by the first lens, O, the image of
O, by the 2nd lens and O;, the image of O, by
the third lens.

O, and O, must be symmetrically located with
respect to the lens L, and since this lens is
concave, O; must be at a distance 2 | f, | to be the
right of L, and O, must be 2|f,| to be the left
of L,. One can check that this satisfies lens <b>
equation for the third lens L;

u=-Q2l+5 =-25cm
"'=x, f3=10 cm.

Hence so x = 16.67 cm.

5.43 (a) Angular magnification for Galilean telescope in normal adjustment is given as.

= fo/fe
or, 10 = f,yf. or f,=10f, )
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The length of the telescope in this case.
! = f,-f. = 45 cm. given,

So, using (1), we get, ,r Y
fo=+5and f, = +50 cm.
(b) Using lens formula for the objective, 0 o' {:e
11 1y, - Sofo = ouScm { .
slo SO f;) ’ ° SO +f0 e-—s ———e'
From the figure, it is clear that, 4' I—J@ﬁ’—)l
e— | —N

s',=1"+f, where I is the new tube length.
o, I'=v,-f =505-5 =455 cm.
So, the displacement of ocular is,

Al=0-1=455-45 =05cm

In the Keplerian telescope, in normal adjustment, the distance between the objective and
eyepiece is fy + f,. The image of the mounting produced by the eyepiece is formed at a
distance v to the right where

1 11
s s f.
But § = _(fo +f¢))

1 1 __h
feo fo+fe felo+ SO

The linear magnification produced by the eyepiece of the mounting is, in magnitude,

1
SO - =
N

s’ fe
81=151=F
. d .
This equals D according to the problem so
I‘ = f—c = 2'
fe d

It is clear from the figure that a parallel beam
of light, originally of intensity [, has, on
emerging from the telescope, an intensity.

2

because it is concentrated over a section whose
diameter is f/f, of the diameter of the cross

section of the incident beam.
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5.46

5.47

2
Thus « (L0
So T = f _ vn
fe
tan @' W@
Now T -anw - v

Hence ¥ = ¥'/¥n = 0.6’ on substitution.

When a glass lens is immersed in water its focal length increases approximately four times.
We check this as follows as :
1 1 1
S= =) |7 - o
fa Rl R2

n

1_(m_ N (L_1\_m 1 A-m 1
fv mo Ry, R n-1 f, n@n-1)f

Now back to the problem. Originally in air

r=f7°=15 so I=fy+fo=f (C+1)
, np(m-1)
Inwater, fe —"—n—_?f‘

and the focal length of the replaced objective is given by the condition
o +f=1=@+1)f,

or o =T+ f-Ff
v I
Hence F-j‘,’_(r+1)no(n—1)-1

Substitution gives (n = 1.5, ny = 1.33), T’ = 3.09

If L is the luminance of the object, A is its area, s = distance of the object then light falling
on the objective is

L nD?
2
45
The area of the image formed by the telescope (assuming that the image coincides with

the object) is I'? A and the area of the final image on the retina is
2

- (f) r’a

Where f = focal length of the eye lens. Thus the illuminance of the image on the retin
(when the object is observed through the telescope) is

A
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LxD*A L n D?

2 = 2 2
4f°T
4u2(£) r’a f

Lndg
iF

When the object is viewed directly, the illuminance is, similarly,

LaD?® Lnds

We want —_— 22—

So, T = g— = 20 on substitution of the values.
0

Obviously, f, = +1cm and f, = +5cm
Now, we know that, magnification of a microscope,

sl
T = (-—‘1 - 1) D for distinct vision

fo f’
s' 25
or, 50 = (-1—"—1) 5 Ob Vo= 11 cm.

Since distance between objective and ocular has increased by 2 cm, hence it will cause the
increase of tube length by 2cm.

so, s, =58,+2 =13
s' D

and hence, : I' =|{-2-1|= = 60
(.fa ) fe

It is implied in the problem that final image of the object is at infinity (otherwise light coming
out of the eyepiece will not have a definite diameter).

(a) We see that 5028 = |so|2 , then
| 50

ﬁ - '

So

Then, from the figure

s‘o
d=2f,ﬁ=2f,a/——|s|
0
But when the final image is at infinity, the magnification I' in a microscope is given by

r=—- L (! = least distance of distinct vision) So d = 2/ o/T
: e

Sod =dy whenT =T, = 2;—0 = 15 on putting the values.
0
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(b) IfT is the magnification produced by the microscope, then the area of the image produced

2
on the retina (when we observe an object through a microscope) is : r2 (g) A

‘Where u = distance of the image produced by the microscope from the eye lens, f = focal
length of the eye lens and A = area of the object. If @ = luminous flux reaching the
objective from the object and d < d, so that the entire flux is admitted into the eye),
then the illuminance of the final image on the retina
-2
r? (f/s)°A

But if d = d, then only a fraction (d, | d)? of light is admitted into the eye and the

illuminance becomes
2

@ (do) ® dy
— g = — =
A (g) I A (s Qlay

independent of I'. The condition for this is then
dzdy or T sT, =15

5.50 The primary and secondary focal length of a thick lens are given as,

f=-/®){1-d/n)2)
fl=+@"/®)[1-(@d/n) @y},

where @ is the lens power n, n’' and n” are the refractive indices of first medium, lens
material and the second medium beyond the lens. ®; and P, are the powers of first and
second spherical surface of the lens.

Here, n = 1, for lens, n' = n, for air
n" = ny , for water.
f=-1/®;],a d=0, 1)
and f = +ny/d
Now, power of a thin lens,
D=, +0,,
(n-1)
where, D, R
(n-n)
D) = — R
®=(2n-ny-1)/R ®)

From equations (1) and (2), we get,

-R

f- m- -11.2cm



nyR

and f'———_(Zn-no-—l)

= +14.9 cm.
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Since the distance between the primary principal point and primary nodal point is given as,

x=f {(n” - n)/n”}

So, in this case, x = (ng/®) (ng-1)/ny = (ng-1)/®
np 1
-¢—¢-f+f-37ﬂll.

5.51 See the answersheet of problem book.

8.52 (a) Draw P’ X parallel to the axis OO’ and let PF interest

it at X. That determines the principal point H. As the
medium on both sides of the system is the same, the
principal point coincides with the nodal point. Draw
a ray parallel to PH through P'. That determines H'.
Draw a ray PX’' parallel to the axis and join P’ X'.

That gives F'.

(b) We let H stand for the principal point (on the axis).

Determine H' by drawing a ray P’ H' passing through
P’ and parallel to PH. One ray (conjugate to SH) can

be obtained from this. To get the other ray one needs
to know F or F'. This is easy because P and P’ are
known. Finally we get S’

(c) From the incident ray we determine Q. A line parallel
to OO' through Q determines Q and hence H'.

H and H' are then also the nodal points. A ray parallet ‘f/’ F {/n
to the incident ray through H will emerge parallel to !
itself through H'. That determines F'. Similady a ray

parallel to the emergent ray through H determines F. ©)

5.53 Here we do not assume that the media on the two sides of the system are the same.
' .

LSS ST

i lk::———-—-—’-:7s4

H:' R F H
by '




144
5.54 (a)

®)

Optical power of the system of combination of two lenses,
D = d>1+<1>2-dd>1<1>2

on putting the values,
® =4D

or, f-%-zsctn

Now, the position of primary principal plane with respect to the vertex of converging
lens,

x-22_ 4

Similarly, the distance of secondary principal plane with respect to the vertex of diverging
lens.

do
(X's_ 1

= - 10cm, i.e. 10 cm left to it.

The distance between the rear principal focal point F’ and the vertex of converging lens,

1 dd (-dP;
I-d+(q))(-dd>,)- ) +( 5 )
do
and /= (_é)/q:pd__@l, as f= -—;)

=1/d®-dd,
=1/d (@, + P, -d D, D) -d D, = 1/d D, -d* B, D,

Now, if f/1 is maximum for certain value of d then //f will be minimum for the same
value of d. And for minimum I/f,
dl/f)y/dd= &,-2d D, P,= 0

or, d= 0,/29, 9P,
or, d=1/2®;=5cm

So, the required maximum ratio of f/1 = 4/3.

5.55 The optical power of first convex surface is,

@-'P—(%——I)-SD, as R, = 10 cm
1

and the optical power of second concave surface is,

(1-n
®, = —= = -10D
2 .R2

So, the optical power of the system,
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d .
P = ¢1+¢2—;¢1¢2 = -4D

Now, the distance of the primary principal plane from the vertex of convex surface is given
as,

1)\ /(d
X = (5)(;1—)®2,herenl =1and n, = n.
do, 5
D cm

and the distance of secondary principal plane from the vertex of second concave surface,

e (D) (N, - 42,
¢ B)(f)ou- 42 - 25

5.56 The optical power of the system of two thin lenses placed in air is given as,
D =P +P,-dP, P,

1 1 1
or, et where f is the equivalent focal len,
PRt R e i the g
+ -
So, 1_ fLth
f hh
Nk
or, -t 1
fith-d ®
This equivalent focal length of the system of two lenses is measured from the primary principal
plane.

As clear from the figure, the distance of the primary principal plane from the optical centre
of the first is

Old}(ll: x = +(n/®)(d/n'") D, :9_— |_2
_T’ as n=n'=1, for air.

L af

A

- d hha
( ) fitfh-d
dfz
f1 +f-

Now, if we place the equivalent lens at the primary principal plane of the lens system, it will
provide the same transverse magnification as the system. So, the distance of equivalent lens
from the vertex of the first lens is,

df
fitf-4d

X =
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5.57 The plane mirror forms the image of the lens, and water,
filled in the space between the two, behind the mirror, as
shown in the figure.

So, the whole optical system is equivalent to two similar
lenses, seperated by a distance 2/ and thus, the power of
this system,

dd,
=D, +D,- nlo 2 where @, = Dy = ',

= optical power of individual lens and n, = R.I. of water.

Now, @' = optical power of first convex surface + eptical power of second concave surface.

- ng~n
- {n_R_ll + OR , n is the refractive index of glass.

(2 n-ng- 1)
= o)
and so, the optical power of whole system,

2d "
ny

D=2 - = 3:0 D, substituting the values.

5.58 (a) A telescope in normal adjustment is a zero power conbination of lenses. Thus we require

¢-0’¢1+¢2—g¢1¢2

n-1
But &, = Power of the convex surface = R, + AR
n-1
@, = Power of the concave surface = - R
0

(n-1DAR d __ (n-1)

Thus, O = Re®o+ AR " 1 Ry (R + AR)
So d= :AR = 4.5 cm. on putting the values.

S_ S5 . d _S5x5
170757157 1x.075
@+dx2x5x20__g+2oo’d
3 3 3 37 9
_200d _2

9 =3 O d=(3/1000m = 3 cm.

(b) Here, @ = -1 =

-5 -

5.59 (a) The power of the lens is (as in the previous problem)

_n—l_n—l_g n-1\( n-1 ‘=d(rt-1)2>0
R R nR? )
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The principal planes are located on the side of the convex surface at a distance d from
each other, with the front principal plane being removed from the convex surface of the
lens by a distance R/(n-1).

n—1+n+1 Rz'R1(n—1)

(b)Hel'eq)-- Rl R2 n Rl R2
(n-1) R - Ry n-1
= R, R, [-1+ - ] RT
NETTYTRE
- n RI-RZ RZ

Both principal planes pass through the common centre
of curvature of the surfaces of the lens.

Let the optical powers of the first and second surfaces of the ball of radius R; be
d/ and ¢, then

o = (r-1/Ry and & =(1-n)/ (-R) = 2D

This ball may be treated as a thick spherical lens of thickness 2 R;. So the optical power of
this sphere is,

2R / "
¢=d{—¥=2(n—l)/nlil 1)
Similarly, the optical power of second ball,
=2(n-1)/nR,

If the distance between the centres of these balls be d. Then the optical power of whole
system,
O = q)l + q)z -d q)l q)2
2(n 1) 2(n-1) 4d(n 1)?

nR, nR; n’RyR,
- 2(n-1) 2d(n-1)
nR.R, (R, +Ry) - n .

Now, since this system serves as telescope, the optical power of the system must be equal to
Zero.

2d(n-1) as 2(n-1)

RurRd) === % SRR, ="

n (Rl + Rz)
or, d= 2(”—1) =9cm.
Since the diameter D of the objective is 2 R; and that of the eye-piece is d = 2R,

So, the magnification,

2R,
= D/dtﬁ—-R1R2=5
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5.61

5.62

5.63

Optical powers of the two surfaces of the lens are
@, = (1-1)/R and ®, = (1-n)/-R = ”;1
So, the power of the lens of thickness d,
' d®, @, n-1 n-1 :1(71—1)2/R2 -1
e
and optical power of the combination of these two thick lenses,
2
®=0+d =29 = 20D
nR
2
So, power of this system in air is, @ = % -2 ("2; L_ 37p.
n

We counsider a ray QPR in a medium of graduailly varying refractive index n. At P, the
gradient of n is a vector with the given direction while is nearly the same at neighbouring
points Q, R. The arc length QR is ds. We apply Snell’s formula 7sin® = constant

where 0 is to be measured from the direction Va. The refractive indices at Q .R whose mid

point is P are n=%|Vn|d9 cos 6
S0 (n—%]andO cos 0) (sin9+%cose do)
=M+ % | Vn|ddcosB) (sin® - -;—cose d0) or ncos® do = |Vn|ds cos O sinB

(we have used here sin (8 + %—dﬁ) = 5sind = %— cos 0 dO)
. . . 1 db
Now using the definition of the radius of curvature ; ==

1. —1-|Vn| sin 6
P M

The quantity | Vn|sin ® can be called gf:l.— i.e. the derivative of n along the normal N to

1 0
the ray. Then 0 = GNln n.
From the above problem
1 1A= A -8 -1
0 ;p'Vne- pVn=|Vn|=3x10""m

( since }\JH?n both being vertical ). So p = 33 x 10" m
For the ray of light to propagate all the way round the
earth we must have

p=R=06400km = 64x10°m

Thus |Vn|=16x10""m™}
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5.2 INTERFERENCE OF LIGHT

5.64 (a)

®)

In this case the net vibration is given by
X =a;cosmt+azcos(wt+9d)

where 3 is the phase difference between the two vibrations which varies rapidly and
randomly in the interval (0,2 x ). (This is what is meant by incoherence.)
Then . x=(a;+aycosd)coswt + a,sindsinwt

The total energy will be taken to be proportional to the time average of the square of
the displacement.

Thus E = < (a;+aycos )’ +a3sin®d > = a°+a>
as <cos > = 0 and we have put < coslwt> = <sinfwt> = %and has been absorbed
in the overall constant of proportionality.

In the same units the energies of the two oscillations are Ef and a% respectively so the
proposition is proved.

—> A A
Here r = a;coswti+azcos (wt+d)j
and the mean square displacement is o af + a%

if 8 is fixed but arbitrary. Then as in (a) we see that £ = E; + E;.

5.65 It is easier to do it analytically.

E, =acoswt, & = 2asinwt

3 T .
§3=-2—a cos;cosmt—sm-é-smu)t

Resultant vibration is

2 ]sinmt

§= 7—a-cosmt+a(2—34

This has an amplitude = %\/49 +(8-3V3) =184

5.66 We use the method of complex amplitudes. Then the amplitudes are

. H(N-1
Alsa,A2-ae”p, ...AN=ae'( )e

and the resultant complex amplitude is

A= A1+A2+...+AN = a(1+el‘(P+e2i(p+ “.+ei(N'1)‘P)
l_eiNQ

=q
1-¢'®
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The corresponding ordinary amplitude is

1-¢'"* 1-eNe 1_-We1”?
|A| = a - [ — x -
1-¢'® 1-¢'*  1-¢7'°
. No
J[2=2cosN@]* 73
2-2cos @ .9
sin >

5.67 (a) With dipole moment L” to plane there is no variation
with 0 of individual radiation amplitude. Then the in- P
tensity variation is due to interference only.

In the direction given by angle 8 the phase difference

is 1 [
6
-Z—XJE(dcose)Hp = 2kn for maxima d

7 cos8
Thus dcos@= (k-l)x
2n

k=0,21,+2,.. 2 4

We have added ¢ to %?—d cos O because the extra path that the wave from 2 has to travel

in going to P (as compared to 1) makes it lag more than it already is (due to @).

(b) Maximum for © = n gives —-d = (k—%)x

Minimum for 8 = 0 gives d = (k’ ~ -;— A
Adding we get (k+k' -;-)7» =0
This can be true only if k’=—k,q9=§
since O<p<n
Then —d - (k-l)x

4
Here k=0,-1,-2,-3,..

(Otherwise R.H.S. will become +ve ).
Putting k = -k, E=0,+1,+2,+3,...

d= (I+-i-))».
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5.69

5.70

5N
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If A @ is the phase difference between neighbouring radiators then for a maximum in the
direction @ we must have

2% s 0+ Aq = 2nk

ik

For scanning 0 = o+

d Ag _
Thus kcos(wt-vp)q»zu k
or Ap =2xn k-%cos(mﬂﬂ)]

To get the answer of the book, put f = o -x/2.

From the general formula

Ax-%
Ax I\
we find that " = J+2Ah
since d increases tod + 2 A h when the source is moved away from the mirror plane by A A.
Thus nd=d+2Ah or d=2Ah/(m-1)
2AhAx
Finall Am ———= =06um.
y (m-1i - ¥

We can think of the two coherent plane waves as emitted from two coherent pomt sources
very far away. Then

A A
Ax=F a1
But 2-w(ifye1)
SO Ax = -)4.
Y
(@) Here §'S" ' =d = 2ra
ThenA x = (b+r)A
2a
Putting b = 1-3 metre, 7 = -1 metre
, 1 .
A=055um, a =12 = 5x57radnan

we get Ax = 1-1mm

Number of possible maxima = ZA”:‘ +1 w8341 m 9
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(2 b o is the length of the spot on the screen which gets light after reflection from both
mirror. We add 1 above to take account of the fact that in a distance A x there are two
maxima).

(b) When the silt moves by 8 / along the arc of radius r the ]incident ray on the mirror rotates

by 9;1- ; this is the also the rotation of the reflected ray. There is then a shift of the fringe

of magnitude.

b-a—-l- = 13 mm.
r

(c) If the width of the slit is & then we can imagine the slit to consist of two narrow slits
with separation 8. The fringe pattern due to the wide slit is the superposition of the pattern
due to thése two narrow slits. The full pattern will not be sharp at all if the pattern due

to the twovnarrow slits are 1 Ax apart because then the maxima due to one will fill the

2
minima due to the other. Thus we demand that
bdmax 1 (b+r)h
r 2Ax " ara
ry A
or 5m“-(1+3)m=42um.
5.72 To get this case we must let r — o« in the formula for A x of the last example.
(b+r)h _, M
Se Ax 2ar 2a°
(A plane wave is like light emitted from a point source at ).
Then A=2aAx = 064 um.
5.73
a. . )

f‘

a

(a) We show the upper half or the lens. The emergent light is at an angle 2

from the axis.

Thus the divergence angle of the two incident light beams is
a

V=7
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When they interfere the fringes produced have a width
Ax = A = £ = 0-15 mm.
y a
The patch on the screen illuminated by both light has a width b1 and this contains
2
by

. ba
Ax  f2)
(if we ignore 1 in comparis on to Z—‘f (if 5.71 (a) )

fringes = 13 fringes

(b) We follow the logic of (5.71 c). From one edge of the slit to the other edge the distance
is of magnitude & (i.c. 2 % %+ o )

2
If we imagine the edge to shift by this distance, the angle /2 will increase by > = ﬁ
and the light will shift = b%
. . . ob
The fringe pattern will therefore shift by T
s o AT LE £r
Equating this to 2 =2g Ve get O, >ab 375 pm.
Ax = l—}l KV \
d ~ 3

l=a+b

d=2(n-1)0a d 2 b

0=(n-1)0 %

d=20a

n= RI of glass
Thus A 2n=1)8a8x  hoqym.

a+b

It will be assumed that the space between the biprism and RNy
the glass plate filled with benzene constitutes —— =
complementary prisms as shown. 0 \—==:
Then the two prisms being oppositely placed, the net 4_:.- ":0‘: l
deviation produced by them is =5
8=(n-1)0-(n-1)0 =(n-n")0 ;_:Z
Hence as in the previous problem o -_-_:

d=2ad=2a0(n-n') '.:__:_:—::f

_ _(a+b)) ===

So Ax 2a0(n-n") _'-:_‘_'_:':_‘__?
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For plane incident wave we let a— ®

A
so Ax-za(n_n,)-Ome.
5.76 Extra phase difference introduced by the glass plate is
2x
n (n-1)h
This will cause a shift equal to (n-1 )% fringe widths
i.e. by (n—l)%x%-s%l-h—l-2mm.

The fringes move down if the lower slit is covered by the plate to compensate for the extra
phase shift introduced by the plate.

5.77 No. of fringes shifted = (n' - n )% =N

SO

578 (a)

()

= n+1—“flA = 1000377 .

Suppose the vector F, E , E" correspond to the incident, reflected and the transmitted
wave. Due to the continuity of the tangential component of the electric field across the
interface, it follows that

E.+E'; = E", @)

where the subscript v means tangential.
—

The energy flux density is ExH=5.
Since HYupy =EVeg

H=EV2Vep =nY 2E
™ ™

Now S .. nE? and since the light is incident normally

mE = mE?+mE." V)]
or ny (E2-E?) = mE/"
Ny ny (E'c —E‘t' ) =N Et" (3)
” 2 ny

Since E,” and E, have the same sign, there is no phase change involved in this case.
From (1) & (3)

(np+m)E/ +(ny-n )E; = 0
m-m
n+n

or E/' = o
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If ny>n,, then E' & E, have opposite signs. Thus the reflected wave has an abrupt
change of phase by =t if ny > n, i.e. on reflection from the interface between two media
when light is incident from the rarer to denser medium.

= (2)

Path difference between (1) & (2) is
2ndsec0,~2dtan 0,sin 0,

sin291
n-
-2d——"2 =24V #?_sin’e,

sin? 0,

For bright fringes this must equal (k + -;—) A where %— comes from the phase change of x for
(2)-

Here k=0,1,2,..

Thus 4dV n?—sin®0, = (2k+1)A

or d-M—-O-14(1+2k)um..
4 nz-sinzel

Given

2dVn*-1/4 = (k+%)x0'64um ( bright fringe)

2dVn*-1/4 = K x040pum  ( dark fringe)
where k, k' are integers.

Thus 64[k+2|= 0K or 4(2k+1) = 5K
This means, for the smallest integer solutions
k=2,k =4
4 x0-40

Hence d =065um.

2V n!—1/4
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5.81 When the glass surface is coated with a material of RL n' = Vi ( n = RIL of glass) of

appropriate thickness, reflection is zero because of interference between various multiply
reflected waves. We show this below.

Let a wave of unit amplitude be normally incident from
the left. The reflected amplitude is —r where

ya¥Yn-t Incident =1 %

Va+l t 2

Its phase is -ve so we write the reflected wave as - r. < 4

The transmitted wave has amplitude ¢ ~h <« -th ?

.2 ~ten —1)

14y, -t K2 7

This wave is reflected at the second face and has amplitude < /

-tr +th3 /

< 4

becanse n-Vn Vn-1 Tt

nev, Vp+l

The emergent wave has amplitude — 27 r.

We prove below that —¢¢ =1 -r2 There is also a reflected part of emplitude

trr =-tr? where r' is the reflection coefficient for a ray incident from the coating towards
air. After reflection from the second face a wave of amplitude

+efr =+ (1-r%)r?
emerges. Let & be the phase of the wave after traversing the coating both ways.
Then the complete reflected wave is

—r=(1-r)re®+(1-r?)r3e?i®

—(1-r2)riedd ...
i 1
=-r=(1-r*)re’®*———
( ) 1+r2e'®
2 i 2y id 1
= -r[1+r e’+(1-r%)e ]m
1+e‘®
=-r—
1+rce

This vanishes if § = (2k+1)x. But
d = — 2\/—d so

d =

A
PR (2k+1)



We now deduce ¢ = 1-r2 and r' = +r. This follows
from the principle of reversibility of light path as shown
in the figure below.
tr+ri=1
-rt+r't =0

157

Lot = 1-r2

r=+r.

(- r is the reflection ratio for the wave entering a denser
medium ).

5.82 We have the condition for maxima

2d nz—sinzel =(k+%)k

This must hold for angle 0 = 58 with successive values of k. Thus

2

2d\/n2-sm2(e+§29) - (k-—;—)h

2an2-sin2(6—¥) = (k+%

Thus k=2d{\/n2-sin29+éesin9cosﬂ

—V n?_sin20 -0 0sin 0 cos 0 }
-2d 00sinBcosO

V n?_sin’0

2 .2
n“-sin“0 A
Thus d= “sn2050 - 152pum

5.83 For small angles 8 we write for dark fringes

2
2dV n’*-5sin*0 = Zd(n—sm 9) = (k+0))

2n
For the first dark fringe 6 « 0 and
2dn = (k+0)A

For the i* dark fringe

sin2 9,~

Zd(n- o ] = (kg-i+1)A

2

.2 nk . r;

sin“0; = — (i-1) = —
or 7 ( ) i
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5.84

5.85

~‘
el Ty
==
".
"
-

-k———C—-*——t—”'

r2-rl
417

d(r?-n?)
4al’n(i-k)

‘We have the usual equation for maxima

v . 1
2 aV n’-sin0;, = k+5)}» dark

Here h; = distance of the fringe from top \
hyo = dy = thickness of the film
Thus on the screen placed at right angles to the reflected

light hk £
Ax = (h,,—h,,_l)cosﬂl

A cos 0,
2ay n* - sin® 0, /I\dK\

(a) For normal incidence we have using the above formula

Ax =

Finally ”7"(1'-1:) -

SO

-

2na

S0 o= = 3’ on putting the values

2nAx

(b) In a distance [/ on the wedge there are N = KI; fringes.

If the fringes disappear there, it must be due to the fact that the maxima due to the
component of wavelength A coincide with the mainima due to the component of
wavelength A + A A. Thus

. 1 A
N}u-(N—E)(J\ﬁAl) or A)»--z—jv'
s0 A |1 _Ax 021,50

A 2N 217730
The answer given in the book is off by a factor 2.
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We have
r? - %ku
So for k differing by 1 (Ak = 1)

2rAr = 2AkAR = LAR

2 2
or Ar = 2'4-%
The path traveresed in air film of the wave constituting the k™ ring is

when the lens is moved a distance A & the ring radius changes to 7’ and the path length
becomes

2
428k = 2kA
Thus P =Vr2-2RAh = 15mm.
-7
In this case the path difference is R for r>ry and zerofor rs ry.

This must equals (k- 1/2)A ( where k = 6 for the six® bright ring.)

Thus r = l\/r02+(k-%)kk = 3-8 mm

From the formula for Newton’s rings we derive for dark rings
T = klR k, T =
d -dy’
4(ky-k)R
Substituting the values, A = 0-Spum.

kR A

S0 A

Path difference between waves reflected by the two convex
surfaces is

2L, L
R, R,

Taking account of the phase change at the 2™ surface we
write the condition of bright rings as
2(1 .1 - 2k+1
r R, + R, 2 A
k = 4 for the fifth bright ring.
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59

592

1 1 9. 4 18 A
Th e — = A — =
us R'R; 2)‘,12 il
Now _..
f = (n- l)R ' (n- 1)

1 18\

1 _ 1.1 1B g
S0 fffz(l) P = 240D

Here n = RI of glass = 1-5.

He1’e<I>=(n--1)(2 2
R,
1 1 ©
RR, T 2(n-1)
As in the previous example, for the dark rings we have
1 1 b
\& &) "z -
k = 0 is dark spot; excluding it, we take k = 10 hre.

Then r= VM_—I) = 3-499mm.

(0]

SO

(b) Path difference in water film will be

nor?[ 3 -2
°" R, R
where 7 = new radius of the ring. Thus

no;z = "2

or T=r/Vny = 303mm.
Where ny = R.I. of water = 1-33.

The condition for minima are

%2"2 = |k +?,lz- A,

(There occur phase changes at both surfaces on reflection, hence minima when path difference
is half integer multiple of A).

In this case k = 4 for the fifth dark ring

(Counting from k = O for the first dark ring).

Thus, we can write

r=V(2K-1)AR2n, ,K =5
Substituting we get r = 1-17mm.

593 Sharpness of the fringe pattem is the worst when the maxima and minima intermingle :-

nmh = (”1-%))‘2
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or putting AM=A, N =A+ALN
we get mAN = %
A A
or nl-ZAk-‘ZO\Q-M)-MO‘
Interference pattern vanishes wnen the maxima due to one wavelength mingle with the minima

due to the other. Thus
2Ah =kMy = (k+1)\
where Ak = displacement of the mirror between the sharpest pattems of rings

Thus k(M-7y) = 0y
M
or k =
M-
2
So Ah MM 2 ~ 29 mm .

“2(m-M) T 2AM

The path difference between (1) & (2) can be seen to be

A =2dsecO-2dtan Osin 0

=2dcos® = kA
for maxima. Here k = half-integer.

The order of interference decreases as @ increases i.e. as

the radius of the rings increases. r
(b) Differentiating Y
2dsin080 = A ~
S>1)
on putting 8k = ~1. Thus
A. .
86 = 2dsin 0 2
0 O decreases as O increases. - J

(a) We have k,, = %'i for 6 = 0.= 10°.

(b) We must have
2dcos® = kA = (k-1)(A+AN)
2

1 A AN .
Thus ™24 and AN = =24 S pm. on putting the values.
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5.3 DIFFRACTION OF LIGHT

5.97

5.98

5.99

5100

The radius of the periphery of the N Fresnel zone is
N = N b k
Then by conservation of energy

Ln(VNbAY = [2mrdrI(r)
0

Here r is the distance from the point P.

2 L]
Thus I = Nbx{ rdri(r).
By definition
ab)
n ='ka-c-b

for the periphery of the k™ zone. Then
arf+brl = kab

2
So b2t _a’
kakh-ry kak-r
on putting the values. (It is given that r = r;) for k = 3).

= 2 metre.

Suppose maximum intensity is obtained when the aperture contains k zones. Then a minimum
will be obtained for k + 1 zones. Another maximum will be obtained for k + 2 zones. Hence

ab.
r% = k)“a+b

ab

r§-(k+2)xa+b

Thus x=“::(;§-r§)=o-59sum

[

On putting the values.

(a) When the aperture is equal to the first Fresnel Zone :-

The amplitude is A; and should be compared with the amplitude f-;— when the aperture is

very wide. If I is the intensity in the second case the intensity in the first case will be
41,

When the aperture is equal to the internal half of the first zone :- Suppose A;, and A,
are the amplitudes due to the two halves of the first Fresnel zone. Clearly 4;, and A,
differ in phase by -’2!- because only half the Fresnel zone in involved. Also in magnitude
| 4ia| = |Agu | Then
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A

A% = 2"4:'01'2 S0 |Aiu|2 =3

Hence following the argument of the first case. I, = 21,

The aperture was made equal to the first Fresnel zone and then half of it was closed
along a diameter. In this case the amplitude of vibration is ézi Thus

I=1.
Suppose the disc does not obstruct light at all. Then

Age + Aroriner = %A,,,-,,

(because the disc covers the first Fresnel zone oaly).
1
SOA remainder = = 5 Adie
Hence the amplitude when half of the disc is removed along a diameter

1 1 1
- EAd,'_x "'Amnal'miq - EAM -EAM -0
Hence I = 0.
In this case
A= %Am"‘Am
1 1
= EAmd - -2—Ahc
We write Aspe = Ay +iAny

where A;, (A, ) stands for A, ma ( Acgena )- The factor i takes account of the %phase

difference between two halves of the first Fresnel zone. Thus

A=-2A, ad I=AL
On the other hand I = %(A?,,+Af,,) - %A?,,
1
SO I = -2-10.
5.102 . . . .1 i s .
When the screen is fully transparent, the amplitude of vibrations is i—Al (with intensity
1

I = 7AD).
(a) (1)In this case A = > L4,| so squaring I = —1,

- a|2™ qlaring £ = 1670
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5.103

(2) In this case % of the plane is blacked out so

1(1 1
A -§(2A1) and I-ZIO
(3) In this case A = 7 (A, /2) and I = .

. 1(1 . 1 1
(4) In this case A = -Z_(EAI) again and I = Zlo so Iy = 5

2

In general'we get I(g) = Io(l - (—2%))

where @ is the total angle blocked out by the screen.

(®) (5)Here A = %(%A1)+%Al

A, being the contribution of the first Fresnel zone.

Thus A= -58-A1 and | = %—56_10
1(1,).1 3 9

(6) A= —2- 'iAl +§A1 = '4'A1 and [ = ZIO

(7) A= ':— %Al +%A1 = ';_Al and I = ';—2-10
1(1 1 3 9

(8) A = -2- EAl +EA1 = zAl and [ = ZIO (Is = 16)

In S to 8 the first term in the expression for the amplitude is the contribution of the plane

patt and the second term gives the expression for the Fresnel zone part. In general in (5) to
2

®I=1I ( 1+ (-2%;)) when @ is the angle covered by the screen.
We would require the contribution to the amplitude of a

wave at a point from half a Fresnel zone. For this we P
proceed directly from the Fresnel Huyghens principle. The
complex amplitude is written as

E=f1<((p)?e'“"ds b

Here K (@) is a factor which depends on the angle ¢
between a normal 7 'to the area d S and the direction from
dS to the point P and r is the distance from the element
dS toP.

We see that for the first Fresnal zone




2
(using r = b+-2&5 (for ' p2+b2 ))
Vb

a . o 2
Ew) fe""”"""””znpdp (K(p) = 1)
0

For the first Fresnel zone r = b+A/2 so r* w b>+b A and p2 =bA\

bA
a 2 kx
Thus E w 2e %t o q f e *p dx
b 0
a ikp €”FV2_ g
b 27e ~ik/b
- "7“12nie"'“’(-2) - -i‘kiiaoe‘“‘" - A

For the next half zone

jw
&0
|>

ao _: _:
E = 2e ity et axx

b
bi
2
a . 3kh .
=_02nie-|kb(e-l - _e-.kvz)
k
; A (1+:
-%2nie"“’(+1+i)-—l—(2—l—)-
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If we calculate the contribution of the full 2*® Fresnel zone we will get — A,. If we take

account of the factors K (¢) and —i— which decrease monotonically we expect the contribution

to change to — A, Thus we write for the contribution of the half zones in the 2™ Fresnel

Zone as

TR ItE S

The part lying in the recess has an extra phase difference equal to — 6 = — _2%1:_ (n - 1)h. Thus

the full amplitude is (note that the correct form is e ~**")
A ; A
(Al-—é%(ui))e““ - 32-(1-1')+A3-A4+...

Arsiy)erit A2y, A
(2(1—1))e —-2(1—1)4»2
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As

_(1—1) et 'l'l"_(lsAz -A3 ~A1)andA3 A4+A5 7.
The corresponding mtenslty is
1-—[(1

«uo ][(1+l)e-10 i]
- Ip[3-2cosd+2sind] = Io[3+2\/_sin(6 - %)]

(a) For maximum intensity sin (6 -%) =+1

o % m2kn+l k=0,1,2,..

or 4 2.
Ix
o= 2ku+-4—- —(n 1)h
Y 3
SO h-n—l(k+§)

(b) For minimum intensity

7 3n Tn
6,——2-2kn+7 or O = 2kmn+ 2
A Tn
so h = ——) (k+ 3 )
(c) Forl = I, cos 8 =0) or [ sind =10
sin d = -1 cos & = +1
Thus O=2kn h= —’5_7‘—1
In A 3n
or 6-2kn+2,h n—l(k+4)
5.104 The contribution to the wave amplitude of the inner half-zone is
.kb\/ ba2
2 -t ik o
’Wobe J' e kP2 0 g0
0 —>hle
~ikb bw4
_2mage fe-ikx/bdx —_—
b 0 ——
- d —
2nage” (e=*M4_1)x _bi ‘

= b
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2ﬂiaoe—ikb . A1 .
= K (-i-1) =+ 2(14-1)

A -,
With phase factor this becomes ?1( 1+i) ¢'® where & = 2—;( n-1) h. The contribution of

A
the remaining aperture is —zl( 1-1i)

(so that the sum of the two parts when d = G is 4, )
Thus the complete amplitude is

\ A Y\

71(1+i)e'°+71(1-i)

and the intensity is
IT=IL[(1+i)e®+(1-i)][(1-i)e 4+ (1+i)]

=L[2+2+(1-ife P+ (1+i)e?]

=lp[4-2ie"%+2ie®] = I)(4-4sind)
2

A
Here I = —‘-‘-1- is the intensity of the incident light which is the same as the intensity due to

an aperture of infinite extent (and no recess). Now

I is maximum when sind = -1

or O =2kn+ 3
2
so h-ni'1 (k+%) and b) I, = 81,.
We follow the argument of 5.103. we find that the contribution of the first Fresnel zone is
A - _%aoe-in

A
For the next half zone it is - 72( 1+1¢)

A
(The contribution of the remaining part of the 2* Fresnel zone will be - 32-(1 - i)

If the disc has a thickness A, the extra phase difference suffered by the light wave in passing
through' the disc will be

6= 2% (n-1)h.
Thus the amplitude at P will be
A -+ A
EP = (AI—TZ(I*’I.))G-‘a-‘%(l—i)+A3—A4—A5+...
\

- (A—l(;’i))e-“%izﬁ - %[(l—i)e'“n]
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5.106

5.107

5.108

The corresponding intensity will be
I=1Iy(3-2cosd-2sind) = 10(3—2ﬁsin(6+%))

\
The intensity will be a maximum when

sin(&#-g-) = -1

n 3n
or 6+4 =2kn+ 2
ie. 5 = (k%).z::
A S
S0 h-n-l (k+8)l;k-0,1,2,...
Note :- It is not clear why k = 2 for h,,.The normal choice will be k = 0. If we take

k = 0 we get h;, = 0-59 pm.

Here the focal point acts as a virtual source of light. This
means that we can take spherical waves converging
towards F. Let us divide these waves into Fresnel zones
just after they emerge from the stop. We write

P22 (= h)?=(b-mA/2) = (b-h) IN,
Here r is the radius of the m® fresnel zone and h is the r P

distance to the left of the foot of the perpendicular. Thus & f'.'. ,
P «2fh=-bmA+2bh l

So h=bmA\2(b-f)

and P = fobmA(b-f).

The intensity maxima are observed when an odd number of Fresnel zones are exposed by the
stop. Thus

= -’%b%f& where k = 1,3,5, ...

For the radius of the periphery of the k™ zone we have

|

ab ' VEAD ifa=o.
a+b
If the aperture diameter is reduced v times it will produce a similar deffraction pattern (reduced
M times) if the radii of the Fresnel zones are also 1 times less. Thus

Iy = kA

r'y = rne/M
This requires b’ = b/n°>.

(a) If a point source is placecd before an opaque ball, the diffraction pattern consists of a
bright spot inside a dark disc followed by fringes. The bright spot is on the line joining
the point source and the centre of the ball. When the object is a finite source of transverse
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diamension y, every point of the source has its corresponding image on the line joining
that point and the centre of the ball. Thus the transverse dimension of the image is given
by

r . b
y=2y= 9 mm.
(b) The minimum height of the irregularities covering the surface of the ball at random, at
which the ball obstructs light is, according to the note at the end of the problem, com-

parable with the width of the Fresnel zone along which the edge of opaque screen passes.
So Boin =~ Ar

To find A r we note that

rz - klab
a+b
or 2rAr =DAr = 22044
a+b
Where D = diameter of the disc (= diameter of the last Fresnel zone) and Ak = 1

Aab
Thus Ay, = D(a+b) = 0-:099 mm.

5.109 In a zone plate an undarkened circular disc is followed by a number of alternately undarkened
and darkened rings. For the proper case, these correspond to
1%, 2™ 3% . Fresnel zones.

Let r; = radius of the central undarkened circle. Then for

this to be first Fresnel zone in the present case, we must
have

SL+LI-SI = )\2
Thus if r, is the radius of the periphery of the first zone

- L
\/a2+r§+\/b2+r%—(a+b)=% IL
2 §/'\
rn(1. 1 A 1 1 1 ° +
22l = 2 e - a
or 2(a+b) > O 5T 7n i b I
It is clear that the plate is acting as a lens of focal length
2
n ab
1=y =" 6 metre.
This is the principle focal length.
Other maxima are obtained when
A A
SL+LI-SI-32,52,...

2
A A
3

, 3—,

These focal lengths are also
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5.110 Just below the edge the amplitude of the wave is given by l l J )\ & l J
A= -12-(A1 CAy+As-Ag+...)e

h

1

+%(A1 "'A2 +A3—A4+ ...)

Here the quantity in the brackets is the contribution of various Fresnel zunes; the factor 1 is

to take account of the division of the plate into two parts by the ledge; the phase factor d is
given by
2z
0= N h(n-1)

and takes into account the extra length traversed by the waves on the left.

. A
Usmg AAI—A2+A3-A4+‘“ = -2_
A .
we get A= Tl(l-l-e'b)
and the corresponding intensity is
2
1 ) A
Pl e g ()
(a) This is minimum when
cosd = -1
So O =(2k+1)=x
and h=(2k+1)5'(—’%:ﬁ, k=012, ...

usingn = 15, A = 060 pum
h=060(2k+1)pum.

() I =1Iy2 when cosd = 0

or a-kmg-(zkn)g-
Thus in this case h=030(2k+1) um.
5.111 (a) From the Cornu’s spiral, the intensity of the first maximum is given as
Inax,1 = 1371
and the intensity of the first minimum is given by
Iin = 0781,
so the required ratio is
I,
== . 176

Toin
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(b) The value of the distance x is related to the parameter v in Fresnel’s integral by
v = x\/ 2
br -’
For the first two maxima the distances x,, x, are related to the parameters v, , v, by

1/bk 1/bk
X = > V1= 2 V2
Thus (v2-v1)vb—2)‘-' =xy—-Xx = Ax

2
or x.?.(ﬂ-)
b Vy=Vi

From the Cornu’s spiral the positions of the maxima are
vy = 1'22, Vy) = 2'34, V3 = 308 etc
2
D 2( Ax
Th -] —= 6 .
us A b(1-12) = 063 um

5.112 We shall use the equation written down in 5.103, the Fresnel-Huyghens formula.

NN
O~
=

I

Suppose we want to find the intensity at P which is such that the coordinates of the edges
(x-coordinates) with respect to P are x and - x;. Then, the amplitude at P is

E=[K() % e-itras

We write dS = dxdy, Yy is to integrated from — % + 0« oo \We write

rubsZtY 1)

2b

(r is the distance of the element of surface on I from P. It is V b2+x*+y* and hence
approximately (1)). We then get
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[ » -%
.2 2
E -Ao(b) f e-lkx/Zb dx+ fe—lkx/Zbdx
x, -®

-

i .
= A'0(b) e ' 2 du+ e " %du
v, -®
‘/ 2 -‘/ 2
where vy = By Y1 = P!

The intensity is the square of the amplitude. In our case, at the centre

V——=\/_—=064

2bA
(a = width ofthe strip = 0-7mm, b = 100cm, A = 0-60 um )
At, say, the lower edge v, =0, v, = 128
Thus
064 2 2 2
fe"’“"zdu+ f e ””‘/2du (l—C(0-64)) +(—1—-S(0-64))
I 2 2
centre - 064
I (1-C(128))°+(1-5(128))*
e f e-ul:u/2du+ f e uru/2d
v 2
where C(v)-foosﬂ—du
A 2

v 2
S(v) = [sin®=du
]

Rough evaluation of the integrals using cornu’s spiral gives
I A
Latre 9.4
Logge

bt 2 2
ru . U 1
(We have used{cos—z—du -{sm 2 du = 3

C (0-64) = 062, S (0-64) = 0-15
C (128) = 0-65 S (1-28) = 0-67
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5.113 If the aperture has width % then the parameters (v, -v)

5.114

associated with (h/2 , = g) are given by 2
+h
ve2V A - wVIER /2

The intensity of light at O on the screen is obtained as the b
square of the amplitude A of the wave at O which is /
2 ~hy

v

. 2
A oonstfe—”“‘/zdu

~

-v

Thus I=2L((C(v))+(S(v))")
where C (v) and S(v) have been defined above and I, is the intensity at O due to an
infinitety wide (v = o) aperture for then
2 2
1 1 1
1-210((5) + ‘2‘) )'210)(5-[0.
By definition v corresponds to the first minimum of the intensity. This means

v =y =90

relates to the second

when we increase h to h+Ah, the corresponding v, =

2bA
minimum of intensity. From the cornu’s spiral v, » 2-75
Thus Ah =V2bA (v,-v;) =085V2bA
2 2
Ah\ 1 0-70 1
or "'(W)ﬁ '(o-ss)zxo-s’““ = 0565um

Let a = width of the recess and
v-g\’%- a - 06 o 0-:60
2 V2bh  V2x077x065
be the parameter along Cornu’s spiral corresponding to the half-width of therecess.
The amplitude of the diffracted wave is given by

v (-] v
; .2 2 2
const e‘°fe""“/2du+f e‘””‘/zdu+f e i®u 2 4y
- 00

-V v

~

where b-zTn(n—l)h

NS

is the extra phase due to the recess. (Actually an extra
phase e i® appears outside the recess. When we take it A I 0
out and absorb it in the constant we get the expression la LI l

written).
Thus the amplitude is
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_ const [(CO)-iS)e®+ %-C(v) - %-sm
From the Cornu’s spiral, the coordinates corresponding to the parameter v = 0-60 are
C(v) =057, S(v) = 013
so the intensity at O is proportional to
, 2
| (057-013i)e’® - 007-i037
= (0-57%+0:13%) + 0:07% + 0-37
+ (057-013i)(-007+037i)e’®
+ (057+013i)(-007-i037i)e*®
We write
057 %013 i= 0585 e*'® o = 12:8°
-007+ 037i= 06377 e*'? B = 100-7°

Thus the cross term is
2 x 0-585 x 0-377 cos (& + 88°)
~ 2 x 0:585 x 0:377 cos (6 +g)

For maximum intensity

6+g =2kn, K =1,234,..

=2(k+1)m, k=0,1,223,...

or d=2kn+ 3—27!:-
A 3
so h = =" (k-r 4)
5.118
//A’///} h
e a -
b
bi i
| |
! |
! !
TIITITITTITIIIIIITITI77777 screen
1 2
Using the method of problem 5.103 we can immediately write down the amplitudes at 1 and
2. We get :
0 . 2/2 '600 . 2/2
Atl amplitude A, _ const | [ e " du+e ™ [ ™"  du

- 00 \4
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-y . ® .
At 2 amplitude A; _ const fe""“/zdu.,.e-tbfe—xxu/’du
- 00 0

1/ 2
where v=g b

is the parameter of Cornu’s spiral and constant factor is common to 1 and 2.
With the usual notation

- v 2
C=C(v) -fcosﬂzl-du
0

v 2
S =S(v) = [sinT-du
0

@ 2 ® 2
and the result fcos Ezu—du -fsin%‘-—du = :,IZ-
0 [

We find the ratio of intensities as

1 (L —ia(1-i) 42
I (Z-C)—l(Z—S)+e >
2

)

(The constants in A; and A, must be the same by symmetry)

In our case, @ = 0:30mm, A = 065um, b = 1-1m

.‘/ 2
v = 0-30 x m-oso

C(050) = 048 5(050) = 0-06

(1-i) | 2
-igl1=t) . X
2 1+(002-044i)V2 e'** %

I 0:02-044i+e
2

}—1-.—..

-1 . ix
| 12—’e'°+0-02-0-44i 14(002-044i)V2 e i0*+%

But 0-02-044i = 0-44e’®, a = 1-525 rad (=~ 87-4°)
. 2
b 1+044xV2 x e’(4-0740) 1+2(044)*+2V 2 x 0-44 cos (8 - 0-740)
L [ 1+044xV2 xe ¥(3+070) | 4 1 2(044)?+2V 2 x0-44 cos (& + 0740 )
I, is maximum when 8~0740 = 0 ( modulo 2x)

L 1-387 + 1-245 L2632 o
I, 1-387 +1245 cos (1:48) 15

S

Thus in that case
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5.116 We apply the formula of problem 5.103 and calculate

L3ema-f S

Semicircle  Slit

The contribution of the full 1" Fresnel zone has been evaluated in 5.103. The contribution of
the semi-circle is one half of it and is

—2Tniaoe'”‘b - -iaohe’i""
The contribution of the slit is
090V b 1 [
a 2
?0 f e kb 2b dxfe"'ky/z’,’ dy
0 -0
2
Now f ~iky'/2b dy = f bA dy

\/ﬁf -txu/?,du-‘/'— —in/4

Thus the contribution of the slit is

09xV2
_ag,/“—b)‘ p-ikbin/4 f e—ixu2/2 du bi
b . 2
0
127

T 1 —indin
- anhe ikb u(/4___f e T2 gu
0 ﬁ A

Thus the intensity at the observation point P on the screen is

2 2
. 1-i)(067-065i
-;S(1-27))\ N PC] By € L 1 > i)

a% %

(on using C (127) = 0-67 and S(1:27) = 0-65)
= 2N |-i+001-066i|
= a222|001-166i |
= 276 a3\’

Now a2 2 is the intensity due to half of 1% Fresnel zone and is therefore equal to ;. (It can

also be obtained by doing the x—integral over— « to + ).
Thus I=2761,.
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5.117 From the statement of the problem we know that the width of the slit = diameter of the first
Fresnel zone = 2V b\ where b is the distance of the observation point from the slit.

We calculate the amplitudes by "/ (R AN R/ XA R24%% ’//7
evaluating the integral of problem 5.103 ///t 02 30)'2
II/
Weget A A
a Lo
A = —bg- e ikl o-ikyg dxf e *3p dy
Vb 0
V2 ®
a . .2 .2
_ 20 e—:kb ﬁf e-m:u/2duxfe—n:u/2du
b 2
ey 0
=—(1 "“’(c(ﬁ)-;s(ﬁ))
Vb
a by
A, = T,Q f -ikb 2bdxf e ik 2b g4,
b - 00
= 2A1
ah(1-i)

Ay = —igghe kb4

c(V2)-is(V2))e**

7 (€(V2)-is(V2))e

where the contribution of the 1% half Fresnel zone (in As, first term) has been obtained from
the last problem.

Thus Il:aOA(l_l)(053 072i)
2
(01‘“5“\8 C(\/E) = 053, S( 2) = 0-72)

= a22?| —0095 - 0625 | = 0-3996 a2 A2
L =41

Iy = 222 | - 0095 - 0625 i—i |’
= a2)?| 0095 -1-625i |
= 2:6496 a3 \>
So I = 661,
Thus ILi:L:I; = 1:4:7



178

5.118 The radius of the first half Fresnel zone is V b A/2 and
the amplitude at P is obtained using problem 5.103.

-wWbN2
a0 -zkb- —
A-b f 2bdx P
'qV
® VbA2
fe-zky/Zbdy+ zkbfe-tkpzﬂbznpdp.
-aVba2
We use f e'“‘"z/“dx
nxz
-f e ikx2b 44 -fe o dx
nvV ba2 nv b2
i b?\. Ao (T i
_f e-mu/’). du = T [J‘_J‘) e-mu/’). du.
0 0
n
bA 1 1
- 7((—-C(n))-z(2—sm)))
A . -1kb 1
Thus A =aozx2 x(1-i)e [(E—C(n))

-i(%-—S(n))]+aok(1-i) L

where we have used

Va2

A
fe—lkpfzb 2Jtpdp

0

-i) = Tb( —i) = Ab(1-i)

Thus the intensity is
2

I=|AP = a%k2x2[(3/2—C(n))2+(%—5(n)) ]
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From Comu’s Spiral,
C(n) =C(107) = 076
S(m) = $(1:07) = 0-50
I=ai)?x2x(074) = 109 a3 \?
As before Iy= a)? so Iw1,.

of width b and the diffracted wave is observed at a large
distance, the resulting pattern is called Fraunhofer
diffraction. The condition for this is b* « I A where [ is
the distance between the slit and the screen. In practice

light may be focussed on the screen with the help of a i .
lens (or a telescope). A=xSing

If a plane wave is incident normally from the left on a slit ‘

Consider an element of the slit which is an infinite strip
of width dx. We use the formula of problem 5.103 with
the following modifications.

The factor % characteristic of spherical waves will be omitted. The factor K ( ¢ ) will also be

dropped if we confine overselves to not too large ¢. In the direction defined by the angle
@ the extra path difference of the wave emitted from the element at x relative to the wave
emitted from the centre is

A= -xsing

Thus the amplitude of the wave is given by

b/2
o feiksinqadx - (ei%kbsincp_e-i%kbsinqa)/ iksin @
-b/2
nb .
sin| 3 Sin®
= nb .
Tsmtp
sin’ a
Thus I=1I—
a
where o = _:% sin ¢ and

I is a constant
Minima are observed for sina = 0 but a= 0

Thus we find minima at angles given by
bsing = kA, k=2 1,223, ...
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5.120 Since I(a)is +ve and vanishes for bsing = kA i.e for a = kx, we expect maxima of
I(o)between o = + & o = +2mx, etc. We can get these values by.

d sina d sina
da(I(u))=Io2 0 o =0

o cos a - sin o

Cl.2

Solutions of this transcendental equation can be obtained graphically.

=0 or tana = a

The first three solutions are
o, =1437m, oy = 246m, a3 = 347 n
on the +ve side. (On the negative side the solution are - a;, - o, = 03, ... )

Thus bsing, = 1-43 A
bsin g, = 2:46 A
bsingpy = 347
Asymptotically the solutions are

bsing, = (M+%))~

5.121 The relation bsin® = kA
for minima (when light is incident normally on the slit ) has a simple interpretation : b sin @ is the
path difference between extreme wave normals emitted at angle 0

—
b
—_
—>

When light is incident at an angle 6, the path difference is
b (sin 0 -sin ;)
and the condition of minima is
b(sin@-sinBy) =kA
For the first minima
b(sinB-sinBy) =+ A or sin® = sinBy = -;—'-
Putting in numbers 6y = 30°, A = 0-50um b = 10pum
1

. 1
sin@ = 2: 20 - 0-55 or 0-45

0,, = 33°-20' and O_, = 26°44’
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5.122 (a) This case is analogous to the previous one except that
the incident wave moves in glass of RI n. Thus the
expression for the path difference for light diffracted
at angle O from the normal to the hypotenuse of the
wedge is

b (sin 6 - nsin ©)
we write 6=0+A60
Then for the direction of principal Fraunhofer maximum

b(sin(®+A0 )-nsin®) =0

or AO =sin"'(nsin®)-0
Using O = 15° n = 1-5 we get
AB = 7-84°

(b) The width of the central maximum is obtained from (A= 0-60 um, b =10 um)
b(sin0, -nsin®) = £ A

Thus 0, = sin'l(\nsin9+%) = 26-63°

b
50 =0,,-0_, = 7-47°

0., = sin~’ (nsineﬁ) = 19-16°

5123

The path difference between waves reflected at A and B is
d(cosag-cosa)
and for maxima
d(cosog-cosa) = kA, k=0,21,%2 ...

In our case, k = 2 and oy, a are small in radiaus. Then

2 2
o’ -ag
e
2 2
- d
Thus A - w =06lpm

for =180 % ~ 180’
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5.124 The general formula for diffraction from N slits is
2 2
=1, sin“a sin” N f

o? sinzﬁ
nasin O
where o = ——
A
n(a+b)sinB
B = Y
and N = 3 in the cases here.
(a) In this case a+b = 2a
.2
so B =2a and I=108m2a (3-4si1|220t)2
o

On plotting we get a curve that qualitatively looks like the one below

4

\ I,
q/

o —
()Inthiscasea+b = 3a
S0 B=3a

2
and I=10"2(2-4sin’30)
[0 )

This has 3 minima between the principal maxima

5.125 From the formula dsin® = mA
we have dsin45° = 2; = 2x 065 um
or d-2ﬁx0-65um
Then for Ay = 0-50 in the third order
2V2 x065sin0 = 3 x0-50
15

———— = 0-81602
13xv7

sin@ =

This gives 0 = 54-68° = 55°
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The diffraction formula is
dsin 8y = ngA
where 8 = 35° is the angle of diffraction corresponding to order n, (Which is not yet known).
A
Thus d= sin 6, =nyx09327pum
onusing A =0535um
For the n® order we get
sin® = Zsin 6, = = (0573576 )
no Ry
If ny = 1, then n> ny is at least 2 and sin 0 > 1 so n = 1 is the highest order of diffraction.
If ny = 2then n = 3,4,but sin 0 > 1 for n = 4 thus the highest order of diffraction is 3.
If ng =3,
then n=456.
Forn = 6,sin0 = 2 x 0-57 > 1, so not allowed while for
n=2_5 sind = %x 0573576 < 1
is allowed. Thus in this case the highest order of diffraction is five as given. Hence
n =3
and d=3x09327 = 27981 ~ 2-8um.
Given that
dsin@; = A
dsin®, = dsin(0;+A0) =2
Thus sin B;°cos A@ + cos B; sin A® = 25sin 0;
or sinB; (2-cosAB) = cosB;sinA©
1 2_-cosA®
. sinA @
or sin 0, =
Vsin®A0+(2-cosA0)?
- sinA @
V5-4cosAD
Finally A= ﬂse—
V5-4cosAB
Substitution gives A = 0-534 um
(a) Here the simple formula

dsin ® = my A holds.

m x 0-530

Thus 1-5sin0 = mx0-530 sin0 = 15
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Highest permissible m is m = 2 because sin 0 > 1 if m = 3. Thus

sin@ = i—g% for m = 2, This gives 6 = 45° nearby.

(b) Here d(sin8y-sin®) = nA
Thus sin @ = sin Go—n—d)"-

= sin60°-n><91'-755é

= 0-86602 - n x 0-353333 ,

Forn = 5, sin® = -0-900645
for n =6, sin0<-1.
Thus the highest order is n = § and we get
0 = sin”'(-0-900645) = - 64°

5.129 For the lens

1 1 1 R
fx(n—l)(R—w) or f=n-1
For the grating
dSillel = A or sinel = %
cosec®; = =, cot® = V d -1
1 2’ 1 A
tan 91 = __1—_
Vi,
A
Hence the distance between the two symmetrically placed first order maxima
= 2ftanb, = 2R
/ 2
(n-1) ‘_i. -1
A

Onputting R =20,n=15,d =60pum
A=060um we get 804 cm.

5.130 The diffraction formula is easily obtained on taking account of the fact that the optical path
in the glass wedge acquires a factor n (refractive index). We get
d(nsin®-sin(©0,)) = kA
Since n>0, ©- 6,>© and so 6, must be negative. We get, using © = 30°

1 . o . o
3%X3 = sin (30° -0y ) = sin 486
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Thus 90 = - 186°
Also for k = 1
3 sin (30° A_O0S 1
2 sin (30°-0,,) 2"50" 32
Thus 0,, =0°
We calculate 6, for various k by the above formula. For k = 6. —-3—- —_———

sin (8, - 30°) = %=> 8, = 786°

For k = 7
sin(0,-30°) = + 1= 6, = 120°
This is in admissible. Thus the highest order that can be observed is
k=6

corresponding to 0, = 78-6°
(for k = 7 the diffracted ray will be grazing the wedge).

The intensity of the central Fraunhofer maximum will be zero if the waves from successive
grooves (not in the same plane) differ in phase by an odd multiple of x. Then since the phase
difference is

5= 27"(;;-1)11
for the central ray we have

%E(A-l)h-(k-
A

1
or h-n_l(k-z).

N =

)2::,1:-1,2,3,...

The path difference between the rays 1 & 2 is
approximately (negleciing terms of order 6? )

asinO+a-na a
=asin@-(n-1)a k 9
Thus for a maximum o

asine—(k’+—;-))» =mA\

orasin9=(m+k’+l))», 1

2
kK =012 ...
m=20,x1,+2, ...
The first maximum after the central minimum is obtained when m+ k' = 0

We 'get’ asin@; = %)»
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5.132 When standing ultra sonic waves are sustained in the tank it behaves like a grating whose

5.133

5134

grating element is

d= % = wavelength of the ultrasonic

v = velocity of ultrasonic. Thus for maxima
v
= sin@, = mA
v m

On the other hand
ftanO, = mAx

Assuming 6, to be small (bccause A<< %j

fan@, ftanBy AvVS

we get Ax =
m \ v
T):Slngm
or vatvf
Ax

Putting the values A = 0-55um, v = 47MHz

f=035m and Ax = 0-60 x 10 > m we easily get
v = 1-51km/sec.

Each star produces its own diffraction pattern in the focal
plane of the objective and these patterns are separated by
angle . As the distance d decreases the angle 6 between
the .neighbouring maxima in either diffraction pattern
increases (sin © = A/d ). When 0 becomes equal to 2 v the
first deterioration of visibility occurs because the maxima
of one system of fringes coincide with the minima of the
other system. Thus from the condition
0 =24y and cin O = %we get

1 A .
Y = 29 ~ 2d(radmns)
Putting the values we get ¢y = 0-06"

(a) For nommal incidence, the maxima are given by

I

dsin® = nk
so sin9=n?3=nx0'530
d 1-500
Clearly n<2as sin@>1 forn = 3.

Thus the highest order is n = 2. Then

(Y]

[

f
J

[}
1

[

\

v
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p-d0 _ _k __k___1
dh dcos® d )
V. (k2
d
Putting k = 2, A = 053 um, d = 1-5pum = 1500nm
2 1 180 .
we get D = 1500 > X x 60 = 6:47 ang. min/nm .
V 1- 1-06
15

(b) We write the diffraction formula as
d(sinBy+sin@) = kA

S0 sin By +sin O = k-:;—
Here 0y = 45° and sin 6y = 0-707
) sin Oy +sin @ < 1-707 . Since
A 053
4= 15 = 0-353333, we see that
k<4

Thus highest order corresponds to k = 4.

do
Now as before D = an sC

k k/d

dcos® 5
kA .
-\/1-(7-511190)

= 12948 ang. min/nm,

D =

5.135 We have dsin® = kA
de D k - tan 0
50 dx dcos® = A

5.136 For the second order principal maximum
dsin®y = 2N = kA

N=n

or Tdsin% =2Nn
minima adjacent to this maximum occur at
!-‘;idsm(ezne) =(2N=z1)=xn

A
or dcosﬁzAB-IV—
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Finally angular width of the 2™ principal maximum is
2A 2A tan 6,

Ndcos®, ,, L (klvd) N

On putting the values we get 11-019"' of arc

2A0 =

5.137 Using
A Ndsin 6
R=gn=kN="7
_ lsin@ < 1
A A
5.138 For the just resolved waves the frequency difference
By - EOM_ € __c
VTN TART AN
c 1

" Ndsin® " 8t
since N dsin 0 is the path difference between waves emitted by the extremities of the grating.

5139 8\ = 050 nm

A 600
R = x ™ 05 - 12000 (nearly)

= kN

On the other hand
dsin® = kA

Thus EIN sin® = A
where I = 10”2 metre is the width of the grating
Hence sin @ = 12000 x %

= 12000 x 600 x 10" = 0-72
or 0 = 46°.

5.140 (a) We see that
N = 6-5x10x200 = 13000

Now to resolve lines with 8 A = 0:015 nm and A ~ 670-8 nm we must have
_ 6708 _
0-015
Since 3N <R <4 N one must go to the fourth order to resolve the said components.

R 44720

(b) we have d = -;Emm =5Sum

. kA  kx0670
so Sin0 = — = ——

d 5
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since |sin0|<1 we must have ks 7-46

d
0 kpay =7 = X
Thus Rm=kmuN=91000~%‘-i-=£
where ! = 6'5 cm is the grating width.
. A 670 A
Finally Ohn = R - 91000 - 007 nm = 7pm = K
5.141 Here
A 5893
R=Gk= 0-6 = kN =5N
5893 1072
so N = 3 =4
3x1072
d= S303 ™M = 0509 mm
(b) To resolve a doublet with A = 460:0 nm and d A = 0-13 nm in the third order we must
have
R 460
N=3=3o - 1"

This means that the grating is
Nd = 1179 x 0-0509 = 60-03 mm

wide = 6 cm wide.

5.142 (a) From dsin® = kA

we get 80 = %:"—9
On the other hand x = fsin®
SO 6x=fcoseée-£df-6)»
For f =080m, 8\ = 0-03 nm! and
1
d= 250mm
6pum if k=1
we get bx {l2p.m if k = 2
(b) Here N = 25 x 250 = 6250

and A 1018 0330- 5N

3n 003
and so to resolve we need k = 2 For k = 1 gives an R.P. of only 6250.
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5.143

Suppose the incident light consists of two wavelengths A and A + & A which are just resolved
by the prism. Then by Rayleigh’s criterion, the maximum of the line of wavelength A must
coincide with the first minimum of the line of wavelength A + 6 A. Let us write both conditions
in terms of the optical path differences for the extreme rays :
For the light of wavelength A
bn-(DC+CE) =0

For the light of wavelength A + 6 A

b(n+dn)-(DC+CE) = AL+dA
because the path difference between extreme rays equals A for the first minimum in a single
slit diffraction (from the formula asin® = A).

Hence bdn ~ A
A on dn
and R=sx=bsx| =" %|an

= 2Bb/2\3

For b=5cm,B=001pm?> A, =0434pm =5x10*um
Ry = 1223 x 10*

for A, = 0656 pm
Ry = 03542 x 10*

(b) To resolve the D-lines we require

R =223 _ 9
6
Thus - 002xb
(05893 )?
3
b--9-§2—x(()—%§§?ﬂum=l~005x104um=1'005cm
5145 b | 42| - kN = 2x10,000
. dn g

bx010pum™! = 2x10*
b= 2x105|,tm =02m = 20cm.
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5.146 Resolving power of the objective
__D _ 5x107?
122X 122x055x10~°
Let (A y )pn be the minimum distance between two points at a distance of 3-:0 km which the
telescope can resolve. Then
(AY)on _ 1222 1
3x10° D  745x10*
3x10°
7-45 x 10°

= 7-45 x 10*

or (AY)an = = 004026 m = 403 cm .
5.147 The limit of resolution of a reflecting telescope is determined by diffraction from the mirror
and obeys a formula similar to that from a refracting telescope. The limit of resolution is
11222 _ (AY)un
R D L
where L = distance between the earth and the moon = 384000 km

Then putting the values A = 0-55um, D = Sm
we get (AY)mn = 51-6 metre

5.148 By definition, the magnification
I = angle subtended by the image at the eye _ v
angle subtended by the object at the eye

At the limit of resolution g=1 '2; A
where D = diameter of the objective
122

On the other hand to be visible to the eye ¢’ 2 a4

where dy = diameter of the pupil

Thus to avail of the resolution offered by the telescope we must have

1220/ 220 D
r z———do /-——-——-D

T 4
D 50mm
Hence Ton = 4 = 4mm =125
5.149 ¢
A B'
90-L

/
B A
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5.150

Let A and B be two points in the field of a microscope which is represented by the lens C
D. Let A’, B’ be their image points which are at equal distances from the axis of the lens

CD. Then all paths from A to A’ are equal and the extreme difference of paths from
A to B’ is equal to

ADB -ACB
=AD+DB -(AC+CBHB')
=AD+DB' -BD-DB

+BC+CB -AC-CPBH
(as BD+DB' = BC+CRHB')
=AD-BD+BC-AC

= 2ABcos(90°-a) = 2A Bsina
From the theory of diffraction by circular apertures this distance must be equal to
1220
when B’ coincides with the minimum of the diffraction due to A and A’ with the minimum
of the diffraction due to B. Thus
ap = 1Br 5 2
2sina sin a
Here 2 a is the angle subtended by the objective of the microscope at the object.
Substituting the values

_ 061 x 055

AB 0-24

pm = 1-40pm.
Suppose dp,,, = minimum separation resolved by the microscope

Y = angle subtended at the eye by this object when the object is at the least distance of
distinct vision Iy (= 25 cm).

.. . 1220
' = minimum angular separation resolved by the eye = 2dz
0
Yrom the previous problem
_061A
mn " sin o
dmln 0'61 )\.
and V= I losina

Now
- angle subtended at the eye by the image
T' = magnifying power = angle subtended at the eye by the object

when the object is at the least distance of distinct vision
' ]
=¥ 22 2)sina
V do

l 25
Thus I‘mm-Z(d—o)sina-2x-——x0-24-30
0

04
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Path difference
=BC-AD

= a(cos60°-cosa)

o

For diffraction maxima

a(cos60°-cosa) = kA, ol
since)\.=-§—a,weget A a B
1 2
cosa-z-sk
1 2 o
and we get k=—1,cosa=5+§—09,a=26
k=0, cosa=%-05,a-60°
1 2 o
k—l,cosa—z—s-Ol,a 84
1 4 o
k=2,wsa-2—5-—0-3,a=1075
k=3,cos0=2-8 2 _07,0 = 1344°
’ 2 5 ’

Other values of k are not allowed as they lead to |cos a|>1.

We give here a simple derivation of the condition for diffraction maxima, known as Laue
equations. It is easy to see form the above figure that the path difference between waves
scattered by nearby scattering centres P; and P, is

- —>—>

P,A-P,B =r"5-71"5

- (s -5, =

=r (so-?)—r S. So
Here 7~ is the radius vector P:-;’z . For 4 -
maxima this path difference must be an P 2
integer multiple of A for any two -
neighbouring atoms. In the present case of
two dunensional lattice with X - rays
incident  normally ris = 0. Taking
successively - nearest neighbours in the -

7>

x - & y — directions
We get the equations
acosa = hA
beosP = kA
Here cos a and cos f are the direction cosines of the ray with respect to the x & y axes of
the two dimensional crystal.

cos oL = —Ax = sin(tan’lé—f) = 0-28735

21
V(ax)+4l?
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5.153

5.154

s0 using h =k =2 we get
40 x 2
a= 28735 Pm = 0278 nm
Similarly cosp = —BY sin(tan'l%lz) - 0-19612
V(ay)y+41?
80
b= cosﬁpm = (0-408 nm

Suppose o, 8, and y are the angles between the direction to the diffraction maximum and
the directions of the array along the periods a, b, and c respectively ( call them x, y, & z
axes). Then the value of these angles can be found from the following familiar conditions
a(l-cosa) = kg A
bcosP = kA and ccosy = ks A
where k;, k,, k3 are whole numbers (+, -, or0)
(These formulas are, in effect, Laue equations, see any text book on modern physics). Squaring

and adding we get on using cos® a + cos? B+ cos? y=1

K\ 2 kY 2k A
z-zcm-[(_l) () +(2) ]ﬁ _ 2k}
a b c a
)‘_ 2k1/a
[(kajaY +Chafa)’+(ks/a) ]

Knowing a, b, ¢ and the integer k, , k,, k3 we can find o, B,y as well as A.

Thus

The unit cell of NaCl is shown below. In an
infinite crystal, there are four N a* and four
Cl™ ions per unit cell. (Each ion on the
middle of the edge is shared by four unit
cells; each ion on the face centre by two unit
cells, the ion in the middle of the cell by
one cell only and finally each ion on the
corner by eight unit cells.) Thus

M .3
4NA p-a

where M = molecular weight of NaCl in
gms = 585 gms
N, = Avogadro number = 6-023 x 102

1 .‘/ M
20 = A _28MmA
Thus 2a IN, 2:82

The natural facet of the crystal is one of the faces of the unit cell. The interplanar distance
d=za=282A
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Thus 2dsina = 2 A
So A =dsina = 2-822;\x‘/-—2§- = 244 pm.

5.155 When the crystal is rotated, the incident monochromatic beam is diffracted from a given
crystal plane of interplanar spacing d whenever in the course-of rotation the value of 0 satisfies
the Bragg equation.

We have the equations 2dsin0; = k; A and 2dsin6, = k; A
But n-20, =x-26,+a or 20, =20,-a
o

so 62=61+-i-.

Thus Zd{sin 6, cos =

2+cos9,sin%} = kA

. O o Ko=
Hence 2dsin > C0s 0, = (ka—klcos -2—))\. 7\—,262
also 2 dsin %sin 0; = k; Asin %

12
Squaring and adding 2dsin% = (k12+kQ2—2k1chos%) A
V2

Hence d = A [k12+k,22—2k1kzcos-g-]
Zsini

Substituting a=60°,k =2,k=3,A=174pm

we get d=281pm=2-81A

(and not 0-281 p m as given in the book.)
(Lattice parameters are typically in A’s and not in fractions of a pm.)

5.156 In a polycrystalline specimen, microcrystals are oriented at various angles with respect to one
another. The microcrystals which are oriented at certain special angles with respect to the
incident beam produce diffraction maxima that appear as rings.

The radial of these rings are given by

r=1tan2a

oL l

where the Bragg’s law gives

2dsina = kA P
Inourcase k=2,d =15pm, A =17-8pm
~1178

so o = sin = 66° and r = 352 cm.

155
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5.4 POLARIZATION OF LIGHT

5.157 Natural light can be considered to be an incoherent mixture

(in the illuminated region) characteristic of a straight edge

of two plane polarized light of intensity I/ 2 with
mutually perpendicular planes of vibration. The screen >
consisting of the two polaroid half-planes acts as an opaque
half-screen for one or th¢ other of these light waves. The
resulting diffraction pattern has the alterations in intensity

on both sides of the boundary.

bou ndarg

At the boundary the intensity due to either component is

(H/2)
4

I
and the total intensity is — . (Recall that when light of intensity /; is incident on a straight

edge, the illuminance in front of the edge is I/ 4).

5.158 '(a)

®)

Assume first that there is no polaroid and the
amplitude due to the entire hole which extends over
the first Fresnel zone is A,

Af

_4_ ’

‘When the polaroid is introduced as shown above, each
half transmits only the corresponding polarized light.
If the full hole were covered by one polaroid the

Then, we know, as usual, [ =

amplitude transmitted will be (A, / V2 ).

Therefore the amplitude transmitted in the present case will be through either half.

Ay
2v2
Since these transmitted waves are polarized in mutually perpendicular planes, the total

intensity will be
2

2
A, Ay A1 I
+ -_= 0-
2V2 ) \2v2) 4

We interpret the problem to mean that the two polaroid pieces are separated along the
circumference of the circle limiting the first half of the Fresnel zone. (This however is
inconsistent with the polaroids being identical in shape; however no other interpretation
makes sense.)

From (5.103) and the previous problems we see that the amplitudes of the waves trans-
mitted through the two parts is
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A (1-i)
-1
2\/— 2vVa
and the intensity is
2 2
1+1i -1
2\/_( ) 2\/_ i)
Af
-5 =2l

When the polarizer rotates with angular velocity o its instantaneous principal direction makes
angle w¢ from a reference direction which we choose to be along the direction of vibration

of the plane polarized incident light. The transmitted flux at this instant is
d, cos’wt

and the total energy passing through the polarizer per revolution is
T

fCI)ocoszwtdt, T=2n/0
=®,~ =06mJ.
()]

Let I, = intensity of the incident beam.
Then the intensity of the beam transmitted through the first Nicol prism is

5L = %Io .
A N
and through the 2™ prism is (

I = (%Io)cosztp p

Through the N® prism it will be

IN - IN—l COSZ(P

_1 2(N-1) JJ
210005 Q \J\J .

Hence fraction transmitted

1
X el @ Do 012 for N -6.
Io 2

and p= 30°

When natural light is incident on the first polaroid, the fraction transmitted will be %t (only

the component polarized parallel to the principal direction of the polaroid will go).
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5.162

5.163

The emergent light will be plane polarized and on passing through the second polaroid will
be polarized in a different direction (corresponding to the principal direction of the 2

polaroid) and the intensity will have decreased further by < cos? Q.
In the third polaroid the direction of polarization will again have to change by ¢ thus only a
fraction T cos’ ¢ will go through.

Finally I=1Iyx %'1:3 cos* @
Thus the intensity will have decreased
I
2. 3;4 = 60-2 times
I v cose
for T =081, o =60°.

Suppose the partially polarized light consists of natural light of intensity J; and plane polarized
light of intensity I, with direction of vibration parallel to, say, x - axis.
Then when a polaroid is used to transmit it, the light transmitted will have a maximum
intensity
1
2
when the principal direction of the polaroid is parallel to x — axis, and will have a minimum

11+12 ,

intensity 511 when the principal direction is L” to x - axis.

Ixmx-Imin 12
Thus P = Imax+1min = Il +12

L_ P _025 1

L 1-PT 075" 3°

SO

If, as above,
I, = intensity of natural component

I, = intensity of plane polarized component

then Ty = %Il +1
I
and I= “;:“ -%Iﬁ-lzcosz(p
S0 Iz-Iw(l-;ll-)cosecz(p
1 2 2Imax 1 2
L =21 1-|1-=cosec = = - COs
1 211yt [ S [t
1
1-=
I -
Then P 2 U = n-1

L+, 2(%-cosz(p)+1—l- 1-ncos2¢@



5.164

199

On putting n =30, ¢ = 60°
we get P.___Z_lg%-O-S
1+3x-2-

Let us represent the natural light as a sum of two mutually perpendicular components, both
with intensity I, . Suppose that each polarizer transmits a fraction o; of the light with
oscillation plane parallel to the prinicipal direction of the polarizer and a fraction o, with
oscillation plane perpendicular to the principal direction of the polaizer. Then the intensity of
light transmitted through the two polarizers is equal to
Iy = af I+ o3 I

when their principal direction are parallel and

I, = oy j+aya,ly = 20,051
when they are crossed. But

o - n-1
S0 = V
a; + 0y n+1
(a) Now the degree of polarization produced by either polarizer when used singly is

Imax"l in - ) -0y

PO - Imax+Imin a; + 0y

(assuming, of course, o; > a, )

vVl _+/9% _o
Thus P, e \[11 0-905

(b) When both polarizer are used with their principal directions parallel, the transmitted light,
when analysed, has

. . . o e . . 2
maximum intensity, I, = alz Iy and minimum intensity, I ;, = oy I

2 2 2
of -ay a;-a, (0;+0,)
so P=— 5 = .

o +0, o+ a12+ov;2
- 200
- n-1 1+ 21 22
n+1 o + 0y

-‘/ 2 "
-y -1 (1+l)-——ﬂn—1-v 1-—15_ = 0.995.
n

n
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5.165 If the principal direction N of the Nicol is along A or B,
the intensity of light transmitted is the same whether the
light incident is one with oscillation plane N, or one with
N,. If N makes an angle 8 ¢ with A as shown then the

fractional difference in intensity transmitted (when the
light incident is N; or N, ) is

0052(90°-g——bq))—cosz(90°+-(22-6q))

(ATI)A i msz(goo _m) A! N

2
.2 . 2
sin (%+6(p)-sm (SZE-Gq)) N;
sinzszp- B____.-_.___ i _____ —————- e
o Q. L i
Zsz 200526(;) oo ® } NZ
= = cotzbq) |
sin® 2 [
2 I

If N makes an angle 8 ¢ (<< @ ) with B then
2cos9-25inq)/26q3

AT =cosz(q>/2—6tp)-0082(‘P/2+5‘P)_ 2 =4tanp/20¢
I, cos® /2 cos” /2
Al Al
([
of q)-Ztan'l-L
v

This gives ¢ = 11-4° for n = 100.
5.166 Fresnel equations read
Iy sin? (0, - 6,) tan’ (0, - 6,)
™ sin®(0,+6,) tan® (0, +6,)

At the boundary between vacuum and a dielectric 8; = 8, since by Snell’s law

and 1) = I

sin 0; = nsin 6,
Thus [; /I, cannot be zero. However, if 6; + 8, = 90°, I')| = 0 and the reflected light is

polarized in this case. The condition for this is
sin@, = nsinB,, = nsin(90°-06;)

or tan0; = n 0; is called Brewsta’s angle.

The angle between reflected light and refracted light is 90° in this case.
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5.167 (a) From Fresnel’s equations

, sin® (6, - 6,)
ry=1, 2 (6,+0,) |2t Brewste’s angle
Iy =0

I, =1 sin*(6,-6,)

= -;—I(sin 6, cos 8, - cos 0, sin 0, )?

Now tan0; = n, sin@; = R
Vnl+l
1 .
cos 0 = ————, sinB, = cos 6

Vsl

cos 9, = sin 0,
2

n-1
L =ir
2 (n +1)

II
Thus reflection coefficient = p = TL
2
1(n’-1
= = = 0074
2(n2+1)
on putting n = 1-5
(b) For the refracted light
2
” , 1 n-1
I'L-IJ'—I'L-EI{I—("Z_‘,I) }
L
27 (nt+1)?
1
Iy =3

at the Brewster’s angle.
Thus the degree of polarization of the refracted light is
P 1””-1"1_ (n®+1 )2 an?
1"||+1"1 (n*+1)+4n’
(n’-1)’ p
T 2(Re1P-(R-1p  1-p
On putting p = 0-074 we get P = 0-080.
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5.168

5.169

5.170

The energy transmitted is, by conservation
of energy, the difference between incident
energy and the reflected energy. However
the intensity is affected by the change of the
cross section of the beam by refraction. Let

Io

A;, A, A, be the cross sections of the
incident, reflected and transmitted beams.

Then
Ay = A,
A = AT
cos i
But at Brewster’s angle r = 90 -
S0 A, = Atani = nA;
1-p)]
Thus I = (1-p)k

n

. 2

sin” @

The amplitude of the incident component whose oseillation vector is perpendicular to the
plane of incidence is
A, = Apsing
and similarly A|| = Agcos @
)
: sin“(6,-6
Then r =1 -——5-(—1—2—)— sin?
sin“ (0; +6,)
2
I sin 0, cos 0, — cos 0; sin 0,
= "%} sin 0, cos 0, + cos 0, sin 6,
2
2
n -1 .2
= I sin
0 [ n+1 } @
2
Hence p—I’—J'— " -1 sin®
Iy n+1

Putting n = 1-33 for water we get p = 00386

Since natural light is incident at the Brewster’s angle, the
reflected light 1 is completely polarized and P; = 1
Similarly the ray 2 is incident on glass air surface at

Brewster’s angle tan"l—:l-) sc 3 is also completely
polarized. Thus P; = 1
Now as in 5.167 (b)

P, = 1—%5 = 0087 if p = 0-080
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1}\ /g@f/;[o
1310
15(1-29)15 P(-29)1,

Il",;glfo
- 29(1'9) = 0173
%"’%(1-2‘))2 1"2P(1‘P)

Finally as shown in the figure

1 1. 02,0
2-2(1 2p)

P4-

5171 (a) In this case from Fresnel’s equations
sin2 ( 01 - 02 )

I =1
T M sin? (0,4 6,)
we get I = ("2_ ) Iy = pl, say
n“+1
then L=(1-p)y, 5 =p(1-p)]

( p is invariant under the substitution n —’;lt- )

16 n*
——— 1y = 0726 1I,.
(n*+1) 0 0
(b) Suppose p’ = coefficient of reflection for the component of light whose electric vector

oscillates at right angles to the incidence plane.
2

-1
From Fresnel’s equations p' = ( )

finally I, =(1-p )210 =

n+1

Then in the transmitted beam we have a partially polarized beam which is a superposition
of two (|| & L) components with intensities
1 1
Fh&sh(1-p')
1-(1-p')> (n*+1)*-16n* 1-0726 0158
- 2" 2 4 7 - 726 1
1+(1-p')° (n*+1)+16n 1+07

Thus
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5172 (a)

®)

5173 (a)

)

When natural light is incident on a glass plate at Brewster’s angle, the transmitted light
has

16 n*
Il =Iy/2and [[! = —————
I 0/ L (n2+1)4

where I is the incident intensity (see 5.171 a)

Iy2 = a*ly2

After passing through the 2™ plate we find
" 1 nn 1
I(" =3I and [ = (0*) 31

Thus after N plates IT™ = =1,

1
2
trans 4N 1
I_L = Q. -2—I0

1-a*¥ 2n
—N where o =

Hence P = 3
1+o 1+n

at = 0726 for n = %
Thus P(N =1)= 0158 P(N = 2) = 0310
P(N =5) = 0663, P(N =10) = 0:922.

We decompose the natural light into two components with intensity /|| = -;—Io = I, where

|| has its electric vector oscillating parallel to the plane of incidence and L has the same
L toit.
By Fresnel’s equations for normal incidence

r, . sin’(0,-6,) . 8,-6, P -1\
— = lim - .= lim = =p
I, 8,—~0 sin“(0;+6,) 8,0 0,+0, n+1

I 1 2
similarly —I# =p = (:ﬁ)

2
I’ 0-5 1
Thus —I=p=(2-5) =25=o.04

The reflected light at the first surface has the intensity

I =ply
Then the wansmitted light has the intensity 7 L

3
L=(1-p)l ! Zy

At the second surface where light emerges from glass Ip \17 -

into air, the reflection coefficient is again p because

s - 1
p is invariant under the substitution n — —
n

Thus L=p(1-p)lyand I,=(1-p)°l,
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For N lenses the loss in luminous flux is then

A e 1-(1-p)™ = 0335 for N = 5
Suppose the incident light can be decomposed into waves
with intensity Jj) & I, with oscillations of the electric
vectors parallel and perpendicular to the plane of

incidence. I '1_[
For normal incidence we have from Fresnel equations Y e
2 2 "
6,-6, n-1 ¢
‘= -— — == == —=
L IL(91+92) 2 —‘_—_—_:‘__TI2 ——==

[
N
A
l’l

where we have used sin 6 ~ 0 for small 6.

n -1\ -= -::—:—:—': -::’.111-3:' =
Similarly Iy = ’u(m) 777777777777777777777.
Then the refracted wave will be
4n 4n'
Iy =1 and I," =1
=iy ™ LT

At the interface with glass

, 2
I/ =1" ( :,::) , similarly for [

we see that
A 5
Loy
This shows that the 'light reflected as a fraction of the incident light is the same on the two
surfaces if n' = Vn .
Note:- The statement of the problem given in the book is incorrect. Actual amplitudes are not
equal; only the reflectance is equal.

if #' = Vn, similarly for || component.

Here 0, = 45°

1 1_ 2
V2 3va2
0, = sin~'10-4714 = 281°

= 04714

sin 0, =

|3

1
n

sin2(91 -6,)

Hence I, =
* J'_«sin2(91+92)

= 30| sn7are | T 2lox 009

1 (sin169°\ 1
2
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5.176

5.177

2
, 1. {tan16-9 1
I” 210(_—tan73-1) 2I0X0’0085
Thus
(a) Degree of polarization P of the reflected light

0-0838
= 01008 = ¥

(b) By conservation of energy
I = %on 0-9077

vl
I = 3Iox 09915

Thus 0-0838

= Tsogy ~ 0044

The wave surface of a uniaxial crystal consists of two sheets of which one is a sphere while
the other is an ellipsoid of revolution.

The optic axis is the line joining the points of contact.

To makes the appropriate Huyghen’s construction we must draw the relevant section of the
wave surface inside the crystal and determine the directions of the ordinary and extraordinary
rays. The result is as shown in Fig. 42 (a, b & c) of the answers

In a uniaxial crystal, an unpolarized beam of light (or even
a polarized one) splits up into O (for ordinary) and E (for

extraordinary) light waves. The direction of vibration in a

the O and E waves are most easily specified in terms of /] Kl’ 0
the O and E principal pl_anes. The principal plane of the oe s
ordinary wave is defined as the plane containing the O ray ]

and the optic axis. Similarly the principal plane of the E . Sy
wave is the plane containing the E ray and the optic axis. 9 J,._:‘:’_‘_.'_‘_‘_‘_. Y

In terms of these planes the following is true : The O Ji::_’_'_':;::"\
vibrations are perpendicular to the principal plane of the ittt 3
O ray while the E vibrations are in the principal plane of

the E ray.

When we apply this definition to the wollaston prism we

find the following : (exaggerated.) |
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When unpolarized light enters from the left the O and E waves travel in the same direction
but with different speeds. The O ray on the left has its vibrations normal to the plane of the
paper and it becomes E ray on crossing the diagonal boundary of the two prism similarly the
E ray on the left becomes O ray on the right. In this case Snell’s law is applicable only
approximately. The two rays are incident on the boundary at an angle 0 and in the right prism
the ray which we have called O ray on the right emerges at
n
sin”" —sin O = sin
n
where we have used
n, = 11658, ny = 1-486 and 6 = 30°.
Similarly the E ray on the right emerges within the prism at
sin™' 2% 5in @ = 26:62°
e
This means that the O ray is incident at the boundary between the prism and air at

3391 -30° = 391°
and will emerge into air with a deviation of
sin ™! ng sin 3-91°
= sin~!(1-656 5in 3-91°) = 6-49°
The E ray will emerge with an opposite deviation of
sin~1( n,sin ( 30° - 26:62°))
= sin~'(1-486sin 3-38°) = 5.03°

Hence 0 = 6:49° +5-03° = 11-52°
This result is accurate to first order in (n, - ny) because Snell’s law holds when n, = ny.

The wave is moving in the direction of z- axis

(@3 Here E, = Ecos(wt-kz), E, = Esin(wt-kz)
E! E}
—+ =1

E?

so thc .p of the electric vector moves along a circle. For the right handed coordinate
system this represents circular anticlockwise polarization when observed towards the in-
coming wave.

(b) E, = Ecos(wt-kz), E, = Ecos(mt—kz+%)

E,
S0 —= = —cos(wt-kz)- — sin(wt-kz)
V2

E V2

2 2
or E, 1 E) _1f, E
E V3 E 2 E
E
E

(3]

or

tn
N
[ ]
N
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5.179

This is clearly an ellipse. By comparing with the previous case (compare the phase of
E, in the two cases) we see this represents elliptical clockwise polarization when viewed
towards the incoming wave.

We write the equations as

E.+E, = 2Ecos((1)t-l¢:z+-g-)cos-’8E

8 8

2 2
Thus E.+E, . E, -E, -1

.1 Ao
2Ecos8 4Esm8

E.-E, = +2Esin(oot—k:z+zt~)sin-’E

Since cos o> sin = 3’ the major axis is in the direction of the straight line y = x.

() E, = Ecos(wt-kz)
E,=Ecos(wt-kz+mn) = -Ecos(wt-kz)
Thus the top of the electric vector traces the curve
E, = -E,
which is a straight line (y = —x). It corresponds to plane polarization.
For quartz

n, = 1-553
np = 1544 for A =589nm.

In a quartz plate cut parallel to its optic axis, plane polarized light incident normally from
the left divides itself into O and E waves which move in the same direction with different
speeds and as a result acquire a phase difference. This phase difference is

2n
o= T(n,-no)d

where d = thickness of the plate. In general this makes the emergent light elliptically
polarized.

(a) For emergent light to experience only rotation of polarization plane
0 =(2k+1)m, k=0,1,23..

For this d = (2k+1)m)f—n—-)'-
e~ 0

-589 589
2x.009um (2k+1)

The maximum value of (2 k+ 1) for which this is

= (2k+1)

> S
less than 0-50 is obtained from
0-50 x 18
0-589 1528
Then we must take ¥k = 7and d = 15 x 589 = 0-4908 mm

18
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(b) For circular polarization § = g
modulo 2xmie O = (4k+1)-’2E
A 0-589
s d=(4k+1)——— = —=
0 (4k+ )4(”‘_”0) (4k+1) 36
0-50 x 36

Now 0589 - 30-56
The nearest integer less than this which is of the form 4k + 1 is 29 for k= 7. For this

d = 0-4749 mm

5.180 As in the previous problem the quartz plate introduces a phase difference d between the

5.181

O & E components. When & = n/2 (modulo 7 ) the resultant wave is circularly polarized.
In this case intensity is independent of the rotation of the rear prism. Now

2n
5= T(ne‘no)d

= 2—;20-009x0-5 x10"3m

=&, Ain pm

A
For A = 0-50pm. d = 18 . The relevant values of d have to be chosen in the form

(k+-;-)n. For k = 17,16, 15 we get

A =05143um, 0:5435um and 0-5806 p m
These are the values of A which lie between 0-50 pm and 0-60 pm.

As in the previous two problems the quartz plate will introduce a phase difference . The light on
passing through the plate will remain plane polarized only for d = 2kx or (2k+1) = In
the latter case the plane of polarization of the light incident on the plate will be rotated by
90° by it so light passing through the analyser (which was originally crossed) will be a
maximum. Thus dark bands will be observed only for those A for which

0 =2kn

Now 6-%(ne—m)dé%£xmxl-5x10"3m

- —2;"0 in pm)

For A = 055 we get 0 = 4909 n
Choosing d=48 xt, 46 t, 44 x, 42 Tt we get A=0-5625S um, A =0-5870 p m, A =0-6136 pm

and A =0-6429 pm . These are the only values between 0-55 pm and 0-66 u m. Thus there
are four bands.
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5.182

5.183

5.184

Here
5 = 2';—:-[-x 0009 x 025 m
= %ﬂ, Ain pm.
We check that for A =4286mnmm & = 105«

A=5294mm 6 =85n
A=6923nm d = 65=n
These are the only values of A for which the plate acts as a quarter wave plate.

Between crossed Nicols, a quartz plate, whose optic axis makes 45° with the principal
directions of the Nicols, must introduce a phase difference of (2 k + 1)  so as to transmit the
incident light ( of that wavelength) with maximum intensity. For in this case the plane of
polarization of the light emerging from the polarizer will be rotated by 90° and will go through
the analyser undiminished. Thus we write for light of wavelengths 643 nm

2 nt x 0-009 _3
8 = ———————=x d(mm x 10
0643 x 10~ (mm)

- 1822 (2ks1)n )
To nearly block light of wavelength 564 nm we require
Oses - (2K) @
We must have 2 k' >2 k + 1. For the smallest value of d we take 2k' = 2k +2.
Thus 0643 (2k+1) = 0564x(2k+2)
) 0-079x 2k = 0-564 x 2 - 0-643
or 2k = 6139

This is not quite an integer but is close to one. This means that if we take 2 k = 6 equations
(1) can be satisfied exactly while equation (2) will hold approximately. Thus

d = 1X0643 0 mm
18
If a ray traverses the wedge at a distance x below the joint, ®
then the distance that the ray moves in the wedge is A\
2 xtan g)— and this cause a phase difference / \

2n e
O= T(n,-—no)thanE

between the E and O wave components of the ray. For a
general x the resulting light is elliptically polarized and is
not completely quenched by the analyser polaroid. The
condition for complete quenching is

0 = 2 kn— dark fringe

‘———_-\
_—————7/




5.185

211

That for maximum brightness is
d = (2k+1)n- bright fringe.
The fringe width is given by

Ax = A °
2(n,-ny)tan —
2
Hence (n.-ng) = >
2Axtan ©/2
using tan (©/2) = tan 175° = 0-03055,
A=055um and Ax = 1mm, we get A2=1,

n,-ng = 9001 x 103

Light emerging from the first polaroid is plane polarized
with amplitude A where N, is the principal direction of the
polaroid and a vibration of amplitude can be resolved into
two vibration : E wave with vibration along the optic axis
of amplitude A cos ¢ and the O wave with vibration
perpendicular to the optic axis and having an amplitude
A sin . These acquire a phase difference 8 on passing
through the plate. The second polaroid transmits the
components :
A cos @ cos ¢’

and A sin @ sin ¢’
What emerges from the second polaroid is a set of two plane polarized waves in the same
direction and same plane of polarization but phase difference 3. They interfere and produce
a wave of amplitude squared

R? = Az[coschcosztp'+sin2tpsin2q>’ +2 cos @ cos @’ sin @ sin ¢’ cos O ],
using  cos? (¢ - ¢') = (cos @ cos @' + sin @ sin ¢
= cosztpcos2 (g +sin” @ sin’ @' + 2 cos @ cos @' sin @ sin ¢’

we easily find

R? = A2[cos2(q>-q>’)—sin2q>sin2cp’sin2%]

Now A% = Iy/2 and R? = I so the result is

2

I=%Iojcosz(q)-cp’)-sin2cpsin2tp’sin2§
polaroids : Here ¢-¢'=90° or ¢ =¢-90° and

Special cases :- Crosse
2¢'=2¢-180°
Thus in this case

=1 = —;—Iosin22(psjn2%
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Parallel polaroids : Here ¢ = ¢’ and

I=1 = %Io(l—sinzmpsinzé-)

2
With § = ZK—KA , the conditions for the maximum and minimum are easily found to be that
shown in the answer. N
5.186 Let the circularly polarized light be resolved into plane Wové
polarized components of amplitude A, with a phase 0

E wave

difference gbetween then.

On passing through the crystal the phase difference
n
2
in the direction N are respectively
Agcos ¢ and Ay sin @

becomes d + = and the components of the E and O wave

They interfere to produce the amplitude squared

R2=A02cos2(p +A02sin2q>+2A(;“oosq)sincpcos (6+-32£)
= A02(1+sin2q3sin6)
Hence I=1(1+sin2@sind)
Here I, is the intensity of the light transmitted by the polaroid when there is no crystal plate.
5.187 (a) The light with right circular polarization (viewed against the oncoming light, this means
that the light vector is moving clock wise.) becomes plane polarized on passing through
a quarter-wave plate. In this case the direction of oscillations of the electric vector of the
electromagnetic wave forms an angle of + 45° with the axis of the crystal OO’ (see Fig
(a) below). In the case of left hand circular polarizations, this angle will be -45° (
Fig (b)).

0 0

Oy 80
ZARN

0 0'

(b) If for any position of the plate the rotation of the polaroid (located behind the plate) dor
not bring about any variation in the intensity of the transmitted light, the incident light
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is unpolarized (i.e. natural). If the intensity of the transmitted light can drop to zero on
rotating the analyzer polaroid for some position of the quarter wave plate, the incident
light is circularly polarized. If it varies but does not drop to zero, it must be a mixture
of natural and circularly polarized light.

5.188 The light from P is plane polarized with its
electric vector vibrating at 45° with the plane of P ® == r
E

the paper. At first the sample S is absent. Light
from P can be resolved into components vibrating
in and perpendicular to the plane of the paper. el
The former is the E ray in the left half of the l’*

[

-
.
-~
o
-
.
l
|
A

Babinet compensator and the latter is the O ray.
In the right half the nomenclature is the opposite.
In the compensator the two components acquire
a pahse difference which depends on the relative
position of the ray. If the ray is incident at a
distance x above the central line through the
compensator then the E ray acquires a phase
2—;—(n5(l—x)+no(l+x))tan®

while the O ray acquires —>— l
2n X

T(no(l—x)+nE(l+x))tan(~)

so the phase difference between the two reays is

2;:l(n(,—nE)than(-D =d

we get dark fringes when ever = 2kmx

ol

because then the emergent light is the same as that coming from the polarizer and is quenched
by the analyser. {If & = (2k+1)x , we get bright fringes because in this case, the plane
of polarizaton of the emergent hight has rotated by 90° and is therefore fully transmitted by
the analyser.}

If follows that the fringe width A x is given by

Ax = —o M
2|ng-ng|tan ©

(b) If the fringes are displaced upwards by 0 x, then the path difference introduced by the
sample between the O and the E' rays must be such as to be exactly cancelled by the
compensator. Thus

2Tn[d(n’o-n’E)+(nE—no)26xtan(-3] =0

or d(n'g-n'g) = -2(ng-ny)dx0
using tan Oa ©.
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5.189 Light polarized along the x~direction (i.c. one whose electtic vector has only an x component)

5.190

and propagating along the z-direction can be decomposed into left and right circularly
polarized light in accordance with the formula

1 . 1 .
E, = E(E,+1Ey)+5(Ex-tEy)
On passing through a distance / of an active medium these acquire the phases Oy = 2TnnRI

and §; = gXﬂ-nll so we get for the complex amplitude

' 1 . s .
E' = 5 (Ey+iE)) e sl (E,-iE,)e'™

B SA NS . 2 1 . -18/2
=e' 2 [E(Ex-i-tEy)el +5(Ex—tEy)e ' ]
RS 8 b
=e 2 [E,msE—Ey sm—z-] ,0=0;-9..

Apart from an over all phase ( 8y +9;)/2 (which is irrelevant) this represents a wave whose
plane of polarization has rotated by

d =
5= I(An)l’ An = |ng -n|

By definition this equals o/ so

An = a_)»'
n :
589-5x10 *mm x 21-72deg/mm _ =
= = * 130 (rad)
- -58951;021-72 < 10-3
=071x10"*

Plane polarized light on entering the wedge decomposes
into right and left circularly polarized light which travel .l
with different speeds in P and the emergent light gets its e

plane of polarization rotated by an angle which depends
on the distance travelled. 4‘\

Given that Ax = fringe width 4 \

A xtan 0 = difference in the path length traversed by two /7 \

rays which form successive bright or dark fringes. _—— ! !

2% 4L
Thus Tlnn—n,|Axtan6-2n P Pl
Thus a-=NAn = /A xtan 0

= 20-8 ang deg/m m
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Let x = distance on the polaroid Pol as measured from a maximum. Then a ray that falls at
this distance traverses an extra distance equal to
x+ xtan O

and hence a rotation of +toaxtand = = zx

Ax

By Malus’ law the intensity at this point will be cos’ ( :t_x)?
~ Ax

If Iy = intensity of natural light then

1

2 I = intensity of light emerging from the polarizer nicol.

Suppose the quartz plate rotates this light by ¢, then the
analyser will transmit

1 cos? (90 - @)
- -;—Iosinz(p N, L pol
of this intensity. Hence nl, = %Io sin® @ 4 o
or Q= sin'l\/—Z—n 90‘(? NZ(ATICIZ)
But ¢ =ad so
dpin = ésin'lm

For minimum d we must take the principal value of inverse sine. Thus using
o =17 ang deg/m m.
dpin = 299mm.

For light of wavelength 436 nm

415°xd = kx180° = 2kx90°
(Light will be completely cut off when the quartz plate rotates the plane of polarization by
a multiple of 180°.) Here d = thickness of quartz plate in mm.

For natural incident light, half the light will be transmitted when the quartz rotates light by
an odd multiple of 90°. Thus

31-1°xd = (2K +1)x90°

41-5 4

NOW_ 31—.1-13344—3
Thus k=2and ¥ =1 and
d= 4x90 = 867mm.

41-5
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5.193 Two ecffccts are involved here : rotation of plane of
polarizatin by sugar solution and the effect of that rotation
on the scattering of light in the transverse direction. The
latter is shown in the figure given below. It is easy to see
from the figure that there will be no scattering of light in
this transverse direction if the incident light has its electric
vector parallel to the line of sight. In such a situation, we

cxpect fringes to occur in the given experiment.
From the given data we see that in a distance of 50 cm,
the rotation of plane of polarization must be 180°. Thus
the specific rotation constant of sugar

- rotation constant

oK

concentration
- 180/50 ang/deg/cm = 180
50051_ 5-0dm x ( -500 gm/cc)

72° ang deg/(dm ‘gm/cc) (1dm = 10cm)

5194 (a) in passing through the Kerr cell the two perpendicular components of the electric field
will acquire a phase difference. When this phase difference equals 90° the emergent light
will be circularly polarized because the two perpendicular components O & E have the
same magnitude since it is given that the direction of electric field E in the capacitor
forms an angle of 45° with the principal directions of then icols. In this case the intensity
of light that emerges from this system will be independent of the rotation of the analyser
prism.

Now the phase difference introduced is given by

2n
8 = SX(ne-mo)!

In the present case & = g— (for minimum electric ficld)

-
41
Now ne-n()--BkE2

1 s
$0 Em-\/m. -10/\/88 = 10-66 kV/cm .
(b) If the applied electric field is

E =E_ sinot,o =2xv

ne—

than the Kerr cell introduces a time varying phase difference
d =2nB| Elsin’ot

2rx22x10 %% 10x (50 x10°)?sinw¢
11 nsinw¢
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L. n 1
In one half-cycle (m. in time — = 7/2 = —J
® 2v
this reaches the value 2 k @ when

2 2 4 6 8 10
A TR TRR TR TRIT)
2 4 6 8 10
17117117 11° 11

i.e. 11 times. On each of these occasions light will be interrupted. Thus light will be interrupted

sin

2vx11 = 22x 10 times per second
(Light will be interrupted when the Kerr cell (placed between crossed Nicols) introduces a
phase difference of 2 kx and in no other case.)

5.195 From problem 189, we know that
An = —
n

where a is the rotation constant. Thus

2 _20ac
2w/\ ®
On the other hand Omeg = VH
_2cVH

-

An =

Thus for the magnetic rotations An

5.196 Part of the rotations is due to Faraday effect and part of it is ordinary optical rotation. The
latter does not change sign when magnetic field is reversed. Thus

¢, =0al+VIH
¢ =al-VIH
Hence 2VIH = (9, -@;)
or V-(@)/IH

Putting the values

V= il:)—;nf%x 10"3perA = 0-015 ang min/A

5.197 We write

P = Pchemical * Pmagnenc
We look against the transmitted beam and count the positive direction clockwise. The chemical
part of the rotation is annulled by reversal of wave vector upon reflection.
Thus Pehemical = O

Since in effect there is a single transmission.
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5.198

5.199

On the other hand
Pmeg = ~NHVI

To get the signs right recall that dextro rotatory compounds rotate the plane of vibration in
a clockwise direction on looking against the oncoming beam. The sense of rotation of light
vibration in Faraday effect is defined in terms of the direction of the field, positive rotation
being that of a right handed screw advancing in the direction of the field. This is the opposite
of the definition of Quemica for the present case. Finally

¢=(a-VNH)I
(Note : If plane polarized light is reflected back & forth through the same active medium in
a magnetic field, the Faraday rotation increases with each traveresal.)

There must be a Faraday rotation by 45° in the opposite direction so that light could pass
through the second polaroid. Thus
VIH,;, = n/4

n/4 __45x60 A
Vi 259%x026 m

= 401 k_é
m

or Hm -

If the direction of magnetic field is changed then the sense of rotation will also change. Light
will be completely quenched in the above case.

Let r = radius of the disc

. .. . . 1
then its moment of inertia about its axis = Em r’
In time ¢ the disc will acquire an angular momentum

i
t-mr?-=
w

when circularly polarized light of intensity / falls on it. By conservation of angular momentum
this must equal

2

—m ro-

M
where wy = final angular velocity.
Eauati . mo g

quating = 5l
() c mc Wy

But ZJI:--v-ksot— T

Substituting the values of the various quantities we get
t = 119 hours
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5.5 DISPERSION AND ABSORPTION OF LIGHT

5.200 In a travelling plane electromagnetic wave the intensity is simply the time averaged magnitude
of the Poynting vector :-

I= <|ExH|> = <\/f§EZ> - <ceE’>

. 1
on using c = , EVey = HY g .
V € Mo

(see chapter 4.4 of the book).

Now time averaged value of E%is E02/2 so

1 .‘/ 21
=5¢ eoEoz or E, = P

80’

(a) Represent the electric field at any point by E = Egsin w ¢ . Then for the electron we

have the equation.
mx = eEysinwt

ek, .
so X = - > sin @ ¢
mo

The ampitude of the forced oscillation is

eE, ‘/
02- e2 2 =51x10"%cm

mo mw C¢gp

The velocity amplitude is clearly

E
€0 o 51x10"%x34x10% = 173 cm/sec
mam

(b) For the electric force
F, = amplitude of the electric force

= eEo
For the magnetic force (which we have neglected above), it is
(evB) = (evpeH)

=evE ey = ev%

writing v = -vycos ¢

eEo

where Vg =
m®

we see that the magnetic force is apart from a sign
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F
Hence F—'" = Ratio of amplitudes of the two forces
e

Yo _5gy10-1t
P 29x10

This is negligible and justifies the neglect of magnetic field of the electromagnetic wave
in calculating v, .

5.201 (a) It turns out that one can neglect the spatial dependence of the electric field as well as
the magnetic field. Thus for a typical electron
mr = eEysinmt

—
- eEy . . . .
SOT7 = — — sin w ¢ (neglecting any nonsinusoidal part).

The ions. will be practically unaffected. Then

— ny e2

— — —>
and D= €0E+P = Eo

1- E

€9 m w°

2
ny e

gEgm (.02

Hence the permittivity e=1-

(b) The phase velocity is given by

wp
So ck=w 1-— , 0p =
w

e

I

QN

)

+

S
']

2
Thus vV=c 1+ ?:2 -c\/1+[___29_e_];»2

5.202 From the previous problem
no €

2
n = 1.—
eommz

2

ny e
= 1"_‘“21_2'
4" egmv

Thus ny = (4n2v2meo/e2)(1—n2) = 236x10" cm 3
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5.203 For hard x- rays, the electrons in graphite will behave as if nearly free and the formula of
previous problem can be applied. Thus

2
nge
a1 _0 5
Egm
no e 2
and nel-——7—
2¢gmo
on taking square root and neglecting higher order terms.
ng € np €2 A2
So n-1=- 3= Tg 2 3
2ggm o 8n‘ggme

We calculate ny as follows : There are 6 x 6023 x 102 electrons in 12 gms of graphite of
density 1:6 gm/c.c. Thus
L o 6x6023x107
0 (12/16)
Using the values of other constants and A = 50 x 10~ 2 metre we get
n-1=-54x10""

per c.c

5.204 (a) The equation of the electron can (under the stated conditions) be written as
mx +yx+kx = eEgcos ot

To solve this equation we shall find it convenient to use complex displacements. Consider
the equation
mz +yz+kz = eEge™ "’
Its solution is
eEo e—imt
zZ= >
-mo'-iyo+k

(we ignore transients.)

it - 2.k
Writing g m’ Wy -

eEo

we find z= e"i“"/(mg—wz—Zl’ﬂm)

Now x = Real part of 2z

ek cos(wt+)

=acos(wt+@)

m

\/(mg—wz)2+4ﬁ2w2
2fw
W - Wy

2w

where tan @ =

singp = -

\/(mz-mg)2+4ﬁ2m2
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(b) We calculate the power absorbed as

Pae<L Fx> = LeEycosot(-masin(wt+¢))>D>

2
.eEOl. 26(0 . a(eEo) \ ﬁmmz

()
m2 (op-0')+4p’e’ m ) (0p-0®)+4pe’

This is clearly maximum when wy = ® because P can be written as

eEo

" [
Do 2
(m (o) +48
2
E,
and Pwsﬁ(e—o) for ® = wy

P can also be calculaied from P = < yx-i>

Bmw’(eEym )?

(mg—m2)2+462m2'

= (yo?d/2) =

5.205 Let us write the solutions of the wave equation in the form
A= Aoei(mt—kx)

where k = 2z and A is the wavelength in the medium. If »' = n +iy, then

A

k-z—“n’

(Mg is the wavelength in vacuum) and the equation becomes
A =AgeX* exp(i(wt-Kx))

2n

X

A =Age** cos(wt-Kx)

This represents a plane wave whose amplitude diminishes as it propagates to the right

(provided ¥ < 0).

where ¥’ = %x and K = n . In real form,

when ' = iy, then similarly
A=AjeX*cosmt
(on putting n = 0 in the above equation).
This represents a standing wave whose amplitude diminishes as one goes to the right (if
X' < 0). The wavelength of the wave is infinite (k' = 0).

Waves of the former type are realized inside metals as well as inside dielectrics when there
is total reflection. (penetration of wave).
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5.206 In the plasma radio waves with wavelengths exceeding A, are not propagated. We interpret
this to mean that the permittivity becomes negative for such waves. Thus

2
0=1-"2% i o a2
gEgMmw
2.2
Hence _n.;’_e__)ﬁ_i =1
4n°egmc
47’ eym 9
or ny = —— 5 — =1984x10 perc.c
- 5.207 By definition
dw dv
u=— = dk(vk) asw =vk =v+kdk
Now Ic=—2—n S0 dk=——2—£dk '\M
A A2
Thus Uu=v- kd—! !
: ar ! ' fdy [
' Its interpretation is the following : <D -—;\- A=A
[
(%) is the slope of the v - A curve at A=A'. v { A
A= >

Thus as is obvious from the  diagram

=v(M)-2 av is the group velocity for A=A'.
dn LS NN

5.208 @@ v = a/Vn , @ = constant

Then u=v-kj—;:—
=\/LI_ x(-%ar”) _%7“_; -3y
®) v = = wk, b = constant
so ® = bk? and u=id—(;cl=2bk=2v
(© v=—(§—2,c=constant =%.
so o =ck or o=cPk??
do
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5.209 We have

uv = 240 _ 2
k

dk
Integrating we find

o = A+c2k2, A is a constant.

Vol-A
c

SO k

w c
and v-k-

\/ A

1-=

2

writing this as ¢/Ve(w) we get e(w) = 1—-‘%—
®

(A can be +ve or negative)

5.210 The phase velocity of light in the vicinity of A = 534nm = A is obtained as

C 3x10°8
v(hA) = n0a) - 1640

To get the group velocity we need to calculate

= 1-829 x 10® m/s

(:—;) . We shall use linear
A=y

interpolation in the two intervals. Thus

(dn) =—ﬂ=—28x10'5 per nm
A = 5215

dr 25
(3—:) --'5—051—--18-2x10"pemm
A = 561-5

There (d n/d A) values have been assigned to the mid-points of the two intervals.

Interpolating again we get

dn = -28+-9—'-8—x12-5 x10~° permm--24-9x10‘5pernm.
dh ) 40 |
= 534 \
Finally
c d (c c A(dn
u_n-Adk(n)—n[li'n( A)]
At A = 534

3x10°r 534
1640 |~ 1:640

x 249 x 1073 ] m/s = 1-59 x 108 m/s
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We write

Vo= % =a+bh
so o =k(a+bA)=2nb+ak.
(since k = 2—:—) . Suppose a wavetrain at time ¢ = O has the form

F(x,0) -f Flkyelt*ak

Then at time ¢ it will have the form
F(x,t) -f Flk)etx—iot gy

=f (k) eiks-iabeaky =f £ (k) eik(x-at) qi2xbi gy

F(x,t)=F(x-at,0)
so at time ¢ = v the wave train has regained its shape though it has advanced by a <.
1
2
of the components has been cut off. On passing through the solution the plane of polarization
of the light beam will rotate by
¢ =VIH
and its intensity will also decrease by a factor e *! The plane of vibraton of the light wave
wll then make an angle 90° ~ @ with the principal direction of the analyzer Nicol. Thus by
Malus’ law the intensity of light coming out of the second Nicol will be

1

On passing through the first (polarizer) Nicol the intensity of light becomes = I, because one

SIp-e * . cos?(90° - )
: L\ /5%
- -;-Io e *'sin’g.
(a) The multiple reflections are shown below. Transmis- IO(H)) (1-9) 1o
sion gives a factor (1 - p ) while reflections give fac-
tors of p. Thus the transmitted intensity assuming ?2(1_?)1'0
incoheren light is
(1-p) T+ (1-p)* p* o + (1- p)* p* ot ..
= (1-pPly(l+p’+p*+p%+..)
2 2
- (1)L x—L 1-p -9)? $°(1-9)°I,
(1 p)onl_p2 hits. (1-9)To

etc.
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5.214

5.215

5.216

(b) When there is absorption, we pick up a factor o = e *? in each traversal of the plate.
Thus we get

(1-p)Yolh+(1-p)p L+ (1-p) o p'Ly+...

=(1-p)Yol(1+*p’+c*p*+...)

We have
u=e % (1-p)
u=e*% (1-p)

where p is the reflectivity; see previous problem, multiple reflection have been ignored.

Thus U oox(d-dy)
T2
In A2
i 0.35 cm™
or = = U. cm
x d)-d,

On each surface we pick up a factor (1 ~ p) from reflection and a factor e *! due to absorption
in each plate.

Thus T = (1-p)Ne V!
1 (1- 9)2N -1
Thus X =N In - = 0.034 cm™.

Apart from the factor (1 - p) on each end face of the plate, we shall get a factor due to
absorptions. This factor can be calculated by assuming the plate to consist of a large number
of very thin slab within each of which the absorption coefficient can be assumed to be constant.

Thus we shall get a product like
e—x(x)dx e—x(x+dx)dxe—x(x+2dx)dx

This product is nothing but

1
—fx(x)dx
e o

Now % (0) = %1, x(!) = ¥z and variation
with x is linear so y(x) = x1+§(x2—x1)
Thus the factor becomes

!
x
-f [X;*T(Xz‘ln)]d‘ —%(xﬁxz)l
e ° = @
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The spectral density of the incident beam (i.e. intensity of the components whose wave length
lies in the interval A& A +d M) is
Iy
MN-M

The absorption factor for this componcnt is

dh, AIS As M

At )‘2 x(xz X|)}I
e

and the transmission factor due to reflection at the surface is (1 - p )2. Thus the intensity of
the transmitted beam is

=1+ —Al(xz-xl)
(1-p) —— L fdxe b2

MM
)'l
I, _ 1 - e~ (%2=x)! e “ul_ pm%!
- (1-p)? enl [l A = (1-p)yh &—2—
SR v v ((xz-xl)‘me X0a=h) = (1=p)"h o

At the wavelength Ag, the absorption coefficient vanishes and loss in transmission is entirely
due to reflection. This factor is the same at all wavelengths and therefore cancels out in
calculating the pass band and we need not worry about it. Now

T, = (transmissivity at A = Ag) = (1-p)?

T = transmissivity at A = (1-p)2e *(*)¢

The edges of the passband are Ay = A2—;" and at the edge

Pl
= e-ad 22

Ty

s Ty

Thus 2% ( 71)
or AA=2A0\/$(11‘%)

We have to derive the law of decrease of intensity in an absorbing medium taking in to
account the natural geometrical fall-off (inverse sequare law) as well as absorption.
Consider a thin spherical shell of thickness drx and internal radius x. Let
I(x) and I(x+dx) be the intersities at the inner and outer surfaces of this shell.

Then 4nx’I(x) e %% = an(x+dx)*I (x+dx)

Except for the factor e~ *“* this is the usual equation. We rewrite this as
LI(x) = I(x+dx)(x+dx)2(1+xdx)

o
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- I+%dx)(x2+2xdx)(1+xdx)
or x? %+xx21+ 2xI =0
Hence i(.)c21)+)((x21) =0
dx
S0 Xl =Ce™™**

where C is a constant of integration.
In our case we apply this equation for as xs b

For x < a the usual inverse square law gives

()}
I(a) =

(a) 4na’

Hence C-:—()-;e"'z
4n

L] -x(b-a)

and I(b) = —e x(

(b) 4nb

This does not take into account reflections. When we do that we get

I(b) = (1-p)ex(b-9)

4nb’

m

5.220 The transmission factor is e *¢ and so the intensity will decrease

e*?

= e¥0x1U3x01 _ 58.4 timestimes

(we have used p = u/p ) x p and used the known value of density of lead).

5.221 We require ppy, dp, = pyy dy,

Upp Ka i

or ( £ )prde = (—A')P,udu
Pprb Pai

720x 113 xdp), = 348 x2:7x 2:6

dpp = 0:3mm

5.222 ud

]
LY

[ ST

or d= — =

5.223 We require N plates where
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5.6 OPTICS OF MOVING SOURCES

5.224 In the Fizean experiment, light disappears when the wheel rotates to bring a tooth in the

5.225

5.226

position formerly occupied by a gap in the time taken by light to go from the wheel to the
mirror and back. Thusdistance travelled = 2/ Suppose the m™ tooth after the gap has come
in place of the latter. Then time taken

= Z(m-1 +lsec. in the first case

21”1
= 2”H'lsecin the second case = S S
2zn, z(ny-n)
Then c=21z(ny-ny) = 3024 x10%m/sec

When v << ¢ time dilation effect of relativity can be neglected (i.e. £ = z) and we can use
time in the reference frame fixed to the observer. Suppose the source emits short pulses with
intervals 7. Then in the reference frame fixed to the receiver the distance between two

seccessive pulses is A = ¢ Ty - v, Ty when measured along the observation line.
Here v, = v cos 8 is the projection of the source velocity on the observation line. The frequency
of the pulses received by the observer is

_c__YM e Source
v N = . v, Vo (1 + C)
- ~
H ! SS
(The formula is accurate to first 'V‘TOG ! \—\ X/
order only) ! N obserber
Thus Yoo | % veos® Lﬁ ?
_——_ = ——— O
Vo c c be A Cho >
The frequency increases when the source
is moving towards the observer.
Av | Y cos @ from the previous problem >
v B C p P \%
But vA = c gives an differentiation
Av _ _AX
v A
v2 2T
So AN=-AVY 5 cos8 =-AY — cosb
c mc
on using T = %—mvz, m = mass of He* ion

We use mc? = 4 x 938 MeV. Putting other values
AN = -26nm
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5.227

5.228

5.229

One end of the solar disc is moving towards us while the other end is moving away from us.
The angle 6 between the direction in which the edges of the disc are moving and the line of
observation is small (cos 0 = 1). Thus

AL 20R
R
where @ = %.7-‘- is the angular velocity of the Sun. Thus
o =S A
2R A
4R A
So T="2ax
Putting the values (R = 695 x 108m)
we get T = 24-85 days

Maximum splitting of the spectral lines
will occur when both of the stars are moving in the direction of line of observation as shown.
We then have the equations
AAr
(%)=
m
2

mv

2v
c
ym’
4R>
R
T - —
v

Obs.

From these we get

d=2R= (é%) ct/n = 297x10"km
m

3
m = (-’%—) Sv/2ny = 29x10%kg
m

We define the frame S (the lab frame) by the condition of the problem. In this frame the
mirror is moving with velocity v (along say x— axis) towards left and light of frequency w,
is approaching it from the left. We introduce the frame S.' whose axes are parallel to those
of S but which is moving with velocity v along x axis towards left (so that the mirror is at
restin S'). In S’ the frequency of the incident light is

2

o) = mo( 1+v/c)
1-v/c

In S.’ the reflected light still has frequency w; but it is now moving towards left. When we
transform back to S this reflected light has the frequency




5.230

5.231

5.232

231

From the previous problem, the beat frequency is clearly
Av = voz—cv— =2v/(c/vy) = 2v/Mg

14»3
2

Hence vV = %A.Av = x 50 cm/sec = 900 km/hour

From the invariance of phase under Lorentz transformations we get
ot-kx = 't'-kx'

Here @ = c k. The primed coordinates refer to the frame S ' which is moving to the right
with velocity v :-

Then x' = y(x-vt)

vXx

t’=y(t-——67) y y/
where Yy = (V 1-vZ/c? )_l

Substituting and equating the coefficients of ¢ & x X, X
o=y +ykv = _A+vie ’
V1-v¥e?
k_ym_2\1+yk,_ 1+v/c z
(4

k’—
V1-v¥e? 2

From the previous problem using

2n
k = X
. 1+v/c
we get A -Kv T-v/e
A%
1+-— 2
c A
Thus Tove ™ 2
242 2 2
or v/e = A=\ _ 564" -434 0256

M2 N2 564+ 4342
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5.233 As in the previous problem

v A2 -2
c  AZ4n?
Ay,
AI
50 Ve=c—"— = 71x10°km/s

5.233 We go to the frame in which the observer is at rest. In this frame the velocity of the source
of light is, by relativistic velocity addition foumula,
3 1

~Cc-—-—-C

vV = 4 2 ='2—£
5.

3.1 2
1—(4c 2c/c)

When this source emits light of proper frequency wg, the frequency recorded by observer

will be
® = o v 1_V/C+v/c = v 3 ™
OV 14+v/e - 7 0

Note that ® < g as the source is moving away from the observer (red shift).

5.235 In transverse Doppler effect.

o=w0V1-p’ mo(l—%ﬁz)

£ 1+162) 142
So A p m0(1+23) ko(1+23)
Hence Ax-%pzx
» V22T
Using p° = - = —, where T = K.E of H atoms
c mc
A}‘.——T—)»=——1—x656-3nm—0-70nm
T mc? 938 B

236 (a) Iflight is received by the observer at P at the moment O' vt 0
when the source is at O, it must have been emitted \\2 9 r——-l > )
by the source when it was at O’ and travelled along N
O'P. Then if O' P=ct,0'O=vt ™

]

]

“ o

apdcos9=%=ﬁ cts, i
|

]

!

In the frame of the observer, the frequency of the \
light is o while its wave vector is
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?(oose,sine,O)

we can calculate the value of w by relating it to proper frequency w. The relation is

9 i_
(oo-\/T___ﬁT(l BcosH)
® v

1-v/ V1-v¥/e
is an invariant which takes the value w, in the rest frame of the source).

wV 1-p 0
L

(b) For the light to be received at the instant observer sces the source at O, light must be
emitted when the observer is at O at 90° = 0
cosB = 0

Then as before g = 2 o w=- wgV 1 - Bz = 18 x 100 scc ™!

V1-p?

In this case the observer will receive light along OP and he will “see” that the source is
at O even though the source will have moved ahead at the instant the light is received.

(To derive the formula is this form it is easiest to note that

Thus W = = 5x10¥%sec™?!

An electron moving in front of a metal mirror sees an image charge of equal and opposite
type. The two together constitute a dipole. Let us look at the problem in the rest frame of
the electron. In this frame the grating period is Lorenz contracted to

d = dV1-v¥e

Because the metal has etchings the dipole moment of electron-image pair is periodically
4

disturbed with a period d;—

The corresponding frequency is dl’- which is also the proper frequency of radiation emitted.

Due to Doppler effect the frequency observed at an angle 0 is

Vi-(v/c) v/d
v =

1—lcose l-lcosﬂ
c C

The corresponding wave length is A = % =d (%— cos 0]
/

Putting cmv,0 =45 ,d=2pumwe get
A = 0-586 pm
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5.238 (a) Let v, be the projection of the velocity vector of the radiating atom on the observation
direction. The number of atoms with projections falling within the interval v, and

5.239 In vacuum inertial frames are all equivalent; the velocity of light is ¢ in any frame. This
equivalence of inertial frames does not hold in material media and here the frame in which

ve+dv, is

n(vy)dv, _ f:xp(-mv,z(/ZkT)dvx

The frequency of light emitted by the atoms moving with velocity v, is

v
®=wy|l+ -c—x- . From the expressions the frequency distribution of atoms can be found

:n(w)dw = n(v,)dv, Now using

o -
A ™
mc? o\
we get n(o)do exp(—zkr(l—-m—o) )
Now the spectral radiation density [, = n,
2
—a(l-;;) mc2
Hence I, = Lhe » @ = 5UT
(The constant of proportionality is fixed by I.)
(b) On putting ® = wg %A ® and demanding
I, = Iy/2
Ao
we get 1 °a[2%)
ge 5 =€
2
S0 a (A_w.) =In2
2(00
Hence é-u—)=\/(21n2)kT/mc2
2(00
and _4_(:)(_1)_ = 2\/(21112)/«:T/mc2

the medium is at rest is singled out. It is in this frame that the velocity of light is " where

n is the refractive in desc of light for that medium.

The velocity of light in the frame in which the medium is moving is then by the law of

addition of velocities
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[4 c
—+v —+v
n n c v
p = - =(—+v)(1—c—+,..)
n n
1+—--v/c2 1+—
n cn

[ \ [ 1
==4+V-TJ+..m—+V 1——2
n n n n

This is the velocity of light in the medium in a frame in which the medium is moving with
velocity v<<c.

Although speed of light is the same in all inertial frames of reference according to the
principles of relativity, the direction of a light ray can appear different in different frames.

This phenomenon is called aberration and to first order in %, can be calculated by the

clementary law of addition of velocities applied to light waves.
The angle of aberration is

tam'11
c’ o

and in the present case it equals %—6 0 on either side. Thus equating C

Y = an 280 = 80(50 radians)

2
c 3x10° 41 = !
or V=300 = X 3600 * 180 1%
Ix41xm

4 — .
36x36 x 10" m/s = 29-8 k m/sec

We consider the invariance of the phase of a wave moving in the x -y plane.
We write

o't =Ky =Ky = ot-kx-kyy

From Lorcntz transformations, L.H.S.

=wy( —25) Ke(x-vi)y-k,y

so equating =y(0 +vky)
k, y(lc’ +—— and k, =k,
so inverting o = y((n—vkx)
x 'Y(kx"xc'zg)
Ky =k,
writing K, = K cos®', k, = kcos 6

= K'sin®, k, = ksin6
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5.242

we geton using ck' = o', ck=w

cos @ = S0808-B
1-Bcos

where f = ‘c_, and the primed frame is moving with \
velocity v in the x- direction w.r.t the unprimed frame. -
For small § << 1, the situation is as shown. y / -\
We see that cos® = - ~Tfo=0
if 0 =-n/2.
Then 6’=-—(-§+sin'1ﬁ)
V)

This is exactly what we get from elementary nonrelativistic law of addition of velocities,

The statement of the problem is not quite properly worked and is in fact misleading. The
correct situation is described below. We consider, for simplicity, stars in the x — z plane. Then
the previous formula is applicable,

and we have

cos 0’ = cos 0 - B i cos 6 - 0-99 -
1-Bcos8 1-099cos® 9’:—5,9=-—8,1°

The distribution of 8’ is given in the diagram N
below 9:___13
The light that appears to come from the 2
forward quadrant in the frame 0=-171.9°
K(®=-mto8=-mn/2) is compressed into
an angle of magnitude + 8:1° in the forward 0-’:0"0’:}/(/”"90 0=-T>0L-7
direction while the remaining stars are
spread out.

The three dimensional distribution can also be found out from the three dimensional
generalization of the formula in the previous problems.

The field induced by a charged particle moving with

velocity V excites the atoms of the medium turning them P
into sources of light waves. Let us consider two arbitrary

points A and B along the path of the particle. The light

waves emitted from these points when the particle passes

them reach the point P simultaneously and reinforce each C
other prm'rided théy are in phase which is the case is ]
general if the time taken by the light wave to propagate A >V
from the point A to the point C is equal to that taken by A

the particle to fly over the distance AB. Hence we obtain

v
wsB—V
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where v = -f; is the phase velocity of light. It is evident that the radiation is possible only if
V >v i.e. when the velocity of the particle exceeds the phase velocity of light in the medium.

We must have

€ 3108 v, L
Vzn 16xlOm/s o T =75
For electrons this means a K.E. greater than
2
m,c n
T, = ————5————mec2===m¢c2 —_—-1
) 1 2 Vni-1
-( i
= 0511 using m, ¢ = 0:511 MeV = 0-144 MeV

For protons with m, ¢ = 938 MeV

T, = 938 ——-———1-———1 = 264 MeV = 0264 GeV
1\2
Vi-(se)
Also Topn = 296 MeV = mc? -——1_——-1
1 \2
V(i)
Then mc® = 1053 MeV. This is very nearly the mass of means.
v
F 0=
rom cos v
we get V =vsecO
so Z-!secessecezsec30°_2/\/3= 4
c 1-5 32 33

Thus for electorns

T. = 0-511 —1—-——-—1 = O-SII[V 27 —1] = 0289 MeV

P 11
"z
Generally T =mc? 1 -1
1-— 1
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5.7 THERMAL RADIATION. QUANTUM NATURE OF LIGHT

5.246 (a) The most probable radiation frequency w,, is the frequency for which
3
4, - 3m2F(a)/T)+-@i,—F'(a)/T) =0

dow
The maximum frequency is the root other than ® = 0 of this equation. It is
© = 3 T' F(w/T)
F (w/T)

or w,, = xo T where x; is the solution of the transcendental equation
3F(xp)+xF'(x) =0
The maximum spectral density is the density corresponding to most probable frequency.
p
It is
(4g Jmax = x(a)F(xO)T3 o1’
where x; is defined above.

(c) The radiosity is

M, = %fw3F(%):)dw - T %fxsF(x)dx oT!
0 0

5.247 For the first black body

b
(A = T
b b
Then (M)z'Tl-+A)\.-T—2
H T b kS 1747 kK
ence 2% “b+T,AN
—+AM
T,
5.248 From the radiosity we get the temperature of the black body. It is
M va 4 A
T =|—¢ - __:ii)"_lg__s = 8529K
4 567 x 10
Hence the wavelength corresponding to the maximum emissive capacity of the body is
b 0-29 -4
T 852.9cm 34x10""cm = 34pum

(Note that 3-0 W/cm? = 3:0 x 10* W/m?)
5.249 The black body temperature of the sun may be taken as

029 _ _ 602K

® " 048x10-*
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Thus the radiosity is
M,o = 567x1078(6042)* = 0-7555 x 10° W/m?
Energy lost by sun is
47 (6:95) x 10 x 07555 x 10® = 4-5855 x 10%° watt
This corresponds to a mass loss of

45855 x 10
9 x 106
The sun loses 1 % of its mass in
197 x 10% x 102
51x10°

kg/sec = 5-1 x 10° kg/sec

sec a 122 x 10 years .

For an ideal gas p = nk Twhere n = number density of the particles and k = 1—?—- is Boltzman
A

constant. In a fully ionized hydrogen plasma, both H ions (protons) and electrons contribute
to pressure but since the mass of electrons is quite small (= m,/1836), only protons

contribute to mass density. Thus

and p= MT

Nymy
where my = m, is the proton or hydrogen mass.

Equating this to thermal radiation pressure

= — X — =

Nymy 3 c 3¢

3cpR 3cpR
20N, my oM

2pR . _u _M. 4 40T’
3

Then T3

where . = 2N, my = molecular weight of hydrogen = 2 x 10 %kg.

173
Thus T-(3—°95) ~ 1-89x 10’ K
oM

In time dt after the instant ¢ when the temperature of the ball is 7, it loses
ndoTdt

Joules of energy. As a result its temperature falls by - dT and
nd cT*dt = -g’-dspCdT

where p = density of copper, C = its sp.heat
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5.252

Thus dtg_g_gd_{
60 T
Ty'm
or to-%Mf —d—{-—c-ed—a(ns-l)-2-94hours.
Y T T 180T0
0

Taking account of cosine low of emission we write for the energy radiated per second by the
hole in cavity # 1 as
dI(Q) = Acos8dQ

where A is an constant, d Q is an element of solid angle around some direciton defined by
the symbol Q . Integrating over the whole forward hemisphere we get
x2

I =Afcos92:tsined6 =nA
0

2
We find A by equating this to the quantity o T 14 . % o is stefan-Boltzman constant and d

is the diameter of th hole.
Then A= -}u a’tt
Now energy reaching 2 from 1 is (cos 0 =~ 1)

%odsz-AQ

2,
where AQ = _(_E_‘iz_’f_)_ is the solid angle subtended by the hole of 2 at 1. {We are assuming
d<<ls0 AQ = area of hole / ( distance )2 }.
This must equal o T; nd%/4
which is the energy emitted by 2. Thus equating
1 34 N d? snd?
40d Tl —"—412 0T2"‘_4

or TZ-TIV%

Substituting we get T, = 0380 kK = 380K.
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5.253 (a) The total internal energy of the cavity is

U = 40T4

Hence Cy = (‘3;’) l—‘Z:‘lrsv

— 16x5-67x10

3x10®

- 1-6 x 5-67
.3

x 10° x 103 Joule/ °K

nJ/K = 3:024nJ/K

(b) From first law
TdS =dU+pdV

- VdU+UdV+Eay (p - —gl)

- VdU+i‘-5’-]-dV

1603 16
< ——VTI'dT+ 3CT dv

160 ..,..2 16 ¢
S0 ds= < VT dT+——3CTdV

160 VT3)

160 1
Hence S = —;EVT = ECV = 1-008nJ/K.

5.254 We are given
u(w,T) = A(o3exp(—aw/T)

3 a
(a) Then =((n_T u=0
so ®
(b) We determine the spectral distribution in wavelength.

-4 (MT)dN = u(0,T)do

But o - 2EC or )\.=2nc=g

w

s0 ar = -Sdo, do = -San
(0] A

(we have put a minus sign before d A to subsume just this fact d A is -ve where d o is
+ve.)
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~ c (C c’A -aC'
u(k,T)-kzu()‘,T) = 25 exp(-)‘z.)

This is maximum when

ﬁ-6 - -5+_aC'
.90 A ONT
aC' 2mnca
or k’-s - 57T = 1-44pm
5.255 From Planek’s formula
o’ 1

Uy = 3 57—
P ekl _

(a) In a range h w <<k T (long wavelength or high temperature).
u, > ——h ms __1.__
b 1:2 CS ho

k

= :t(;cs kT, usinge” m 1+x for small x.

(b) In the range # w >> T (high frequency or low temperature) :

Ao Ho
nw kT
kT»l so e >>1
Ao henr
and U, = —— e
nc
5.256 We write
u,dow = u,dv where ® = 2nv
Then - 2nh(2nv) 1 _16x%4v 1
v 2 o 2TRVAT _ | 3 e 2TRVAT _ g
Also -u(M, T)dh = uydw where A-ch,
do = —%dl
- 2nc 2nc
B(h, 1) - 25 u( x ,T)

_2mc(2nc ’ h 1 16 x° ch 1
T2 A | PP e2TRART_{ T 35 20he/ART
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5.257 We write the required power in terms of the radiosity by considering 6nly the energy radiated

5.258

in the given range. Then from the previous problem
AP = %E(A.,,,, T)AM

472 Ph AN
A.f, 2R RN T _

But AT = b

_anlh AL

so AP 3 ey

AN

Using the data

2nch _ 2nx3x10°x105x0"3
kb 138x10"2x29x10"3

= 4.9643

1 -3
——— = 703x10
e2u£‘h/kb_ 1
and AP = 0312 W/cm®

(a) From the curve of the function y (x) we see that y = 0-5 when x = 1-41

0-29

Thus A =141x 3700

cm = 1-1105S pm.

(b) At 5000 K
= g%gx 10'6n} = 0-58 pm
So the visible range (0-40 to 0-70) p m corresponds to a range (0-69 to 1-31) of x.
From the curve

y(069) = 0-07

y(131) = 0-44
so the fraction is 0-37

(c) The value of x corresponding to 0-76 are

x, = 076 9(%9 = 0786 at 3000K
x, = 076 %'-_259— = 131 at S000K
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The requisite fraction is then
~ &

B _(GY | lon

Pl Tl 1- Y1

ratio of ratio of the
total power fraction of
required wavelengths
in the radiated power

(3] -z

3] *1-012

= 491

5.259 We use the formula € = @
Then the number of photons in the spectral interval (w, w +dw ) is
2

n(ow)do= u(m;zg)dm = :;)Ca e'hm/le_l do
using n(w)dw = -n(A)dA
we get drn()\) -n(z—;i)%dk
- (2nc)’ 1 dn

7
BN 27 he/ART _

8n dh
T \E GInReART |

5.260 (a) The mean density of the flow of photons at a distance r is

<j> = P 2nhc - PA m-2s-2
4nr? A 8nlhcr
- 10 x -589 x 10 ~° -2e-l

8 1% x 1:054 x 103 x 10% x 4

_ 210><-589 % 10 cm =251
8n°x 1054 x12

=59x10%cm 257!

(b) If n(r) is the mean concentration (number per unit volume) of photons at a distance r
form the source, then, since all photons are moving outwards with a velocity c, there is
an outward flux of cn which is balanced by the flux from the source. In steady state, the

two are equal and so
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<Jj> P
n(r)= = =n
c 8 Phc?r?
SO 7'=—‘1 V ——‘Pk
2nc 2hn
o1 10 x 589 x 10~°
6tx10° ' 2x1054x 10> x 10° x 10°
10? 5-89
= — 1\ —= =887
61 2108 metre

5.261 The statement made in the question is not always correct. However it is correct in certain
cases, for example, when light is incident on a perfect reflector or perfect absorber.

Consider the former case. If light is incident at an angle
0 and reflected at the angle 0, then momentum transfered
by each photon is

25—\i cos 0
c

If there are n(v)dv photons in frequency interval
(v,v+dv), then total momentum transfered is

f2n(v)thcos9dv
0

2,

cos 0

5.262 The mean pressure <p> is related to the force Fexerted by the beam by
2

4

The force F equals momentum transfered per second. This is (assuming that photons, not
reflected, are absorbed)

<p>x =F

E E E
2pcr+(1—p)cr—(1+p)ct-

The first term is the momentum transfered on reflection (see problem (261)); the second-on
absorption.
<p> = 4(1 ;Q )E
nd“ct

Substituting the values we get
<p> = 483 atmosphére.
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5.263 The momentum transfered to the plate is
E A A
= - — i - e
c(l p){sin® i-cosB j}
v 9

(momentum transfered + p{-2cosB ; } > y(l\ )
on absorption ) ‘L

( momentum transtered
on reflection )
- %(1—p)six19f—€(1+P)cost ()
Its magnitude is
%\/(1—p)2sin29+(1+p)2c0526 = %\/1+p2+2p00529

Substitution gives 35 # N.s as the answer.

o |

5.264 Suppose the mirror has a surtace area A.

The incident bean then has a cross section of A cos 8 and
the incident energy is /A cos 0: Then the momentum
transfered per second ( = Force ) is from the last problem

I——Acose(1+p)cosef+IAcose(1 p)smBz

The normal pressure is then p = E( 1+p)cos®0

(f is the unit vector 1" to the plane mirror.)
Putting in the values
_ 020x10* 1

.._.—_3 oF x1-8x§ = 062Ncm 2
X

5.265 We consider a strip defined by the angular
range (0,0+d0). From the previous
problem the normal pressure exerted on this

strip is (Y
%_l cos® 0
9
This pressure gives rise to a force whose
resultant, by symmetry is in the direction of \v
the incident light. Thus <
w2

F = -26—1 fcosze-cose-ZnstinGdB = nR2£
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Putting in the values

' 4
Fanx25x10-4 27010 0 _ g1g3uN
3x10
5.266 Consider a ring of radius x on the plate. The normal pressure on this ring is, by problem (264),
2 P 2
A (2oagyy o0
€C4n(x*+n°R*)
- ch (x2+n2R2)2
The total force is then [ X
R
- S nR
P N R
Tme (2 2R2)22nxdx
0 M
R*(140)
Py'R f dy
= 2
2¢ n2R2 y

_PWR2T_1 1 - P
2c n2R2 R2(1+n2) 2c(1+n2)

5.267 (a) In the reference frame fixed to the mirror, the frequency of the photon is, by the Doppler

shift formula
= _ 1+8 - V1- 52
1-8 1-8
(see Eqn. (5.6b) of the book.)
In this frame momentum imparted to the mirro? is

2#6_2110).‘/1+ﬂ
c ¢ 1-pg°

(b) In the K frame, the incident particle carries a momentum of % @/c and returns with
momentum

hol+p
c 1-B
(see problem 229). The momentum imparted to the mirror, then, has the magnitude
hofl1+f | _2he0 1
c {1-8 c 1-8
Here B =

o<
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5.268 When light falls on a small mirror and is reflected by it, the mirror recoils. The energy of
recoil is obtained from the incident beam photon and the frequency of reflected photons is
less than the frequency of the incident photons. This shift of frequency can however be
neglected in calculating quantities related to recoil (to a first approximation.)

Thus, the momentum acquired by the mirror as a result of the laser pulse is

- — 2E
|pf -pll -
Or assuming p, = 0, we get
.\ _2E
2
Hence the kinetic energy of the mirror is
28
2m mc
Suppose the mirror is deflected by an angle 6. Then by conservation of energy
, - 2E?
final PE. = mgl(1-cos0) = Initial KE. = x
mc
0 2E’
or mgl2sin® = = —
d 2 . mc
or sin 2 - (_E_) 1
2 mc m
Using the data.  sin 9 = 13 = 4377x 103

2 107°x3x10°V98x-1
This gives 0 = 0-502 degrees .

5.269 We shall only consider stars which are not too compact so that the gravitational field at their
surface is weak :
-Yzﬂ <<1
c“R

We shall also clarify the problem by making clear the meaning of the (slightly changed)
notation.
Suppose the photon is emitted by some atom whose total relativistic energies (including the
rest mass) are E; & E, with E; <E,. These energics are defined in the absence of
gravitational ficld and we have
E;-E,

h

as the frequency at infinity of the photon that is emitted in 2 — 1 transition. On the surface
of the star, the energies have the values

Wy =
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Thus, from ko = E'5 - E';, we get

+-a(-%)

R

Here o is the frequency of the photon emitted in the transition 2 —> 1 when the atom is on
the surface of the star. In shows that the frequency of spectral lines emitted by atoms on the
surface of some star is less than the frequency of lines emitted by atoms here on earth

(where the gravitational effect is quite small).

Finally Lo 1M
o ¢“R
The answer given in the book is incorrect in general though it agrees with the above result
for Xzﬂ <<1.
c“R

The general formula is

2nrhc
x - eV
2nrhec
Thus A= eV
Now AN = 2nhe (l—l)
eV "
Hence V= 2zhe (m-1 = 159kV
eA)\ n
We have as in the above problem
2nhc
- eV

On the other hand, from Bragg’s law
2dsino = kA = A\
since k = 1 when o takes its smallest value.

Thus Va2 o 30974kV = 31kV.
edsina
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5.272 The wavelength of X- rays is the least when all the K.E. of the electrons approaching the
anticathode is converted into the energy of X- rays.
But the K.E. of electron is

cz[—l -1]
Vi1-v¥/?

(mc? = rest mass energy of electrons-= 0-511 MeV)

Thus 2J‘:C -Tm
or )‘_Zn'hc Zsrh -1
V1-v¥c?

2xh 1

= ’Y-
mc(y-1) Vi_v2

5.273 The work function of zinc is
A = 374 romane = 374 x 1-602 x 10~ * Joule
The threshold wavelength for photoelectric effect is given by

= 270 pm .

2nhec
. A
Ao
or A = 2’:“: = 331-6 nm

The maximum velocity of photoelectrons liberated by light of wavelength A is given by

1 1
Emv -Znﬁc(k )‘0)

So vmu=v41:”.hc(i—i) =6'55x105m/s

5.274 From the last equation of the previous problem, we find

Thus

or
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1 (g 1 2
and — - - -1
o (,‘2 k,)/(" )
n’-2
2ahc  2mhc M
So A= = = 1-88 eV
Ao %3 1]2-1 ¢

5.275 When light of sufficiently short wavelength falls on the ball, photoelectrons are ejected and
the copper ball gains positive change. The charged ball tends to resist further emission of
electrons by atiracting them. When the copper ball has enough charge even the most energetic
electrons are unable to leave it. We can calculate this final maximum potential of the copper
ball. It is obviously equal in magnitude (in volt) to the maximum K.E of electrons (in electron
volts) initially emitted. Hence

2nhc
@Pmax = e -Acu

= 8:86 - 4:47 = 4-39 volts
(A.. is the work function of copper.)

5.276 We write
E=a(l4coswt)cosmyt

a
= acosm0t+5[cos(mo—m)t+cos(m0+m)t]

It is obvious that light has three frequencies and the maximum K.E. of photo electrons ejected
is

h(w+wg)-Ay
where 4;; = 2-:39 ¢V. Substituting we get 0-37¢V.

5.277 Suppose N photons fall on the photocell per sec. Then the power incident is

2nhc
N A

This will give rise to a photocurrent of N zl:—lg-l
which means that N M-J

en
electrons have been emitted. Thus the number of photoelectrons produced by each photon is

w=25%¢T 60198 « 002
el

5.278 A simple application of Einstein’s equation

lmvﬁm =hv-hvy = 27;:’":

2

- A
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5.279

gives incorrect result in this case because the photoelectrons emitted by the Cesium electrode
are retarded by the small electric field that exists between the cesium electrode and the Copper
electrode even in the absence of external emf. This small electric field is caused by the contact
potential difference whose magnitude equals the difference of work functions

%(AW -A,)volts.

Its physical origin is explained below.
The maximum velocity of the photoelectrons reaching the copper electrode is then

1 1 2nthc
Emvlzn - Emvg'(Acu‘Au) - N -Agy
Here v, is the maximum velocity of the photoelectrons immediately after emission. Putting

the values we get, on using A,, = 447¢V, A = 022 um,
Vp = 6:41 x 10°m/s

The origin of contact potential difference is the following. Inside the metals free electrons
can be thought of as a Fermi gas which occupy energy levels upto a maximum called the
Fermi energy Ep . The work function A measures the depth of the Fermi level.

Out side
gL 1 BrAr-Az
A Al A
* \’ e
|
—_ ] |
[ Az

Inside metal
When two metals 1 & 2 are in contact, electrons flow from one to the other till their Fermi
levels are the same. This requires the appearance of contact potential difference of A; -4,
between the two metals externally.

The maximum K.E. of the photoelectrons emitted by the Zn cathode is

2nhec
E“‘“'A—

ADI

On calculating this comes out to be 0993 eV » 1-0 eV

Since an external decelerating voltage of 1-5 V is required to cancel this current, we infer that
a contact potential difference of 1-5-1-0 = 0-5V exists in the circuit whose polarity is
opposite of the decelerating voltage.
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5.280 The unit of # is Joule-sec. Since m c? is the rest mass energy, — has the dimension of time
mc

5.281

5.282

and multiplying by ¢ we get a quantity
h
X = g
whose dimension is length. This quantity is called reduced compton wavelength.

Znﬁ)

(The name compton wavelength is traditionally reserved for

We consider the collision in the rest frame of the initial electron. Then the reaction
is
¥ +e(rest) — e (moving )

Energy momentum conservation gives

'ha)+m0c2 = mocz/ Vv 1-52
ho | _Mch

c r—_l—Bz

where w is the angular frequency of the photon.
Eliminating & o we get

moczsmochL-mocz :—:—g
Vi-g?

This gives p = 0 which implies Aw = 0.

But a zero energy photon means no photon.

(a) Compton scattering is the scattering of light by free electrons. (The free electrons are the
electrons whose binding is much smaller than the typical energy transfer to the electrons).
For this reason the increase in wavelength A A is independent of the nature of the scattered
substance.

(b) This is because the effective number of free electrons increases in both cases. With in-
creasing angle of scattering, the energy transfered to electrons increases. With diminishing
atomic number of the substance the binding energy of the electrons decreases.

(c) The presence of a non-displaced component in the scattered radiation is due to scattering
from strongy bound (inner) electrons as well as nuclei. For scattering by these the atom
essentially recoils as a whole and there is very little energy transfer.
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5.283

5.284

5.285

Let Ay = wavelength of the incident radiation.
Then

wavelength of the radiation scattened at 8; = 60°
=N =NN+27A.(1-cos0;) where %, = %
and similarly
M=d+2nk (1-cosB,)
From the data 6; = 60°, 6, = 120° and
M=k
Thus (n-l)lo-2nic[1—cos92—n(1—cos91)]

- Zu'kc[l—n+ncosﬂl-cosez]

- 0
Hence Ao = 2nc[lli°ﬁ_°_'§_z_l]

n-1

sin’ 6,/2-m sin’ 6,/2
n-1
The expression Ag given in the book contains misprints.

=4n'k¢[ ] = 121 pm.

The wave lengths of the photon has increased by a fraction m so its final wavelength
is
A= (240) N
LX)
1+m
The KE. of the compton electron is the energy lost by the photon and is

Teho[l-—1=) aho-
1+7m 1+m

and its energy is

(a) From the Compton formula
A =2xk (1-cos90)+A

2xnc - 2x®c
A A+2m%k,

Thus ® = where 27 X, = —}-'—
mc

Substituting the values. we get ' = 2:24 x 10% rad/sec

(b) The kinetic energy of the scattered electron (in the frame in which the initial electron
was stationary) is simply
T=ho-ho



2nrhec 2xnhc
A A+2nX,

__Anhek,  2mhe/h
A(A+2mA,) 1+AM2m%k,

= 59-5kV

5.286 The wave length of the incident photon is
2nc
Ao = =

Then the wavelength of the final photon is

2nc

+2n%k.(1-cos0)

and the energy of the final photon is

P 2nhc ho
® = e B ho
(1= 1+—5(1-cos®
" mcz( )
- hw"“’ - 1442kV
1+2( )sm (6/2)
m c*
5.287 We use the equation A = ﬁ- = 2’#
Then from Compton formula
@: 2_1‘_1_,,2,[1(1_(:059)
P mc
S0 i, = l+—1—-2si1126/2
P p mc
280 _mefl 1
Hence sin 2 > (p' p)
_mc(p- !
2pp
or sin® -/ melp-p) .
2 2pp’

Substituting from the data

sm__\/mC(ce-ce) _ 4/ 051i (1-02-0255)

2¢cpcp 2 x 1-02 x 0-255
This gives 0 = 120-2 degrees .

255
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5.288 From the Compton formula

2nh
A=A+ o (1-cosB)
From conservation of energy
21’;::6 - Zn:c_._T_ - 2ﬁn*hc +T
)»0+-7:T(1-cos9)

or sm o = s

4nh ., ,0 T 4nh . 20
mc 2 2:trhc)“’()‘°+ mc 2)

or introducing hwy = 2xhc/A

2sin’6/2 T (1 2 .20
2 T haglhoy m 2
mc ®p W mc
2 sin29 2sin29-
Hence 1 +2 1 2- 2 =0
hwy h oy mc? meT
2 2
.20 .20 .20
1 sin 2 2 sin > sin 2
+ 2| = 2. 2
hwy mc mc‘T mc
sin29-'
1 2 \/1+ 2mc? _ ]
hay  mc? L Tsin’0/2
mc*/sin® 0/2
or hoy =
1/ 2
1+ 2mc9 -1
.2__
T sin 2
2
-—T-[V 1+-2MmC +1]
2 T sin“ 6/2

Substituting we get hwy = 0677 MeV
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5.289 We see from the previous problem that the electron gains the maximum K.E. when the photon
is scattered backwards 0 = 180°. Then

mc/h

Hence A = 21tc 21rh[\/ 2mc _1]

Substituting the values we get Ao = 3695 pm.

o =

5.290 Refer to the diagram. Energy momentum conservation gives

1':) -%cosﬂ = pcos¢ (E,P)
-l?cisinﬂ-psintp 2
AN
ho+mc* = ho' +E hw o
where E? = ¢* D 2+m?ct. we see
hw'
s -7 5in 6
s __o'sin® A
19 = o-0cosd "1 1
'):—-)70059
_ _AsinB sin 0
= NM-Acos® A)»+2 ng
A 2
where A)\.-)\.’—)\.-2n)\.c(1—cose)-4n)\.csinzg
Zsin——cosg-
Hence tan =——2—2
¥ Bh, an
A 2mA,
A}\, \/ AA 1/41;*0
But sm9-2v 1- 4“_)": Ty 1
_4nh_ -1 4nh -1
b mcA\ mcAM 31.3°
us lng = 2nh = ho -
1+ l+——2

mck mc
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5.291 By head on collision we understand that the electron moves on in the direction of the incident

photon after the collision and the photon is scaltered backwards. Then, let us write

ﬁm-nmg

Ao =omc?
(E,p) = (emcz,u.mc)ofthc electron.

Then by energy momentum conservation (cancelling factors of m ¢? and me )

l+m =0oc+¢
n=p-o
82-1+p2
So eliminating o & € 1+ =-n+p+V u2+1
or (1+2m-p) =V p2+1
Squaring (1+2'r|)2-2u(1+2n)-1
4n+4n’ = 2p(1+2n)
_2n(1+m)
or " 1+2n
Thus the momentum of the Compton electron is
m 2n(1+m)mc
p = nme 1427 '
Now in a magnetic field p=Bep
Thus p-2n(1+n)/ (1+2n)%—£—.
Substituting the values p=3412cm.

5.292 This is the inverse of usual compton scattering.
When we write down the energy-momentum conservation
equation for this process we find that they are the same
for the inverse process as they arc for the usual process.
If follows that the formula for compton shift is applicable \ ,
except that the energy (frequeincy) of the photon is \
increased on scattering and the wavelength is shifted
downward. With this understanding, we write

h —_
Ak=2n;—n—;(1-cos9) 7_60”
2 Veain2? 2 1
=4n(mc)sm 2 121 pm

R g% g4 ¢



PART SIX

ATOMIC AND NUCLEAR PHYSICS

In this chapter the formulas in the book are given in the CGS units. Since most students are
familar only with MKS units, we shall do the problems in MKS units. However, where needed,
we shall also write the formulas in the Gaussian units.

6.1 SCATTERING OF PARTICLES. RUTHERFORD-BOHR ATOM

6.1 The Thomson model consists of a uniformly charged nucleus in which the electrons are at
rest at certain equilibrium points (the plum in the pudding model). For the hydrogen nucleus
the charge on the nucleus is +e while the charge on the electron is -e. The electron by symmetry
must be at the centre of the nuclear charge where the potential (from problem (3.38a)) is

- (1|3
%o 4ney | 2R
where R is the radius of the nucleur charge distribution. The potential energy of the electron

is — e @y and since the electron is at rest, this is also the total energy. To ionize such an
electron will require an energy of E = e

. 1 3¢
From this we find R=(4nso)2E
In Gaussian system the factor is missing.
4n L)
Putting the values we get R = 0159 nm .

Light is emitted when the electron vibrates. If we displace the electron slightly inside the
nucleus by giving it a push r in some radial direction and an energy 8 E of oscillation then
since the potential at a distance r in the nucleus is

(r) 1 Ye(3 _"_2_
pLr '(4380)1( 2 2R?) .

the total energy of the nucleus becomes

2 2
-l-mrz—( 1 )E.(g.__L__) =-e@y+dFE

2 4ney |R|2 2R?
1 -5 1 & 2
or SF -2-mr +(47¢€o)—2R3r

2
This is the energy of a harmonic oscillator whose frequency is : o’ = (L) _e_3
4n € )mR
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The vibrating electron emits radiation of frequency w whose wavelength is

A= 2%C zzcw/ﬁ?uma)m

w

In Gaussian units the factor (4 7 g, )2 is missing.

Putting the values we get A = 0237 um.
6.2 Equation (6.1a) of the book reads in MKS units

9192
tan 6/2 = (4neo)/ 26T

919 \cotB/2
Thus b= ( 4re, ) 2T
For a particle g, =2e,forgold g, = 79e

(In Gaussian units there is no factor ( 1 ) . )
4
Substituting we get b = 0731 pm.

6.3 (a) In the Pb case we shall ignore the recoil of the nucleus both because Pb is quite heavy
(Ap, = 208 = 52 x Ay, ) as well as because Pb in not free. Then for a head on collision,

at the distance of closest approach, the K.E. of the a - particle must become zero (because
- particle will turn back at this point). Then

2Z &2 -T

( 4n € ) Tmin

(No (4 meg) in Gaussian units.). Thus putting the values
Fmin = 0-591 pm.

(b) Here we have to take account of the fact that part of the energy is spent in the recoil of
Li nucleus. Suppose x; = coordinate of the a — particle from some arbitrary point on the
line joining it to the Li nucleus, x, = coordinate of the Li nucleus with respect to the
same point. Then we have the energy momentum equations

2 2x3é?
2Rt (4mep)|x; - x|

lm1x1+ =T

2
m1i1+m2i2 =YV 2m1T

Here m;, = mass of He'" nucleus, m, = mass of Li nucleus. Eliminating x,

_1 - 1 /= . \2 6é°
T = 2m1x1+—2m2( 2m1T mlxl) +(41‘80)(x1—12)
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We complete the square on the right hand side and rewrite the above equation as

2
2 T 1 le(m1+m2)x1— ml+lm2 V2m1T]

my +m, . 2m2

6 €
+
(dmeg)|x;-xy|

For the least distance of apporach, the second term on the right must be greatest which implies
that the first term must vanish.

6 € my
Thus |x1_x2|“‘i“=m(l+m—2)

4 and other values we get

Using 7

m

| %1 = %3 | min = 034 pm .

(In Gaussian units the factor 4 xt g is absent).

We shall ignore the recoil of Hg nucleus.

(a) Let A be the point of closest approach to the centre
C,AC = ry, . At A the motion is instantaneously
circular because the radial velocity vanishes. Then if
vy is the speed of the particle at A, the following equa-

tions hold
2
_1 2 Z %, €
l“—i-mvo+————————(47”50)&“in 1)
MV Fpin = V2mTbh 2) A T
2 2
myy Zl Z2 (4
= 3

Pmin (43n30)r,2niu
(This is Newton’s law. Here p = p_. is the radius of curvature of the path at A and p is
minimum at A by symmetry.) Finally we have Eqn. (6.1 a) in the form

Z, Z, & 0
‘(4;50)227““5 )
2T % %, €
Pmin B (4mep)
Z 2, ¢ 28
Puin = (Greg)2T " 2°
with z; = 2, zy = 80 we get
Pmin = 00231 pm .

b

From (2) and (3)

or
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(b) From (2) and (4) we write
, o E &€ e
" (4me)VZmT Yo

Substituting in (1) - %m V2 +V2mT vytan 0/2

Solving for vy we get  vg = \/ zm-T— (secg— tan -26-)

0
‘Zl Zz e2 cot 5

Th -
N SR CEDEE T
2 2
Zl Zz ez 0 0 0
b (47‘80)2T00t2(5602+t3n2)

Zl 'Zz 82
(1 oosee3

0
- m 1 + cosec ) = 0.557 pm.

6.5 By momentum conservation

— — —» -
P + Pi = P + P,f
(proton) (Au) (proton) (Au)
Thus the momentum transfered t¢ the gold nucleus is clearly
- > —» — —3
AP = Pf-Pi =p-p

Although the momentum transfered to the Au nucleus is A
not 'small, the energy associated with this recoil is quite J Y a
small and its effect back on the motion of the proton can — 1

be neglected to a first approximation. Then
- A
AP uV2mT(1-cos8)iV2mTsin0]
Here i is the unit vector in the direction of the incident proton and ; is normal to it on the
side on which it is scattered. Thus

|AP| = 2V2mT sin%

Z &
(4mey)2bT

.Am.zx/“,,/ [I(M]]

Or using tan 6/2 = for the proton we get

Z &

6.6 The proton moving by the electron first accelerates and then decelerates and it not easy to

calculate the energy lost by the proton so energy conservation does not do the trick. Rather
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we must directly calculate the momentum acquire by the electron. By symmetry that
momentum is along OA and its magnitude is

a-f&m

where F is the component along OA of the force on electron. Thus

-0

2
e b 1
Fa -f dme .b2+v212dt
V b? 41212

. vt A
._€b | f dx 1 e
4;meyv b2+ 2 )2 |
oF L (FT+X) 16
Evaluate the integral by substituting }
x =btan 0
\ 0
2e
Then P¢ - m
4
Then i T €

C2m, (4neg)’TH m,
In Gaussian units there is no factor (4 = e, ). Substituting the values we get
T, = 382eV.
6.7 See the diagram on the next page. In the region where potential is nonzero, the kinetic energy
of the particle is, by energy conservation,

T + Up and the momentum of the particle has the magnitude V 2 m (T + Up ) . On the boundary
the force is radial, so the tangential component of the momentum does not change :

V2mTsina = V2m(T+U,) sing

. T . sin o0 o(,‘b
sos1n<p-VT+Uosma- o >— S 2y

b\K w' Z_

Uy
where 7 = 1+ T We also have
0=2(a-9)
Therefore

sing = sin (o~ @) = sin o cos ¢ - cos o sin @
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= sina(cosq)-

nsin 0/2 \/2 . 2
or —— = VY n“-sin“a -cos a

cosa)

sin o
. 2
(nsm6/2 ) 2 .2
or ————+cosa | = n°=sin“a
sin o
.20 . 0
or nzsmz—-ootza+2nsm9-cota+l = n?cos’ =
2 2 2
0
noos-2—-1
or coto =
nsins1
2
. 0
nsm-z—
Hence sina =

2 0
1+n 2ncos2

Finally, the impact parameter is

. 0
nRsm2

b = Rsina =

V Lo 2mcos®
1+n —2ncos2

6.8 It is implied that the ball is toc heavy to recoil.

(a) The trajectory of the particle is symmetrical about the
radius vector through the point of impact. It is clear
from the diagram that

0=n-20¢ or p=

(ST

Also b=(R+r)sin(p=(R+r)cosg.
(b) With b defined above, the fraction of particles scattered between 6 and 6 +d 6 (or the
probability of the same) is
ap = 1220dbl 1640
n(R+r)y 2
(c) This is
2 0

1 . 1 1
P—f -Z-sm()dﬁ- 2J‘d(—cos())- >

0 -1
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6.9 From the formula (6.1 b) of the book

2 2
ﬂ-"( Ze )dQ

N (4me)2T sin‘g-
2
We have put q; = 2e, g, = Z e here. Also n = no. of Pt nuclei in the foil per unit area
N, N, pt
= (Atp) AL l = "_p
¢ Ap A Ap,
mass of J’
the foil no._of
nuclei per
unit mass

Using the values Ap, = 195, p = 215 x 10° kg/m’
N, = 6023 x 10% /kilo mole

we get n= 6641 x 107 per m?

Also dQ = —= = 10"°Sr
r

Substituting we get "jATN = 336x107°

6.10 A scattered flux density of J (perticles per unit area per second) equals J Lz- r*J particles
r

scattered per unit time per steradian in the given direction. Let n = concentration of the gold
nuclei in the foil. Then
Nyp

n=
AAu

and the number of Au nuclei per unit area of the foil is nd where d = thickness of the foil
Then from Eqn. (6.1 b) (note that n —= nd here )

2
r*J = dN = ndI(——Z-E—————] oosec42

(4rey)2T 2
Here I is the number of o - particles falling on the foil per second
4T:
Hence d = —— sin 6/2
n I( Zé )
4 g

using Z = 79, Ay, = 197, p = 193 x 10°kg/m® N, = 6023 x 10°® / kilo mole and other
data from the problem we get
d=147pum
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6.11 From the formula (6.1 b) of the book, we find
dNp,  np, 73,
= e = 'n

dN,, Mag zﬁg

But since the foils have the same mass thickness ( = pd ), we have

e Aag
nAl AP!
see the problem (6.9). Hence
nA
Zn = 2oV T
Pt

Substituting Z,, = 47, A,, = 108, Ap, = 195 and 1 = 1-52 we get
Zp, = 7786 =~ 78

6.12 (a) From Eqn. (6.1 b) we get

2
dN-Iotp'dNA( zé )Zn:sinﬂde

Ay \(47me)2T) sin*e/2
(we have used dQ = 2nxsin0d6 and N = [y1)
From the data

o 2 .
dQ =2° = 73 radian

Also Z,, = 79, A,, = 197. Putting the values we get
dN = 163 x 10°

(b) This number is

n

pdN, Zé : coside
N(eo)’lot 43[ ——
A, | (Ane)2T i3 ©

8 2
The integral is
1
dx 1[-17 0
— | == - 20
2f 4 I
. 6 sng
)
zé Y 0
20
Thus N(Oo)-nnd(“u%)r) Iyt cot >

where n is the concentration of nuclei in the foil. (n = pN;/A,,)
Substitution gives
N(6y) = 202x 10’
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The requisite probability can be written easily by analogy with (b) of the previous problem.

Itis
x
2
2

P-N!n/z!-nd Ze 2| 4x cos 0/2d6

Iyt (4meg)2mv . . 30

x/

SlIl'2"

The integral is unity. Thus’
2

2
P =nnd _Z_g__z_
(4nxeg)mv

Substitution gives using

_ PagNa _ 105 x 10° x 6.023 x 10
Ay 108

n , P = 006

Because of the cosec‘g dependence of the scattering, the number of particles (or fraction)

scattered through 0 < 8, cannot be calculated directly. But we can write this fraction as
P(6)=1-02(6)
where Q (8, ) is the fraction of particles scattered through 8 = 8, . This fraction has been

calculated before and is (see the results of 6.12 (b))

2
zé 28
2 (%) = (W) )

where n here is number of nuclei/cm?. Using the data we get
Q =04
Thus P(6y) = 06

The relevant fraction can be immediately written down (see 6.12 (b)) (Note that the projectiles

are protons)

AN P ’ 26 2 2
— = | ——————| mcot ?.(nlll+n2Z2)

N (4mey)2T

Here ny (n,) is the number of Z, ( Cu ) nuclei per cm? of the foil and Z, ( Z; ) is the atomic
number of Z, (Cu ). Now

dN dN
P A_0.7,n2_9 A

M, M,

Here M;, M, are the mass numbers of Z, and Cu.

Then, substituting the values Z; = 30, Z, = 29, M; = 654, M, = 635, we get
AN

- = 143x 1073

=03

n =
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6.16 From the Rutherford scattering formula
2

do ( Ze ) 1
dQ " | (4ne)2T «int @

(4mey)2T sm42

or do-(
2

2 2 .
Ze ) 2nxsin0doO

(47g)T sin® 6,/2
Then integrating from 6 = 6, to 8 = &t we get the required cross section

Ao - f cose/zde
(47‘80)T
2
28 ) 2%
(4mey)2T 2°
For U nucleus Z = 92 and we get on putting the values
Ao = 737b = 0737kb.

2 2
_( Ze ) cos0/2d0

(16 = 1 bam = 1072 m?).

6.17 (a) From the previous formula

2
zé 6o
Ao = ((4180)21,) :n:cot2~2

Zée 90.‘/
or T-4u90t2 Ao

0
Substituting the values with Z = 79 we get (6, = 90°)

T = 0903 MeV
(b) The differential scattering cross section is
do 4 0
a0 = C cosec” 5
)
where Ac(9>8) =4nCcot2—2-
Thus from the given data
500

C = an b = 3979b/st
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So g%(e = 60°) = 3979 x 16 b/sr = 0637 kb/sr .
The formula in MKS units is

dE _ _Moe’

dt 6xc

For an electron performing (linear) harmonic vibrations w is in some definite directions with
W, = —w’x say.

dE _ ol
dt 6nc

If the radiation loss is small (i.e. if w is not too large), then the motion of the electron is
always close to simple harmonic with slowly decreasing amplitude. Then we can write

Thus

1 2 2
E zmoa
and X = acoswt
and average the above equation ignoring the variation of a in any cycle. Thus we get the
equation, on using <x’> = —;—az
dE _ weo'1 ,  pee’
dt 6xc 2 6ntmc

. 1 . .
since E = —2-m ®? a® for a harmonic oscillator.

This equation integrates to
E=E, e "
where T = 6umc/e2w2p.0.

It is then seen that energy decreases v times in

to=TInm = ;’;’2":0 Invn = 147 ns.

Moving around the nucleus, the electron radiates and its energy decreases. This means that
the electron gets nearer the nucleus. By the statement of the problem we can assume that the
electron is always moving in a circular orbit and the radial acceleration by Newton’s law is

e2

W =
(dmey)m ”
directed inwards. Thus

dE _ ke’ 1
dt 6nc (4::130)2m2r4
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On the other hand in a circular orbit
2

e
Em=-—2Fft
(dmey)2r
o @ dr_ we
(4mep)2r” dt (4ne ) 6mem’rt
4
dt (4xep)3ncm?r?
Integrating
4
3 3 Woe
rery- —s—mmst
0 4n250cm2

and the radius falls to zero in

4nzeocm2r3
g = —— 4 —sec. = 131ps.

Ko €

6.20 In a circular orbit we have the following formula

mv2_ Zé
r (41nzo)r2

mvr =nh

Zé
Then V= (4mey)nh
_ 2371(4:!!:80)
Z né
1 2 Zé
The energy E is E, = Fmv —m
0

2 \2 2 \2 2 2
| Ze m_(Ze m__ o Ze / 292 n?
Amey | 29202 |dmey | 1202 4ne,
and the circular frequency of this orbit is

zé \
u),,=1=( £ ).m/'h3n3
r

47‘;80

On the other hand the frequency w of the light emitted when the electron makes a transition

n+l1—>nis
2 \2
wo|ZeE |\ m (1L __ 1
dmey | 272 | n? (n+1)2
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Thus the inequality

will result if

i 1 )\ 1
n (n+1)2 (n+1)3
Or multiplying by #° (n + 1 )?> we have to prove

2 2
n 2 n+1

This can be written as

n+2 + l>n+-1—>n+1—2+ 1
n 2 n+1

1 .
<-=since n 21

.. . . 1
This is obvious because -1 + "

+1 2
For large n
3
@, - n+1 -l+>
Wy 41 n
so P%  —»1 and we may say 0—(;)-—* 1

Wy 4 n

We have the following equation (we ignore reduced mass effects)

—— =kr
r
mvr = nh
so mv =Vmkr
.‘/ nh
and ro= ’
Ymk
and v-Vn'thk/m’
The energy levels are E, = %mv2+%krz

271
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6.22 The basic equations have been derived in the problem (6.20). We rewrite them here and
determine the the required values.

#2
@ rn=———s———,Z=1for H,Z=2 for He'
m(Ze/4mey)
Thus r; = 528 pm, for Hatom
ry = 26-4pm, for He' ion
ve = Zé
17 (4neg)h

vy = 2191 x 10° m/s for H atom
= 4382 x 10° m/s for He* ion

| m(Zez)2
b) T =—-mv] =
®) 271 (Ame )2

T = 13-65 eV for H atom
T = 54-6eV for He' ion

In both cases E,= T because E,= —-F and E= - T (Recall that for coulomb force

V=-2T)
(c) The ionization potential ¢; is given by
ep; = E,
so @; = 13-65 volts for H atom
@; = 546 volts for He* ion
Th 13-65
e energy levels are E, = - 2 eV for H atom
and E, = - 5—4;2ev for He" ion
n

Thus ¢ =1365]1 —:1‘- volts = 10-23 volts for H atom

@, = 4x1023 = 409 volts for He* ion
The wavelength of the resonance line
(n' =2—>n =1)is given by

2nhc _ 136 . 136
A 4 1
) A = 1212 nm for H atom

For He' ion A= %12' = 30-3nm.

= 10-23 eV for H atom




6.23

This has been calculated before in problem (6.20). It is
m(Ze/dney)
o = _L.hss_o) = 208 x 10'® rad/sec
n

6.24 An electron moving in a circle with a time period T constitutes a current

6.25

e
I=—
T
and forms a current loop of area x r%. This is equivalent to magnetic moment,
2
2 emr evr
=Inr = = —0
. T 2

on using v = 2xr/T. Thus

for the n™ orbit. (In Gaussian units

W, = neh/2mc)

We see that
e
W, = 'Z_mMn
where M,, = nh = mvr is the angular momentum
Wr 4
Th — = —
s M, 2m
L =927x 16" Am?
M =5 = U8 =
(In CGS units p; = pg = 927 x 10~ erg/gauss)
The revolving electron is equivalent to a circular current
[=¢. ¢ _¢Y
T 2mr/v 2nr
The magnetic induction
2
Wl woev _w & [ me
2r  4mr? 4nm (dmeg)h |47 (4ne,)
pom- e’
256 7t 8371 >

Substitution gives B = 12-56 T at the centre.
(In Gaussian units
m

27
B = "% = 1256kG.
ch
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6.26 From the general formula for the transition n, — n,
1 1
ho = Ey|l 5-=
()
where E,; = 13-65 eV . Then
(1) Lyman, n; = 1, n, = 2,3. Thus

hoz %EH - 10238 eV

2xch
7o

and Lyman lines have A s 0-121 p m with the series limit at -0309 p m

This corresponds to A = = 0121 um

(2) Balmer:n, = 2, n3 = 3,4,
ho=z EH(

PN

1\ 5
-9) = 35 En = 1876V

This corresponds to
A=065um
and Balmer series has A < 0-65 p m with the series limit at A = 0-363 um.

(3) Paschen:ny = 3, nl:- 4,5, ...

1 1 7
hoz EH(E—E) = mEH = 06635 eV

This corresponds to A= 1869 um
with the series limit at A = 0-818 um

P
p B
(A
owm  qum W 10.4m

6.27 The Balmer line of wavelength 486-1 nm is due to the transition 4 — 2 while the Balmer
line of wavelingth 410-2 nm is due to the transition 6 —> 2. The line whose wave number
corresponds to the difference in wave numbers of these two lines is due to the transition
6 — 4. That line belongs to the Brackett series. The wavelength of this line is

1 MM
A = T 1 = o 2:627 pm
MM
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6.28 The energies are

11 5 11 3
E”(4'9) = 36E”’E”(4'16) = 1650

1 1 21
E”(4"25) = T00
They correspond to wavelengths
6542nm, 484-6 nm and 433 nm

The n™ line of the Balmer series has the energy

1 1
E e ——
H ( 4 (n+2) )
For n = 19, we get the wavelength 3667450 nm
For n = 20 we get the wavelength 366- 4470 nm

To resolve these lines we require a resolving power of

A 366:6 3
6.29 For the Balmer series
1 2
'hmn=‘hR(47n2),nz 3,
where 7R = Ey = 13-65¢V. Thus
2nhc 1 1
& =1¢R(4-n2)
or 2n‘hc_2n'hc=_hR _13_ 1 .
Mst A, n“ (n+1)
=7R #‘il—z ~z-§forn>>1
n“(n+1) n
Thus 27h¢ 55 o 2R
n

n

3 3
A, nhcn ncn

3~ MRT . MR
On the other hand for just resolution in a diffraction grating

or

Mo an ekt Lo L L
s—_kN-kd—Xdkk—)\ddsme_)\.sme

3

. ncn

Hence sinf = TR

Substitution gives 0 =~ 59-4°.
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6.30

6.31

6.32

6.33

If all wavelengths are four times shorter but otherwise similar to the hydrogen atom spectrum
then the energy levels of the given atom must be four times greater.

4E
This means E, = __2”
n

E,

compared to E, = —-—g for hydrogen atom. Therefore the spectrum is that of He' ion
n

(Z =2).

Because of cascading all possible transitions are seen. Thus we look for the number of ways
in which we can select upper and lower levels. The number of ways we can do this is

%n(n—l)

where the factor 1 takes account of the fact that the photon emission always arises from

2
upper —> lower transition.

These are the Lyman lines

o = E,,(%-—;lz-) n=2304,..
For n=2 wegeA=121-1nm
For n =3 we getA=102-2nm
For n=4 wegeth=969nm
For n=35 we get A =94-64nm
For n=6 wegetA=9345nm

Thus at the level of accuracy of our calculation, there are four lines
121'1nm, 1022nm, 969nm and 9464nm.

If the wavelengths are A;, A, then the total energy of the excited start must be

2nch 2nch

E, =E, + T—+ "

4E, . .
But E; = —-4E, and E, = - —— where we are ignoring reduced mass effects.

n
4Ey 2mch 2mch

Then 4FE,; = + +

o M A
Substituting the values we get n? =23

which we take to mean n = 5. (The result is sensitive to the values of the various quantities
and small differences get multiplied because difference of two large quantities is involved :

n’ - En .
Eﬂ_nc'h(_l_ _l_)

2 My
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6.34 For the longest wavelength (first) line of the Balmer series we have on using the
generalized Balmer formula

n om
2xc 8nc
the result M Lyman 2
2R ( 1 1) 3Z°R
176 & c
Then AN = A paimar = A - ——
1 Balmar 1 Lyman 15 ZzR
so - ﬂz—ﬁ = 2:07 x 10" sec ™!
15Z°A N
6.35 From the formula of the previous problem
- 176 nc
15Z°R

or Z =1 / 176 ®c
1SRAA
Substitution of AL = 59-:3nm and R and the previous problem gives Z = 3

This identifies the ion as Li*™*

6.36 We start from the generalized Balmer formula

1 1
o =RZ=-=
(7]

Here m=n+ln+2,.. @
The interval between extreme lines of this series (series n) is

Am-RZz(-l—z-— 1 )-RZz(L——]‘——)-RZz/(n-rl)2
n° (o 1

)2 n2 ("+ )2
R
Hence n=12 Ao -1

Then the angular frequency of the first line of this series (series n).-is
2
o =RA[L- 1 =Aa)( n+d -1)
n (n+1) n
2
vV E vVE
ZV e 2ZV 3, -1
— ! -1|=A0 2
2V E -1 ( V£ ]
z S 1

Aw

=Aw
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6.37

6.38

6.39

Then the wavelength will be

2
V&
2nc - 2xc (Z Aw 1)
o, Aw
22V R 4

Aw

Substitution (with the value of R from problem 6.34 which is also the correct value determined
directly) gives

;\'1-

k1-0'468|lm-
For the third line of of Balmer series
a( L _1)_ 2L 52
N RZ(zz—sz) IOORZ

2xrc - 200rc
o 21RZ!

or Z.\/?'_.ng_ﬁ
21R A

Substitution gives Z = 2. Hence the binding energy of the electron in the ground state of this
ion is

Hence A=

E, = 4Ey = 4% 1365 = 54-6eV
The ion is He'.
To remove one electron requires 24-6 eV.
The ion that is left is He* which in its ground start has a binding energy of 4 E;; = 4%R.
The complete binding energy of both electrons is then

E = Ey+4hR
Substitution gives E = 79-1eV
By conservation of energy
1 2 2nahe
-2- mv = 7N - Eb

where E, = 4% R is the binding energy of the electron in the ground state of He". (Recoil
of He™ nucleus is neglected). Then

Y _\/%(2::1“:_5’,)

A
Substitution gives
v = 225x10°m/s
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6.40 Photon can be emitted in H - H collision only if one of the H is excited to an n = 2 state

6.41

which then dexcites to n = 1 state by emitting a photon. Let v; and v, be the velocities of

the two Hydrogen atoms after the collision and M their masses. Then, energy momentum
conservation

Mvi+Mvy, =V2MT
(in the frame of the stationary H atom)

1yt e e 3R =
2Mv1+2Mv2«9-4‘hR T

%ﬁR =7hR ( 1- i—) is the excitation energy of the n = 2 state from the ground state.

2
Eliminating v, %M[vf-f( V 21 -vl) ]+§-'hR =T

M 4
Lylo V2T, 271 3,0 .
or 2M{2vl 2 in v1+Ml+4'hR T

2

1 3
]+2T+4‘hR-T
5

MIﬁ'i 7]

or M[[vl-% %IZ]

For minimum 7, the square on the left should vanish. Thus T = %‘hR = 20-4eV

3 1
l+4‘hR - 2T

In the rest frame of the original excited nucleus we have the equations O = p; + by

%‘hR - clf):l+p?,/2M

(%‘hR is the energy available in 7 = 2 — = 1 transition corresponding to the first Lyman line.)
3BRM

Then p,2,+2\‘Mcp,,- 2 - 0
or (py+Mc)* = M2c2+%‘hRM
12
2.3 3hR 3%R
Py -Mc+VMgc +2'hRM —Mc+Mc(1+2Mc2) e
(We could have written this directly by noting that pf,,/ZM <<cp,.) Then
3hR

VH = Z—A—{—C_ = 33m/s
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6.42 We have
2

3 , 3 1 (3
€ = 4-hR and ¢ -Z-’IR-W(471R/C)

e-e  3HR _VH _ 55,1077 = 055x1076 %

Th -
en € S8McE 2c

6.43 We neglect recoil effects. The energy of the first Lyman line photon emitted by He" is
47:R(1-%) = 3hR
The velocity v of the photoelectron that this photon liberates is given by
3hR = -;—mvz +hR

where # R on the right is the binding energy of the n = 1 electron in H atom. Thus

v=vm=2 -hm—R=3-1x106m/s

m
Here m is the mass of the electron.

6.44 Since AA(= 020nm ) <<A (= 121 nm) of the first Lyman line of H atom, we need not
worry about v2/c? effects. Then

o l-Bmcos9’ﬁ Z
Hence l-f&cose-—;g;-%
or Bcos9=1—%'=A)‘—)”
But o= %R so A = ch = 8;;:
Hence v=cp = 83:fcﬁsx9

Substitution gives (cos 0 = -1—)

V2
v = 70x10° m/s

6.45 (a) If we measure energy from the bottom of the well, then V(x ) = 0 inside the walls. Then

the quantization conditon readsﬁ pdx =2lp =2xnnh

orp = nnh/l
2 2_2
_ P nh
Hence E,. _2"1 - m .
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f pdx= 21p because we have to consider the integral form ——é— to % and then back

l
to—2.)

() Hercfpdx- 2xrp=2nnh

nh
o -—
T P r
242
L
Hence E, =2
" 2mP
2
(c) By energy conservation #+ -;-axz = E

) pP= V2mE -max?
Thenfpdx =f V2mE-max®dx

Ve
a

-2vma v%‘—xz dx
VzE

(0

a
x2
The integral is f V-4 dx-azf cos’0d0
-a -x/2
;=
a - a2
> [ res20)d0 - 22
-n/2

Thus fpdx-n\’ma-%-‘)fdu-v-'g =-2nnh

Hence E, = nh V 2,
m

(b) It is requined to find the energy levels of the circular orbait for the rotential
~ a
U ( r r) - ”
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In a circular orbit, the particle only has tangential velocity and the quantization condition

readsf pdx

SO

mv2nr =2nnh

mvr =M =nh
The energy of the particle is

o

e

E = 3
2mre T

Equilibrium requires that the energy as a function of r be minimum. Thus

T’ n’1?
3 orr = .
mr ma

o
2
r

Hence

6.46 The total energy of the H-atom in an arbitrary frame is

eZ

(4ng)| ri-ry

2
E = %me +%—MV2—

— . -— .
Here V; = ?f, V, = 7;, r & ?; are the coordinates of the electron and protons.

We define
}? mri+Mr,
T M+m
- - —>
r=ri-r
— —
Th ‘—/> mV1+MV2
en T m+M
V= V-V,
> -2 M
or \ Ayl
=2 g m -
V2 = V-m+MV
1 2 1 mM » &
d t = = = -
and we ge E 2(m+M)V YSmar Ameqr

In the frame ¥_;= 0, this reduces to the energy of a particle of mass

_mM
W= mem
u is called the reduced mass.
4 4
Then Eb=E—e-2- and R=if§
2h 2%
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= m & m 1—ﬂ
1+2 M
M

these values differ by %( = 0:54 %) from the values obtained without considering nuclear

motion. (M = 1837m)

6.47 The difference between the binding energies is

AEy, = E,(D)-E,(H)

Substitution gives A E, = 3-7 meV.

For the first line of the Lyman series

or

Hence

m e“ m €4
Tt TR T m oo
1+— 1+m
me'( m_
272\ 2M
i 2xhc 1 1 3
N '*R(1'4)'41'R
x.8nc=8n'hc
3R 3E,

A’H' )"D

_SJt'hc 1 _ 1
3 (Ep,(H) Eb(D))

- 8xhc m
me'l 2M
3 2
2h
m
by

(where A, is the wavelength of the first line of Lyman series without considering nuclear

motion).

Substitution gives (see 6.21 for A;) using A; = 121 nm

AA=33pm
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6.48 (a) In the mesonic system, the reduced mass of the system is related to the masses of the
meson (m, ) and proton (m, ) by

m,‘mp .
b= i 186:04 m,

Then,

2

separation between the particles in the ground statc = —

ne
. LB
= 0-284 pm

4
E, (meson) = 1211% = 186 x 13-65 eV

= 2:54keV
8nhc M (Hydrogen )
M= 3E, (meson) = 186 = 0-65 nm

(on using A; (Hydrogen) = 121 nm ).

(b) In the positronium

Thus separation between the particles is the ground state

ﬁz

=2 )
m,e

= 105-8 pm

e4

E, ( positronium ) = -25 Py

- %E,,(H) - 68eV

A, (positronium ) = 2 A, (Hydrogen ) = 0-243 nm
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6.2 WAVE PROPERTIES OF PARTICLES.

6.49

6.50

6.51

SCHRODINGER EQUATION

The kinetic energy is nonrelativistic in all three cases. Now
_2nh 27k
p 2mT
using T = 1-602 x 10~ Joules, we get
Ae = 122:6 pm
A, = 2:86 pm

A

Ay = —-27;- = 0-185 pm.
V238

(where we have used a mass number of 238 for the U nucleus).

From )‘_2n'h_ 2nh
p 2mT
2,2 2
we find T-4"1‘2=2"27;
2mA m\
252
ThUS T2—T1 = 2“11 lz—'%
NN

Substitution gives AT = 451 eV = 0-451 keV.

We shall use M, = 2 M, . The CM is moving with velocity

VoM, T 2T
3M, IM,

with respect to the Lab frame. In the CM frame the velocity of neutron is
vomvov V2L (2L /2L .2
" 1 M, IM, M, 3

2nh 3nh

M.V VaMT

V=

and N,

Substitution gives A/, = 8:6 pm

Since the momenta are equal in the CM frame the de Broglie wavelengths will also be equal.
If we do not assume M, ~ 2 M, we shall get

_ 2ah(1+M,/M;)

) 2M,T

’
n
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6.52 If p;, p, are the momenta of the two particles then their momenta in the CM frame will be
—» —> . s .
+ (p1 —-p;)/2 as the particle are identical.

Hence their de Broglie wavelength will be
% - 2xh _ _4nh
1, » -
2| PPl Vg
2 - Z2MM
11 VaeM
+—
(Y
6.53 In thermodynamic equilibrium, Maxwell’s velocity distribution law holds :
2
AN(v) = ®(v)dv = AvZe V72T gy
® (v) is maximum when

(because p; Lp,)

/ .2_ ————-m
D' (v) =D(v) [v— T] 0.
The difines the most probable velocity.
B 2kT
Vor = £E2

The de Broglie wavelength of H molecules with the most probable velocity is

2n‘h 2nh
mvP, V2mkT

Substituting the appropriate value especially
m=my =2my, T =300K, we get
A= 126 pm
6.54 To find the most probable de Broglie wavelength of a gas in thermodynamic equilibrium we

determine the distribution is A corresponding to Maxwellian velocity distribution.
It is given by

Y(A)dA = =B (v)dv

(where - sign takes account of the fact that A decreaes as v increases). Now

2nh 2nh
or v ="
m\

A=

dv = -2 4y
mA

2 v
Thus ¥(\) +Av2e”""’/2“(-él)

d\
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2

-A(M) (Zﬂ) zer (o)

ma mlz
2
= Const- A" 4e~**
where -2“21'2
mkT

This is maximum when

V(M) =0 = w(x)[——+2—,]

or }‘,,-Va/z-u’h/\/ka
Using the result of the previous problem it is
A 126

yr = — pm = 89-1 pm.
V2

For a relativistic particle
T+mc? = total energy = V c2p2+m2c4
Squaring
' T(T+2mc2) =Ccp
2nhc

' T(T+2mc2)

2xh

\/2,.,1(“2“)

Hence A=

If we use nonrelativistic formula,

Mg = 2nh
2mT
" AL wach T
A Avr 4mc?
-12
It T/2mc*<< 1, we can write (1+—— “l-—1
2mc dmc
2
Thus T = ﬂﬂ;l—é—)zif the error is less than A A

For electron the error is not more than 1 % if

287
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T s 4x0-511 x -01 MeV
< 204 keV

For a proton, the error is not more than 1 % if
T s 4x938 x 0-01 MeV

ie. T s 375 MeV.
6.56 The de Broglie wavelength is
2nh
Aap = mo Vv o 2nh 1-v3/E
Vi1-v¥ "oV

and the Compton wavelength is
2xh
myc

The two are equal if B = V l—ﬁl,where B -%

A =

1
or g =—
V2
The corresponding kinetic energy is

T = —-ﬂi— —moc2 = (\/7-—1)m0c2

Vi-p?

Here my is th rest mass of the particle (here an electron).

6.57 For relativistic electrons, the formula for the short wavelength limit of X - rays will be

2u'hc_m062( 1 _1]_ ‘/P2+mzcz_mc2
Vl 2

)\':ll

«» ;
m E

or

+mc) = pl+m? e

(57

_Zu‘h 1+m¢‘7».<h
A'.vh

-‘/ A
Hence MNp = l._,,,/ 1+%“—'1 = 329 pm




6.58

6.59

6.60

289

The first minimum in a Fraunhofer diffraction is given by (b is the width of the slit)
bsinf = A

Here inQ = —AX/2 _ Ax
> 21
2 (Ax
1 +( ) )
21 mv
s0 vV = Axhl =202 x 10°m/s
mbAx
From the Young slit formula
Ax A1 27k
d d \Imev
Substitution gives
Ax = 490um.
From Bragg’s law, for the first case
2xh
2dsin@ = ngA = ng——
V2meV,
where ng is an unknown integer. ‘For the next higher voltage
2nh
2dsin@ = (ng+1)——m—
V2menV,
ny+1
Thus ny =
\£)
or ngy 1——1— -—l— or ny = 1
Vn) Vn Vi -1
Going back we get
2
Vo xh 1 7 = 0150 keV

0% amedsin0 (\’?-1)
Note :- In the Bragg’s formula, 0 is the glancing angle and not the angle of incidence. We

have obtained correct result by taking 0 to be the glancing angle. If 0 is the angle of incidence,
then the glancing angle will be 90 — 6. Then the final answer will be smaller by a factor

29 .1
tan“ 0 3
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6.61

6.62

6.63

Path difference is

d+doose-2dcos2-g-.

Thus for reflection maximum of the £¥* order

2dcos?? = k= k250

2 2mT

kxh Sec? _9_.
omT 2

Substitution with k = 4 gives

Hence d=

d = 0232 nm

See the analogous problem with X - rays (5.156)
The glancing angle is obtained from

D
tan20=21

where D = diameter of the ring, / = distance from the foil to the screen.

Then for the third order Bragg reflection

2dsin® = kA = k—22 (k= 3)

v2mT

Thus d=—28k ___ 4232mm

V2mTsinb

Inside the metal, there is a negative potential energy of - e V; . (This potential energy prevents
electrons from leaking out and can be measured in photoelectric effect etc.) An electron whose
KE. is eV outside the metal will find its K.E. increased to e (V + V;) in the metal. Then

(a) de Broglic wavelength in the metal
2nh

T e —
V2me(V+V;)
Also de Broglie wavelength in vacuum

2nh
V2mVe

L Ao Vi
Hence refractive index n = 7..' - 1+ v

.‘/ 1 -
n= 1+10 =105

Substituting we get
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® n-1= V 1+K’: -1s7

| 4
V.
then 1+—= s (14m)°
\4
or V;sn(2+m)V
or y,_ 1
Vi m(2+m)
For n=1% =001
\4
we get V. 2 50
6.64 The energy inside the well is all kinetic if energy is measured from the value inside.
We require
l=n\2=n xh
2mE
2 2
or E,,-ynz-hz,n-I,Z,...
2ml

6.65 The Bohr condition

fpdx =f 2;* dx =2nnh

For the case when A is constant (for example in circular orbits) this means
2nr =nk

Here r is the radius of the circular orbit.

6.66 From the uncertainty principle (Eqn. (6.2b))

AxApr'h
Thus Ap, = mAv >l
DPx = x 7 Ax

or A"xf AT

For an electron this means an uncertainty in velocity of 116 m/s if Ax = 10°°m =1 pm
For a proton
Avg = 6:3cm/s
For a ball
Av, = 1x10" % cm/s
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6.67 As in the previous problem

Av S L =116 x 10° m/s
ml

The actual velocity v, has been calculated in plioblem 6.21. It is
v; = 221 x10°m/s
Thus Av _ v, (They are of the same order of magnitude)

668 IfAx = A2n =22 L % _h
P 2m p mv

Thus Av> L =

~- mAx

Thus A v is of the same order as v.

6.69 Initial uncertainty Av S mli . With this incertainty the wave train will spread out to a distance

1 ! long in time

2
o~ T]l/ % -~ n'_;:—lsec. = 86x10%sec. _ 10" Psec.

6.70 Clearly Ax <! so Ap; 2 2

1
Now p, 2 Ap, and so
T= P?: 2 —7%2
2m  2mi
2
Thus T = — > 2 095eV.
2ml

6.71 The momentum the electron is Ap, = V2mT
Uncertainty in its momentum is

Ap, 2 h[Ax =N/l

Hence relative uncertainty

Ap, - h _ Y% / 7= Av
P~ IN2mT 2mi? v
Substitution gives
Av Ap -5 4
—_—= =975%x107° = 10

v p



6.72

6.73

6.74

By uncertainty principle, the uncertainty in momentum
h
Ap > i

For the ground state, we expect Ap _p so

52
~2mi?
The force excerted on the wall can be obtained most simply from
2
F=_3U_23"
ol mi?
We write
h h
p.Ap ~Ax ~ x

i.e. all four quantities are of the same order of magnitude. Then

2mx * E 2m
Thus we get an equilibrium situation (E = minimum) when

1/ 4
X =1x = S—

Vmk

and then E=Eo~‘hv;"k-=‘hm

Quantum mechanics gives

2 2
Ew-2 lkx2=—l-(-h-—\/mkx) AR
X m

Ey =hw/2

Hence we write
r Ar,p_Ap _h/Ar

.h2 e2
Th X E = -——
. 2mr* 1

2
1 ('h mez) me*

“2m\rT A ) 2w

~
4

Hence rg = :ez = 53 pr for the equilibrium state.

4
and then E=-2%5 2 _136ev.
2%

293
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6.75 Suppose the width of the slit (its extension along the y- axis) is 8. Then each electron has
an uncertainty Ay _ 8. This translates to an uncertainty Ap, _%/8. We must therefore have

py >h/8.
For the image, brodening has two sources.

A(d)=0+A"(d)

‘We write
where A’ is the width caused by the spreading of electrons due to their transverse momentum
We have
NoavyLap 112
y Py p mvd
Ih
A(d) =d+ S

Thus
For large 8,A(d) _ 0 and quantum effect is unimportant. For small d, quantum effects are

large. But A (d) is minimum when
-V IE
mv

as we see by completing the square. Substitution gives
8 = 1025x10 °m ~ 0-01 mm

The Schrodinger equation in one dimension for a free particle is

6.76
., O " Py
ih m —Tax

at

we write Y (x,t) = ¢ (x) % (t). Then
, 2
indy W 1de o o
x dt 2m o gy
x(#) _exp (—H,f‘t)
.V—z'p;fx)

Then
o(x) _ exp(l =3

E must be real and positive if ¢ (x) is to be bounded everywhere. Then

i(mx-E,))

Y(x,t) = Const cxp(_h

This particular solution describes plane waves.
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6.77 We look for the solution of Schrodinger eqn. with

W &
2md—;g--E\p,Osst Q)

The boundary condition of impenetrable walls means
Y(x)=0forx =0and x =/
(as P(x) =0 forx <0 and x> 1[,)
The solution of (1) is

V2mE Y2mE
* "

Y(x) = Asin x4 B cos
Then Y(0)=0=B=0
w(z)-o=>.4sin-—27"'£1-o
A = 0so
ZMElsnu
h
2w
Hence E, = 7‘21;,71-123
2ml

Thus the ground state wave function is

v (x) -Asmil’i.

We evaluate A by nomalization
1

1-A2fm—dx A’—fsmede 2Lz
4 ) n 2

Thus A-V%
21,

Finally, the probability P for the particle to lie in % sxs 5 is

213

L 20) 2 pemx
P'P(3‘x‘3) lfsm ldx
1

3
2x/3 2a/3

= -2—f sin0d0 = .l_f (1-cos20)d0
k.1 1
n/3

x/3
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Jl(g LoV L(28 n 1 4m 1 2x
x|l 2 s ®(3 737277372773
1({x 1VY3 1V3) 1 V3
'::(3*2 2‘”22)'3+ x = 090
l l .
6.78 Here -y sSx¥s 5. Again we have

P(x) = Bm—-‘h—-+Asm—7t—

Then the boundary condition v ( x L) =0

2
ves B V2mE|l A.VZmEI_O
gi cos—Z'h + sm————z_h
There are two cases.
V2mE | n
1) A=0, T n1|:+'2—

gives even solution. Here

VZmE -(2n+1)ﬂ

2,2
and E, -(2n+1)2"—"'75
e 2 X
Ye(x) =V 7 cos (2n+1) =
n=20123,...
This solution is even under x = - x.
2) B=0,
Y2mEl o w12
2h » y Moy oo
2
E, -(2n::)2 *

w? = \/—%- sinz"—l"f, n =1,2, ... This solution is odd.

6.79 The wave function is given in 6.77. We see that

fw,,(x)w,‘ (x)dx = _fsmnux i "’%dx
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1
%f [cos(n n) —cos(n+n )— dx
0

1

sin(ru-n')‘:,-t--'xi
1 |sin(n-n')nx/l l

] x ax | &
(n-n')~= (n+n)—
1 Lo,
If n= ', this is zero as nand n’ are integers.
6.80 We have found that
2, 242
E, -2%*
2ml

Let N(E) = number of states upto E. This number is n. The number of states upto
E+dEisN(E+dE) = N(E)+dN(E).ThendN(E) = 1 and

dN(E) _ 1
dE  AE

where AE = difference in energies between the n™ & (n+1)™ level

(”+1)2_"2n2 2 2n+l1 2,2
= -h -———!-Jt'h
2mli 2ml

2
;21112 2n, (neglecting 1 <<n)
2 2
- n2~h2 2;27;12 VE x2
2ml nh
It N2
1 m

dN(E l m
Thus dE ~an Y 2E"

For the given case this gives Q_%El = 0-816 x 10 levels per eV

6.81 (a) Here the schrodinger equation is

W (8
m(g —z]“’ Ev

we take the origin at one of the corners of the rectangle where the particle can lie. Then
the wave function must vanish for
x=0 or x =1
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or y=0 ory=15h.

we look for a solution in the form
Y = Asink;xsink,y
cosines are not permitted by the boundary condition. Then

2
and E = 12 =

Here n,, n, are nonzero integers.

(b) It} = I, = I then

E "%*"%nz
#W/ml? 2
1* level : n=n =1 —n? = 987
2™ Jevel : n=1n =2 5
or nlsz,n2=1}_"2"‘2'24'7
3" Jevel : no=2 =n=2->4x = 395
4™ Jevel : n=1n=3

6.82 The wave function for the ground state is

Yy (x, y) 'ASiﬂl%x‘SinibX

we find A by normalization
a d
iy 28X 2%y 42 8b
1 A{dx{dysmasmb A 3

2
Vab.

Thus A=

Then the requisite probability is

a3 b
A 2T G2 Y

P fdxfdy gp Sin° = sin”
0 0
a/3

= -i— f dx sin’n—a{ on doing the y integral
1]
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s gin 2T
Ly 27x) _1|a_*"73
-aod(l cos a )_a 3 2n/a
= l-ﬁ = 0196 = 196 %.

3 4n=n

6.83 We proceed axactly as in (6.81). The wave function is chosen in the form
Y(x,y,z) = A sinkyxsink,ysinkyz.
(The origin is at one corner of the box and the axes of coordinates are along the edges.) The
boundary conditions are that ¢ = 0 for
x=0,x=a,y=0,y=a,2=0,z=a

This gives

The energy eigenvalues are
2

oY)
E(ny, my, n3) = —— (ni+ns+ns)
2ma

The first level is (1, 1, 1). The second has (1, 1, 2), (1, 2, 1) & (2, 1, 1). The third level is
1,2, 2)0r (2,1, 2) or (2,2, 1). Its energy is

9 i’ H’
2m a§
The fourth energy level is (1, 1, 3) or (1, 3, 1) or (3, 1, 1)
11 %
Its energy is E = .
b 2m a_r
(b) Thus
7 n

A=E4-E3- 2
ma

(c) The fifth level is (2, 2, 2). The sixth level is (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3,
1,2,321)
Its energy is
TH 7
ma

and its degree of degeneracy is 6 (six).
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6.84 We can for definiteness assume that the discontinuity occurs at the point x = 0. Now the
schrodinger equation is

2
_21;%+U(x)w(x) = Ey(x)

We integrate this equation around x =0 i.e., from x = — ¢; to x =+ ¢, where €,, €, are small
positive numbers. Then

+ey
+e,
2
_2"_m %;kdx --f(E-U(x)w(x)dx
€
or (%)%-(%) -2 [E-ven v

Since the potential and the energy E are finite and ¢ (x) is bounded by assumption, the
integral on the right exists and —>0 as ¢, ¢, —>0

Thus (%) =(%‘£—) as g ,¢e >0
-052 —!1

So (—dd—;‘:—) is continuous at x = 0 (the point where U (x ) has a finite jump discontinuity.)

6.85

I 7

—— —f— - -

E x =
¥ - X
TTTTT7 7777777 —>

SN\QNN\\N\

N\

N

(a) Starting from the Schrodinger equation in the regions I & II
%+27':;E1p=0 xin I )
&y 2mE(Uy-E)
dx* - > v
where Uy > E > 0, we easily derive the solutions in 7 & II
W;(x) = Asinkx+Bcoskx 3

Y,(x)=Ce®**+De™ )

=0 xin NI V)]
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2 U,-E

where ¥ = 2_;:;E , a? = —%.
The boundary conditions are

Y(o) =0 )
and ¥ & (%) are continuous at x = /, and ¥ must vanish at x = + oo,
Then Y, = Asinkx
and ‘I‘” = D e-ax
S0 Asinkl = De™ %!

kAcoskl = —aDe
From this we get

tankl = -‘]E
a
or sinkl == kI VEI?+o?1?
csktf V2mGl
7‘2
=+ kIVH/2mU,1? (6)

Plotting the left and right sides of this equation we can find the points at which the straight
lines cross the sine curve. The roots of the equation corresponding to the eigen values of
encrgy E; and found from the inter section points ( k/);, for which tan (k!); <0 (i.e. ™M &

4™ and other even quadrants). It is seen that bound states do not always exist. For the first
bound state to appear (refer to the line (b) above)

T
(kl)l,mm = 5
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6.86 U, = (%,‘) n

(b) Substituting, we get (I2 Ud)imin =

2 h?
8m

as the condition for the appearance of the first bound state. The second bound state will
appear when &l is in the fourth quadrant. The magnitude of the slope of the straight line

must then be less than
1

3n/2

Corresponding to  (kl)y min = —3—2£ = (3)-72£ =2x2- 1);—

For n bound states, it is easy to convince one self that the slope of the appropriate straight
line (upper or lower) must be less than

(K min = @n-1)

(2n -1 n* B

Then (PUDn min = 5 -

Do not forget to note that for large n both + and - signs in the Eq. (6) contribute to
solutions.

2,2
2 _ (3 ) B
El (4") 2m

kls%n

It is easy to check that the condition of the boud state is satisfied. Also

2m mU 3
al = —117(U0-E)12 -V —1;2—"12 -n

4

Then from the previous problem

34

D=Ae%sinkl =A%

V2

By normalization

@
i

I=A? fsinzkxdxi-fe

0 !

3V Gwyw
e ! ¥ x




]

0
[ €
2(1[_sin2kl] 1 3xn|  ,2,/1

2[ 2k ]*22 ATl

-A 1[; 32] A21(1+—4—) or A-\/—g(

The probability of the particle to be located in the region x > [ is

-1 32 _3xx
P-fwzdx-%(nsi‘;) fez e 21ldyx

-1

3x
-A2 %f(l-coska)dx+lf -;-e- 2”7
0

dy
1 1
13_+l£=.
2 172 2

+4

4 f 3In2 ~(3n2)y 2 3= :
(1+3n) e e dy 375 149 %.

1

6.87 The Schrodinger equation is

v2¢+i,—;"(5_u(,))w -

when ¢ depends on r only, V21p = %% ( P d )
X

r
(r) dv _x' _x
If we put Y o dy 7—;2-
and Vzw-xr—.'l'husweget
&
;—X A (E-U(r)x =0
The solution is X = Asinkr, r<ry
2mE
kz"“T‘
h
and X=0r>r

(For r <ry we have rejected a term B cos'k r as it does not vanish at r =

the wavefunction at r = rg requires
krg = nx
2 "2-"2

2mr§

Hence E, =

0). Continuity of
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6.88 (a) The nomalized wave functions are obtained from the normalization

L= flvlPav = [|v[*anrtar

7o o
fA anx’dr = 4na® [ sig? 220 4y
To
0
rEs
r r
= 4nA2—°f sinx dr = 4742 2> .28 ro2mA?
nx nx 2
0
. nur
sin ——

Hence A =

r
and P = L 0

1
V2nrr V2m-ry r
(b) The radial probability distribution function is
P, (r)=4n’(y)P == nzn:"
To

For the ground state n=1
2 .oamr
so Pl(r)=—sm2—
To To
r
By inspection this is maximum for r = 7 Thus r, = ~22

The probability for the particle to be found in the region r <r,, is clearly S0 % as one

can immediately see from a graph of sin’ x.

6.89 If we put y = X—‘;’—l

the equation for % (7 ) has the form

X" +gﬂ [E-U(r)]x(r) = 0

which can be written as X Y x=0,0sr<r
and ' -aly =0 rg<r<w
2m(Uy-E
where K= 2sz,a2=m(—20—).
h h

The boundary condition is
x(0) =0
and x> XI are continuous at r = ro
These are exactly same as in the one dimensional problem in problem (6.85)

We therefore omit further details
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6.90 The Schrodinger equation is % + = 2 (E - -kxz)‘l’ =0
We are given WA
2
Then Y = -—xxAe “*7?

W' a A S 4 o g H
Substituting we find that following equation must hold

(<22 -°=)+h2(E—1kx2) v

since ¥ = 0, the bracket must vanish identicall. This means that the coefficient of x* as well
the term independent of x must vanish. We get

2

«aﬁk—and «-—E
W 2
K o

Putting k/m = ?, this leads to x = 29 and E =

% 2
6.91 The Schrodinger equation for the problem in Gaussian units
2m 2 w=0
In MKS units we should read (€?/4 n eo) for €.
we put Y = M . Then X"-..%h [E+——2-]x= 0 1)
We are given that x-rw-Ar(1+ar)e'°'
S0 X =A(1+2ar)e * —aAr(l+ar)e "

x' = o?Ar(l+ar)e " -2aA(1+2ar)e *"+2aAe "
Substitution in (1) gives the condition

az(r+ar2)—2a(1+2ar)+2a+2;'2£(Er+e2)x(1+a") =

Equating thc coefficients of r*, r, and constant term to zero we get

2mé
2a-20+—5— =0 ?))
aa2+%h2ﬂEa=O 3)
2 2m 2 0
a-4aa+-_’7(E+e a) = )
2 2
From (3) either a = 0, or E-= Fa

2m
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2 2 4
In the first case m--m—;-,E--—;h—otz...._m_e2
* 2m 2
This state is the ground state.
2 2
In the second case a=oa-2% o= lﬂzi
7 2 7
m é* 1 mé?

E = - and @ = - > —
8n’ ' 21
This state is one with n = 2 (2s).

6.92 We first find A by normalization

2 _-2r/r, 2 nA? 5 -x 2.3
1=f4nAe 1 ridr = 2rlfe Pdx = nA%r
[ 0

since the integral has the value 2.

Thus Az-—!—,’.- or A =

(a) The most probable distance r, is that value of r for which
P(r) =4nr|y(r)|?= 4 Pemrn
i

is maximum. This requires
2
4 2r -
P(r)y=5|2r-=-|e?n=0
1£1 n

or r=r="ry.

(b) The coulomb force being given by - €*/r%, the mean value of its modulus is
y 2
<F> = f4nr2-1—3 e 2 %dr
0 nn r

P 2 2
-f ﬂ—:—- e 2Mdr - z—gfe”‘dx = &‘;_
o 1 % n
In MKS units we should read (e?/4 g ) for é
[ 00
2 2 2
(© <U>=f4nr2—1—3-e'2’/” i—dr=-e—fx e *dx=-5%
nr r n n
[} 0
In MKS units we should read (/4 x €) for &%
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6.93 We find A by normalization as above. We get

A= 1
Var
Then the electronic charge density is
2 e-2r/rl
p=-elp|®=-e 3 'p(;’
nr

The potential Y (7) due to this charge density is

1 p(r’) 2,
q)(;-"41|:80 |r_'-7’|d3r

’ 4 ’
so at the origin §(0) = 7 fﬂ—lr,’ anrdy = = f4—re'2"'ldr
¢

41!60 41(80 ri

e -x e
—4Jt80r1.['xe dx —(47[50)"1

6.94 (a) We start from the Schrodinger equation %‘g— + %(E ~-U(x))y =0

which we write as ¥, + ¥, = 0, x<0
E
L
*
and W)+’ W, =0 x>0
2m
o? = 2 (E-Up) >0

It is convenient to look for solutions in the form
Y =e**+Re " x<0

Wy =Ae'* +Be " x>0

In region I (x<0), the amplitude of e** is written as unity by convention. In II we
expect only a transmitted wave to the right, B = 0 then. So
W, =Ae** x>0

The boundary conditions follow from the continuity of ¥ & %%f— atx = 0.

1+R=A
iK(1-R) =iaA
1-R « k-a

1+R & or R-k+a

Then
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The reflection coefficient is the absolute square of R :

k-a 2

r= IRIZ Tl k+a

(b) In this case E< Uy, o = - 32 < 0. Then W¥; is unchanged in form but
W, =Ae P*+Be*P*

we must have B = 0 since otherwise vy (x) will become unbounded as x —> o .

Finally
'q’" = A e-px
Inside the barrier, the particle then has a probability dénsity equal to
2,-2
l Vi , |A|2e" 20

This decreases to - of its value in

1 "
2B T 2oV am(U.E)

6.95 The formula is
x

D = exp -%f Vam(V(z)-E) dx

*

Here V(x,) = V(x;) = E and V(x)>E in the region x, >x > x; .

(a) For the problem, the integral is trivial

D =~ exp [— 271 V2m(Uy-E)

(b) We can without loss of generality take x = 0 at the point the potential begins to climb.
Then
0 x<0

U(x) = UO%O <x<l
0 x>!

1
Then D =~ exp ,-hz—f \/2m(Uo-——E) x
B
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3% 1

i
4 2mU, £\
-exp|- 2V 22 (1-1—)

= exp 3'hU = (Up - )3/2V2m]

6.96 The potential is U (x) = U, ( 1 —fz-z-) The tumning points are

E X \/ E
= a1 - = = l =
U, 1 2 or x = = 1

Uy *
V1= (E/U,)

4
Then D = exp -5 f \/ZM{UO( {_2_) E} dx

J

V1< (E/Uy)

[ vmaViE g

= exp -

EJFN

|

= exp —%VZmVo f Vxi-x?dx|, xo=vI - E/V,

The integral is

X %)
f Xp-x dx—x%fcoszed9=%x(2,
0 0
[ m! E
Thus Deexp|-=—V2mU, [1-+—
w U,
nl 2m
= exp | - - T];(Uo-E)
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6.3 PROPERTIES OF ATOMS. SPECTRA

6.97 From ihe Rydberg formula we write

E, = - TR -
(n+qp)
we use iR = 13-6 ¢V. Then for n = 2 state
539 = - —2% 1 _0(s) state
(2"’(!0)
oy » - 041
for p state
13-6
354 = - ———
(2+a1)
a; = - 0:039
6.98 The energy of the 3 p state must be - ( Ey— e @) where — E is the energy of the 3 S state.
Then
hR
Ey-eqpp = ———
0 #1 3+ )2
‘\/ h R
= ——— PR 0.8
S0 a, Eooeq 3 85
6.99 For the first line of the sharp series (35S —>2P) in a Li atom
2nhc _ _ _hR + hR
M (3+(10)2 (2+011)2

For the short wave cut-off wave-length of the same series

2xhc _ hR
v (2+(11)2

From these two equations we get on subtraction

340 = \/wR/ 2nhc(h-N)

T MAN
\/ RMMN,
= 2:tcAk’A>"=M—)\Q

Thus in the ground state, the binding energy of the electron is
21

E, - —2& 'hR/ (VM—-1) = 532 eV

(2+u0)2' 2xcAM
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6.101

6.102
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The energy of the 3 S state is

EGS) = - —R __ _r03ev
(3-0-41)
The energy of a 2 S state is
E@S) =-—2R . _s39ev
(2 -0-41)
The energy of a 2 P state is
EQP) = - R __ 3550y
(2 - -04)

We see that
EQ2S)<E(RP)< E@3YS)
The transitions are 3S—>2P and 2P —>2S.
Direct 35 — 2§ transition is forbidden by selection rules. The wavelengths are determined
by

2rhc

Ey-Ey = AE = =%

Substitution gives
A=0816pum(3S—>2P)
and A=067T4pm(2P—>2S)
The splitting of the Na lines is due to the fine structure splitting of 3 p lines (The 3 s state

is nearly single except for possible hyperfine effects.) The splitting of the 3 p level then equals
the energy difference

2ahc _2xhc _ 27hc(M-M)  2mhcAd

AFE = =
M M MM 22
Here A )\ = wavelength difference & A = average wavelength. Substitution gives
AE = 2:0meV

The sharp series arise from the transitions n s —> m p. The s lines are unsplit so the splitting

.. AE .
is due entirely to the p level. The frequency difference between sequent lines is A?'— and is

the same for all lines of the sharp series. It is
1 2:t'hc_2n‘hc 2rncAM
hl M M M

Evaluation gives
1-645 x 10 * rad/s
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6.103 We sha}l ignore hyperfine interaction. The state with principal quantum number n = 3 has
orbital angular momentum quantum number
l=01,2
The levels with these terms are 3S,3 P,3 D. The total ;ngular momentum is obtained by
combining spin and angular momentum. For a single electron this leads to

J=-;-- L =0

J=L-2 and L+3 i L =0
We then get the final designations

35, 3Py, 3Py, 3Dy, 3Dss.
2 2

- - —>
6.104 The rule is that if J = L +S then J takes the values
|[IL-S| to L+S

in step of 1. Thus :
(a) The values are 1,2, 3, 4,5

(b) The values are 0, 1, 2, 3, 4, 5, 6

(c) The values are

» b4

N =

579
2°2’ 2"

’5’

6.105 For the state 4p, L =1, § = % (since 2s+1 = 4). For the state Sd, L = 2,5 =2,

The possible values of J are

.2 31
27272
J:4,3,2,1,0 for 5d

J for 4p

The value of the magnitude of angular momentum is 7V J (J+1) . Substitution gives the
values

4P :

VAR VRS N L ST
2 2 2’ 2 2 2

and 'hv 3.7 =-h 3

sD:0,nV2,nVe6,nV12,mV20
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6.106 (a) For the Na atoms the valence electron has principal quantem number n = 4, and the

6.107

6.108

6.109

®)

possible values of orbital angular momentum are / = 0, 1, 2, 3 so /,,, = 3. The state

is 2F, maximum value of J is Z

2
Thus the state with maximum angular momentum will be
“Frra
y hv 63
For this state My =1 V %% -

For the atom with electronic configuration 1 s22 p 3d. There are two inequivalent valence
electrons. The total orbital angular moments will be 1, 2, 3 so we pick / = 3. The total
spin angular momentum will be s = 0,1 so we pick up s = 1. Finally J will be 2, 3, 4
so we pick up 4. Thus maximum angular momentum state is

3
F,4
For this state M, =hVax5 = 2nVS.

For the fstate L = 3, For the d state L = 2. Now if the state has spin s the possible angular
momentum are

|L-S| toL+S

The number of J angular momentum values is 2S+1 if L2 Sand 2L +1 if L <S. Since
the number of states is 5, we must have S =L = 2 for D state while S< 3 and 25+1 = §
in ply S = 2 for F state. Thus for the F state total spin angular momentum

M, =hV23 =nV6

while for D state M, 2 AV6 .

Multiplicity is 2S+1 so § = 1.
Total angular momentum is AV J (J+1) soJ = 4. Then

L must equal 3, 4,5

in order that J = 4 may be included in

@

®)

©

[L-S| to L+S.

HereJ = 2, L = 2. ThenS = 0,1,2,3,4
and the multiplicities(2S - 1) are

1,3,5,7,09.
S 31
Here J = 3/2, L = 1 Then 5—2,2,2
and the mulitiplicities are 6,4, 2
Here J = 1, L = 3. Then S =234

and the multiplicities are 5179



314

[

6.110 The total angular momentum is greatest when L, S are both greatest and add to form J. Now
for a triplet of s, p, d electrons

Maximum spin —> § = -;— corresponding to

‘/35 V1S
M, =2V 353 =73

Maximum orbital angular momentum —»

L =3
. 35 nv15
corresponding to M, =h 33 =5
Maximum total angular momentum = %
. h
corresponding to M= 5\/ 99
- — —
In vector model L=J-§

or in magnitude squared
2 2 2 s7
L(L+1)Yh* = J(J+1)H+S(S+1)h°-27-S
— —> -
Thus cos(<J,S)=J(J+1)+S(S+1) L(L+1)
2VI(J+1)VS(S+1)
- —»
Substitution gives &<, S) =311°

6.111 Toa] angular momentum 7V 6 means J = 2. It is gives that § = 1.
This means that L = 1,2, or 3. From vector model relation

L(L+1)H = 612 +2% -27%*V 6 V2 cos732°

= 59987 =~ 67
Thus L = 2 and the spectral symbol of the state is

*D,.
6.112 In a system containing a p electron and a d electron
S =01
L=123
For S = 0 we have the terms
1},1 , 1D2 ’ 1F3

For § = 1 we have the terms
JPO’ 3P1: 3P2, 3D1’ 3D2’ 3D3’ 3F2’ 3F3’ 3F4
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6.113 The atom has §; = 1/2, ; =1,j, = %

The clectron has §, = %, I = 2 so the total angular momentum quantum number must be

'-g-oré-
2= 3 2

In L -S compling we get S = 0,1. L = 1,2,3 and the terms that can be formed are the
same as written in the problem above. The possible values of angular momentum are consistant

. . 3 . 3
th the additi = = = = =.
wi ¢ addition J; 2 to j, 2 or 2
The latter gives us J=0,1,23; 1,2,3, 4
All these values are reached above.
6.114 Seclection rules are AS =0
AL = =1

AJ =0,x1(no 0—0).
Thus 2D3/2 — 2p,,, is allowed
3P1 — 281,2 not allowed
3F; — 3P, is not allowed (AL = 2)

Fap = *Dssp is allowed

6.115 For a 3 d state of a Li atom, S = %becausc there is only one electron and L = 2.

The total degeneracy is
g=(2L+1)(2S+1) =5x2 = 10.

The states are D, and Ds,, and we check that

2
g =446 = (2x%+1)+(2x%+1)
6.116 The state with greatest possible total angular momentum are
For a 2P state J = -1—+1 -2 ie. 2P3,2

2 2
Its degeneracy is 4.
For a °D state J=1+2 =23 ie. Dy
Its degeneracy is 2x3+1 = 7

3

For a °F state J-—+3--9-i.e. ‘F,.
2 2 %

Its degeneracy is 2x -921+ 1 =10.
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6.117

6.118

The degeneracy is 2J +1. So we must have J = 3. From L = 3 S, we see that S must be
an integer since L is integral and S can be ecither integral or half integral. If
S=0 then L =0 but this is consistent with J =3 For
S =z2,L =26 and then Jw» 3. Thus the state is

3

F;

The order of filling is
K, L, M shells, then 45 , 3 d"® then 4 p3. The electronic configuration of the element will
be
1s22522p%3523p% 4523404 p°
(There must be three 4p electrons)

The number of electrons is Z = 33 and the element is As. (The 3d subshell must be filled
before 4p fills up.)

6.119 (a) when the partially filled shell contains three p electrons, the total spin S must equal

S = % or % The state ,S'/ = % has maximum spin and is totally symmetric under ex-

change of spin lables. By Pauli’s exclusion principle this implies that the angular part of
the wavefunction must be totally anti symmetric. Since the angular part of the wave
function a p electron is vector 7, the total wavefunction of three p clectrons is the totally
antisymmetric combination of 71’ , F;, and 73. The only such combination is

Xy X3 X3
- ,—»
’1'(’2*'73’) = 15123
% %%
This combination is a scalar and hence has L = 0. The spectral term of the ground state

is then

2

4s; since J-%.

(b) We can think of four p electrons as consisting of a full p shell with two p holes. The
state of maximum spin S is then S = 1. By Pauli’s principle the orbital angular momen-
tum part must be antisymmetric and can only have the form

X7y
where ?1' , ?2’ are the coordinates of holes. The result is harder to see if we do not use
the concept of holes. Four p electrons can have S = 0, 1, 2 but the S = 2 state is totally
symmetric. The corresponding angular wavefunction must be totally antisymmetric. But
this is impossible : there is no quantity which is amtisymmetric in four vectors. Thus the
maximum allowed S is § = 1. We can construct such a state by coupling the spins of
electrons 1 & 2t0 .S = 1 and of electrons 3 & 4 to S = 1 and then coupling the resultant
spin states to S = 1. Such a state is symmetric under the exchange of spins of 1 & 2nd
3 and 4 but antisymmetric under the simultaneous exchange of (1, 2) & (3, 4). the con-



6.120 (a)

®)

6.121 (a)

®
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jugate angular wavefunction must be antisymmetric under the exchange of (1, 2) and
under the exchange of (3, 4) by Pauli principle. It must also be antisymmetric under the
simultaneous exchange of (1, 2) and (3, 4). (This is because two exchanges of electrons
are involved.) The required angular wavefunction then has the form

(P37 (7<7)
and is a vector, L = 1. Thus, using also the fact that the shell is more than half full, we
find the spectral term 3P2
(J=L+S).

The maximum spin angular momentum of three electrons can be S = % . This state is

totally symmetric and hence the conjugate angular wavefunction must be antisymmetric
By Pauli’s exclusion principle the totally antisymmetric state must have different magnetic
quantum numbers. It is easy to see that for d electrons the maximum value of the magnetic
quantum number for orbital angular mementum |M; ;| = 3 (from 2 + 1 + 0). Higher

values violate Pauli’s principle. Thus the state of highest orbital angular momentum con-
sistent with Pauli’s principle is L = 3.

The state of the atom is then *F; where J = L - S by Hund’s rule. Thus we get

4
F3/2

The magnitude of the angular momentum is
RVERIR W3

Seven d electrons mean three holes. Then S = -3— and L = 3 as before. But

J=L+S = % by Hund’s rule for more than half filled shell. Thus the state is

4
Fop

Total angular momentum has the magnitude

1 %ll 311’/——

3F2 : The maximum value of spin is S = 1 here. This means there are 2 electrons.
L = 3 so s and p electrons are ruled out. Thus the simplest possibility is d electrons.
This is the correct choice for if we were considering f electrons, the maximum value of
L allowed by Pauli principle will be L = 5 (maximum value of the magnitude of magnetic
quantum number will be 3+2 = 5.)

Thus the atom has two d clectrons in the unfilled shell.

3
P3/2 Here L = 1 S = 2 and J = 2
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6.122

6.123

6.124

©

@

®)

Since J = L +S, Hund’s rule implies the shell is more than half full. This means one
electron less than a full shell. On the basis of hole picture it is easy to see that we have
p eclectrons. Thus the atom has 5 p electrons.

655,2 Here S = %, L = 0. We cither have five electrons or five holes. The angular

part is antisymmetric. For five d electrons, the maximum value of the quantum number
consistent with Pauli exclusion principle is (2+1+0-1-2) = 0 so L = 0. For f or
g clectrons L > 0 whether the shell has five electrons or five holes. Thus the atom has
five d electrons.

If S = 1 is the maximum spin then there must be two electrons (If there are two holes
then the shell will be more than half full.). This means that there are 6 electrons in the
full shell so it is a p shell. By Paul’s principle the only antisymmetric combination of
two electrons has L = 1 AlsoJ = L - S as the shell is less than half full. Thus the term

is 3P,

S = %means either 3 electrons or 3 holes. As the shell is more than half full the former

possibility is ruled out. Thus we must have seven d electrons. Then as in problem 6.120
we get the term 4F9/2

With three electrons S = % and the spin part is totally symmetric. It is given that the basic

termhas L = 3 soL = 3 is the state of highest orbital angular momentum. This is not possible
with p electron so we must have d electrons for which L = 3 for 3 electrons. For three
f, g electrons L > 3. Thus we have 3 d electrons. Then as in (6.120) the ground state is

4
Fs
2

We have 5d electrons in the only unfilled shell. Then S = —;— . Maximum value of L consistent

with Pauli’s principle is L = 0. Then J = i

2

So by Lande’s formula

S(TV,3(7)_
2(2)%2|2
g=1+ -5_1 -2
22
e
Thus u=gVJ(J+1)pg =2 ug = 2V 35 pg.

2

The ground state is 655/2 .
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6.125 By Boltzmann formula

6.126

6.127

6.128

Explicitly n= 1‘\13 = nte /KT AE «hR[1-=

N & o~ AEKT
M &
Here AE = energy difference between n = 1 and n = 2 states

- 13-6(1-%)ev - 1022¢V
g1 = 2 and g, = 8 (counting 25 & 2P states.) Thus

N 4e-.10'22x1’602x10-"/1'38x1043x3m -27x10-Y
N,
N. 1

1 n2

for the nth excited state because the degeneracy of the state with principal quantum number
nis 2n’

We have
8 ~ho/kT - 8 -2hc/\kT

—_— N —— = — @

N & &
Here g = degeneracy ofthe 3P sate = 6, gy = degeneracy of the 3§ state = 2 and
A = wavelength of the 3P—>3S line (2’? £ = energy difference between 3P & 3§
levels.

S . N -4
Substitution gives N 1-13 x 10
(i

Let T = mean life time of the excited atoms. Then the number of excited atoms will decrease
with time as e “7. In time ¢ the atom travels a distance v¢ so ¢ = v-l- Thus the number of

excited atoms in a beam that has traversed a distance ! has decreased by

e-l/vT

The intensity of the line is proportional to the number of excited atoms in the beam. Thus

e el o r el L 129%107° second.
n v Inn

As a result of the lighting by the mercury lamp a number of ajoms are pumped to the excited
state. In equilibrium the number of such atoms is N. Since the mean life time of the atom is

2rhc
A

T, the number decaying per unit time is g . Since a photon of energy results from

2 ’;;h 4 %’- . This must equal P. Thus

each decay, the total radiated power will be

2xhc _Pih _ 9
N-Pt/ 5 "2k 67 x 10
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6.129

6.130

6.131

The number of excited atoms per unit volume of the gas in 2P state is

N = n52 o-2%henkT
8

Here g, = degeneracy of the 2p state = 6, g, = degeneacy of the 2s state = 2 and
A = wavelength of the resonant line 2 p —> 2 5. The rate of decay of these atoms is g per

sec. per unit volume. Since each such atom emits light of wavelength A, we must have

lZn'hcngee-zrhm.kr =P

T A 8s
Thus v = L2FHE & -200eART | 654410 %5 = 65-4ns
P A 8
(a) We know that
P} = Ay

Py = By ug
- nzcaA _'hm3 1 Ay
1603 2 2R sRo/kT _ 4
P 1
PE  "vT_y

Thus

For the transition 2P —> 1S 1@ = %‘hR and

Py’
we get ~ o hOkT

substitution gives 7 x 10”18

(b) The two rates become equal when e*“*T = 2

or T=(hw/kin2) =171x10°K

Because of the resonant nature of the processes we can ignore nonresonant processes. We
also ignore spontancous emission since it does not contribute to the absorption coefficient and
is a small term if the beam is intense enough.

Suppose [ is the intensity of the beam at some point. The decrease in the value of this intensity
on passing through the layer of the substance of thickness dx is equal to

-dl = XIdx = (NlBlz—N2B21)(£)hﬁ) dx
Here N; = No. of atoms in lower level

N, = No of atoms in the upper level per unit volume.
B,,, B,; are Einstein coefficients and I, = energy density in the beam, ¢ = velocity of
light.
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6.133

A factor h @ arises because each transition result in a loss or gain of energy #

-h(D N2B2
Hence X = TNIBH(I_NIB;
But 81B1; = g, B, so
ho s,
x=s—N,B,l1-=—=—=
c 12( 82N1)
N. -
By Boltzman factor 2 _ 8 chont
M o&

When 5 o >>k T we can put N; = N, the total number of atoms per unit volume.

Then x =xo(1—e:"“'/”)

where x, = ?EﬂN" B, is the absorption coefficient for T —> 0.
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A short lived state of mean life T has an uncertainty in energy of A E L which is transmitted

~T
to the photon it emits as natural broadening. Then
1 A2

Awy, = T S0 Al = T

The Doppler broadening on the other hand arises from the thermal motion of radiating atoms.

The effect is non-relativistic and the maximum broadening can be written as
By 0 20
- - —Er
A 2P c

A\ 4nv, T
Thus Doge. ., A

A M )

Substitution gives using v, = V ZﬁT = 157 m/s,

A Apogp
A hne

Note :- Our formula is an order of magnitude estimate.

~ 12 x 10°

From Moseley’s law
o, = %R(Z-l %

or A =3 1
% " 3R(z-1)

M (Cu)  (25\?  (Zpo-1Y
Thus e (Fe) (‘z§) - (zc,,- 1)
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6.134

6.135

6.136

Substitution gives

l.x_ (Cu) = 1539 pm
(a) From Moseley’s law

0y = %R (Z-0)?
2rc _8=xc 1
ok, 3R (Z-o)
We shall take 0 = 1. For Aluminium (£ = 13)

A (A1) = 8432pm

or Ay =

and for cobalt (Z = 27)
A (Co) = 1796 pm

(b) This difference is nearly equal to the energy of the K, line which by Moseley’s law is
equal to (£ =23 for vanadium)

AE -‘th- - %x 1362 x 22 x 22 = 494 keV

We calculate the Z values corresponding to the given wavelengths using Moseley’s law. See
problem (134).
Substitution gives that

Z = 23 corresponding to A = 250 pm
and Z = 27 corresponding to A = 179 pm

There are thus three elements in a row between those whose wavelengths of K, lines are
equal to 250 pm and 179 pm.

From Moseley’s law

. 8nc 1
AKG(NI) = _3R —(Z_l)2

where Z = 28 for Ni . Substitution gives
A (Ni) = 1665 pm

Now the short wave cut of off the continuous spectrum must be more energetic (smaller
wavelength) otherwise K|, lines will not emerge. Then since AL = A, - Ay = 84 pm we get

Ao = 82-5pm
This corresponds to a voltage of

- 2xhe

V=

Substitution gives V = 15-0kV



6.137

6.138

6.139

6.140
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Since the short wavelength cut off of the continuous spectrum is
Ao = 0-50 nm
2nhc
eho

since this is greater than the excitation potential of the K series of the characteristic spectrum
(which is only 1-56 k' V') the latter will be observed.

the voltage applied must be V=

= 248kV.

Suppose Ay = wavelength of the characteristic X-ray line. Then using the formula for short
wavelength limit of continuous radiation
2nhc
)‘0 - e Vl _1_
2ahc  n
M - e V2
Vi
25h "
ahc
H = T
ence Mo eV, 1

Using also Moseley’s law, we get

-‘/Snc n-1 eVy
Z=1+ 3R)~-1+2 = 29,

3RV,
n——L
£}
The difference in frequencies of the K and L Continium
absorption edges is equal, according to the Bohr — £~ -J\'L_ Z'e'_—_ -
picture, to the frequency of the K, line (see the eag h=4
diagram below). Thus by Moseley’s formule n=4
3 2 K
Aw = ZR(Z-1) edge ne2
Y
4Aw .
or £2=1+ 3R = 22 K.cfma
The metal is titanium. A - n=1

From the diagram above we see that the binding energy E, of a K electron is the sum of the
energy of a K, line and the energy corresponding to the L edge of absorption spectrum

2xhc 3 2

. + :‘-‘hR (Z1)

For vanadium Z = 23 and the energy of K, line of vanadium has been calculated in problem
134 (b). Using

Eb-

2rhc

L
we get E, = 5-46 keV

= 0-51keV for N, = 2:4nm
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6.141 By Moseley’s law
o = 2";“ Ex-E, = %‘hR(Z— 1)?
where - Eg is the energy of the K electron and - E; of the L electron. Also the energy of the

line corresponding to the short wave cut off of the K series is
E 2nhc 2nhc
K = =
A-AM 2:c AX
®

- T - ho
L_ AN _(nA)»
w 2nc 2xnc
T w hw
Hence E, = ———-ho=
l_mA)» 2nc_1
2xc wAAM

Substitution gives for titanium (£ = 22)
o = 685x10%s7!

and hence E; = 047 keV

6.142 The energy of the K, radiation of Z n is
' ho = SHR(Z-1)

where Z = atomic number of Zinc = 30. The binding energy of the K electrons in iron is

obtained from the wavelength of K absorption edge as Ex = 2x7h c/hg

2nxhc

Hence by Einstein equation
3 2
T= Z‘hR(Z—l) i w

Substitution gives
T = 1-463 keV

This corresponds to a velocity of the photo electrons of
v =227x10%m/s

From the Lande formula
- 1+J(J+1)+.S'(S+1)—L(L+1)
& 27(J+1)

6.143

(a) For S states L = 0. This implies J = S. Then, if S=0
g =2

(For singlet states g is not defined if L = 0)
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(b) For singlet states, J = L

J(J+1)-L(L+1) _

=1+ T+1) 1
6 S 1
6.144 (a) F% Here S=3,L=3,7=>
3 35
-1+4+4-12-1+38_48=—'2-
¢ 2><é 6 3
4
() ‘Dip: Here S=3,L=2,7=3
' 3 15
ata S 18 - 24
g=14+ =1+ =0
2x-3- 6
4
(¢ °F, Here S=2,L=3,J=2
6+6—12
g=14+ 7% 6 =1
(d P, Here S=2,L=1,J=1
e 1,2%6-2_5
g 2x2 2

(¢) >P,. For states'with J = 0, L =S the g gactor is indeterminate.

a) Forthe Fstate S = 0, L = 3 = J
6.145
3x4-3x4

8= 1+ 3 =1
Hence n=VvV3ix4 p.,,-Zﬁu,
(b) For the zDsasmwS-%,L-LJ-%
—1-5—+3—6
., 4 4 L, 18-24 4
& 15 30 5
ZXT

Hence u = ;\/ 15/4 pg = 32-\/ 15 pg= 2‘\/ % g -



326

6.146

6.147

6.148

(c) We have

4 _ 1+JgJ+1!+2—6

3 27(J+1)
or gJ(]+1)-J(J+l)—4
or J(J+1) =12 =7 =3

4 8
Hence p=VI12pg = — pg.

3 V3

The expression for the projection of the magnetic moment is
Uz = gm; g
where my is the projection of 7 on the Z-axis.
Maximum value of the m; is J. Thus
gJ =4
Since J = 2, we get g = 2. Now
+J(J+1)+S(S+1)—L(L+1)
2J(J+1)

6+ S(S+1)-6

=1+ (2 x 6 )

- 1+S§S+1)

12
Hence S(S+1)=12 or S =3

Thus Mg =1V3x4d =2V3h

The angle between the angular momentum vector and the field direction is the least when the

2=1

,as L = 2

angular mommentum i)rojection is maximum i.c. Jh.

Thus Jh = VI(J+1) hcos30°
7 _V3
or T+l T 2
Hence J =3
3x4+1x2-2x3 8 4
Then g= 1+ 3 a == 3
and usi\/3x4u,,--—8—-u,,.
3 V3

For a state with n = 3, [ = 2. Thus the state with maximum angular momentum is

2
Ds,
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Then g=1+
2x§xZ
2 2
35+3-24 1_6
1 70 1+ =5

S VET sV
Hence =3 X5 B =3 Mg -

6.149 To get the greatest possible angular momentum we must have S = S, =1
L=L,=1+2=3andJ =L+S =4

4x5+1x2-3x4 10 S
Then =1+ axs  ~tw"3
and u-%\'4x5u,-§—\;-_5—u,.

6.150 Since p = 0 we must have either J = 0 or g = 0. But J = 0 is incompatible with
L=2andS§ = %.Henceg- 0. Thus

J(J+1)+-x——2x3

0=1+ 27(7+1)
15 9
or ~37(J#1) = -6 = - 3
Hence J =

N =
X
Wl =

Thus M=" -1-%?-

6151 From M =1VI+1l = V21
we find J = 1. From the zero value of the magnetic moment we find
g=0
1x2L(L+1)+2x3
2x1x2

1+—L(L:12+8 -0

or 12 = L(L+1)
Hence L = 3. The state is

or 1+ =0

°F,.
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6.152

6.153

-
If M is the total angular momentum vector of the atom then there is a magnetic moment

- —>

Hm = 8 UgM/h

—
associated with it; here g is the Lande factor. In a magnetic field of induction B, an energy
- —>
H = -gugM-B/h

is associated with it. This interaction term corresponds to a presession of the angular

momentum vector because if leads to an equation of motion of the angular momentum vector
of the form

dM =

dr - QxM

- B
where Q=g'_:f

Using Gaussian unit expression of pg pg = 0927 x 10°% erg/gauss, B = 10° gauss

# = 1:054x 10" 7 erg sec and for the 2P3/2 state

3 51 3
+2x2+2x2—1x2 1
2x§-x§- 3

22
and Q = 117 x 10 rad/s

g=1

The same formula is valid in MKS units also But pp= 0927 x 10 2 A'm?>,B=10""T and
#1=1-054 x 10~ Joule sec. The answer is the same.
The force on an atom with magnetic moment p’in a magnetic field of induction B is given
by —> —_ > =

F=(pn-V)B

. . -—>», . .
In the present case, the maximum force arise when p is along the axis or close to it.

dB
Then Fz = (Mo )max 57
Here (g )max = g upJ . The Lande factor g is for 2P1/2
1.3 1.3
-1+2x2+2x2—1x2=1__1£_2
&= ,L.3 3273
2 2
and T=L 60 (uy)p. =1
"2 Wz Jmax 3“8'
The magnetic field is given by
wo 2Inr?

B,
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6.155
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or 9B Moo Z
0Z 4n (P +22)"?
3B, Ho 3In
Thus (az R TI T
Thus the maximum force is
1 B 3 [
F=3tgnyey

Substitution gives (using data in MKS units)
F=41x10"7N

The magnetic field at a distance r from a long current carrying wire is mostly tangential and
given by

The force on a magnetic dipole of moment |1’ due to this magnetic field is also tangential and
has a magnitude

(W V,) B,
This force is nonvanishing only when the component of ﬁ’along 7 non zero. Then
Fa=u 9 B Mo 21

aroe = TR
Now the maximum value of u, = + pg. Thus the force is

Foax = w%% - 297x 10" %N

In the homogeneous magnetic field the atom experinces a force

B
F=glugo7

Depending on the sign of J, this can be either upward or downward. Suppose the latter is
true. The atom then traverses first along a parabola inside the field and, once outside, in a
straight line. The total distance between extreme lines on the screen will be

11 h b /
2 AT } v
Here my is the mass of the vanadium atom. (T he first term is the displacement within the

field and the second term is the displacement due to the transverse velocity acquired in the
magnetic field).

8= 2ng'B az

- —_——ly ——
—mvv2 - T té Lz_)‘ 2 -)

Thus using 2
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9B _ 278
0Z gugJh(lLh+2h)

For vanadium atom in the ground state ‘Fg/z .
3x5+3x5

we get

L1, 4 4'3"4_11\30-41?._1 182
8 3x5 30 T
2x
4
J = -;—, using other data, and substituting
3B _ | as 10
we get 'Y 145 x 10 G/cm

This value differs from the answer given in the book by almost a factor of 10°. For ncutral
atoms in stern Gerlach experiments, the vilue T = 22MeV is much too large. A more
appropriate value will be T = 22 meV i.e. 10° times smaller. Then one gets the right answer.

6.156 (a) The term 3P, does not split in weak magnetic field as it has zero total angular momentum.

(b) The term ’F. 's,» will split into 2 x 3 +1 = 6 sublevels. The shift in each sublevel is given

2
by
AE = -gugMz B
where M; = - J(J-1), ..., J and g is the Landi factor
Sx7 1x3
-1+ 4 i 4 —3X4-1+38—48-§-
g 5x7 0 "7
2 x
4
(c) In this case for the *D., term
1x3 3xS§
S1.4 4 —ZX3—1+3;15—1~2—‘1-1-1-0
g 1x 3 = 6 -
2 x 2

Thus the energy differences vanish and the level does not split.

6.157 (a) For the 'D, term

2x3+0-2x3
g = 1+'W =1
and AE = - ygM; B
M;=-2-1,0,+1,+2. Thus the splitting is
OFE = 4B

Substitution gives 8 E = 579 u eV



(b) For the >F term g = 1+4XS;1:3;3><4 = 1+i.—? = %
and A=-uBM,
where M; = -4 to +4.Thus
8E = 2pyBx8 = 10upB (= 287 up)

4
Substitution gives 8 E = 1447 peV
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6.158 (a) The term 'P; splits into 3 lines with Mz = = 1, O in accordance with the formula

AE = -guz BM;

1x2+0-1x2
where g=1+ 2x1x2 =1

The term 150 does not split in weak magnetic field. Thus the transitions between

1P1 & 1So will result in 3 lines i.e. a normal Zeeman triplet.

(b) The term 2D5/2 will split ot in 6 terms in

accordance with the formula

T AE = -gugM;

Mlstg,:%,:%,and

Sx7+1x3-4x2x3

g=1+ -g
2x5x7 5

Ther term 2P, will also split into 4 lines in accordance
with the above formula with
IxS5+1x3-4x1x2

3 1
Mz-tz,::zandg-1+ %3 %5 =

wis

It is seen that the Z eeman splitting is auomalous as g
factors are different.

© °p;—°p
The term D, splits into 3 levels (g =5/2)

The term 3P0 does not split. Thus the Zeeman
spectrum is normal.

(d) For the SI5 term

Sx6+2x3-6x7
2x5x%x6

36 - 42 1 9

=]-—=—

60 10 10

g=1+

=1+
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For the 5H4 term

- 1+4><5+2><3-5>(6 - 14_26—30 .9
g 2x4x5 40, " 10

We see that the splitting in the two levels given by AL = - g ug B M, is the same though
the number of levels is different (11 and 9). It is then easy to see that only the lines with
following energies occur

hay,hay = gugB.
The Z eeman pattern is normal
6.159 For a singletterm S = 0, L =J, g = 1
Then the total splitting is O0FE = 2JpugB
Substitution gives J=3(=08E/2uzB)
The term is 'Fs.
6.160 As the spectral line is caused by transition between singlet terms, the Z eeman effect will be

normal (since g = 1 for both terms). The energy difference between extreme components of
the line will be 2 pg B .This must equal

_A(2:t'hc) _2mhcAl

A 22
2
up B A
Thus AN = p— = 35pm.

6.161 From the previous problem, if the components are A, A + AA, then

A - 2nhc
A H.BB )\-
For resoluti L <R = —k— of the instrument.
I 1 on AN =3
2nhc 2nhc
R B
Thus MBBKS or 2 o AR
Hence the minimum megnetic induction is
2xhc
B, = iy AR =4kG =04T

6.162 The 3Po term does not split. The 3D1 term splits into 3 lines corresponding to the shift.
AE = -gpsBM;
with M; = = 1,0. The interval between neighbouring components is then given by
ThAw = gugB
hAw
8 Mp

Hence B =
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Now for the 3D1 term

- I+IX2+1X2-2X3 - 1+4-—6 _l
g 2x1x2 s "2

Substitution gives B = 3.00 kG. = 0.3 T.

6.163 (a) For the 2P;,, term

2xg-c--l-x?-—le
g=1+2222 =1+_=ﬁ
N 073
22

and the energy of the 2P3/2 sublevels will be
4
E(My) = Eg-5us BM;
where M; = = %, x % Thus, between neighbouring sublevels.
4
8E("Py) = SupB

For the 2P1 ,» terms

1 3 1 3
2x5+2x'§--1x2
g=1+
2xlxi
272
6-8 1 2
=y =1-3=3

and the separation between the two sublevels into which the 2PV2 term will split is
BE(%Pyy) = ZppB
The ratio of the two splittings is 2 : 1.
(b) The interval between neighbouring Zeeman sublevels of the 2P3,2 term is g pg B . The

energy separation between D; and D; lines is 2 ’;;l AN (this is the natural separation

of the 2P them)

4 2ahcAM

Thus 3uBB=T
or B=3n‘hc£l
2ughm

Substitution gives
B =546k G
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6.164 For the 2P3 ,2 level g = 4/3 (see above) and the energies of sublevels are

E'=E's-3usBM’
3 1
=, = = for the four sublevels
2’72
For the S, level, g = 2 (since L = 0) and
2

where M, = =

E =Ey-2uzBM,

where M, = = %
Permitted transitions must have
AMy; =0, =1
Thus only the following transitions occur
3.1 10
2 2 Aw = x pgB/h = 396 x 10" rad/s
~-3/2—>-1/2
%_’ 2 1
2 lpaw=2ipB/h=132x100rad/s
1 1 3
== =
2 2
%_’ '% 5 usB
2 BB L6 10
_l 1 A(o-::3 % 6:6:x 10" " rad/s
2 2
These six lines are shown below
3
+~,2E 2UgB
+2 25MgB
PR
1
=3 + 2/544gB
2 |
|
|
_1 y y } Y
- 2 :. MBB
1 TV YT
-1 UgB

— e e
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6.165 The difference arises because of different selection rules in the two cases. In (1) the line is

emitted perpendicular to the field. The selection rules are then
AM;, =0, =1

In (2) the light is emitted along the direction of the field. Then the selection rules are
AM; = =1
AM; = 0 is forbidden.

(a) In the transition 2P3/2 - 251,2
This has been considered above. In (1) we get all the six lines shown in the problem
above

In (2) the line corresponding to %—’ % and -%—> - % is forbidden.

Then we get four lines

®) *P,—s,
2x3+1%x2-1x2
2x2x3

so the energies of the sublevels are

For the 3P2 level, g = 1+ = -;—

E' (M) “EIO'%P'EBM:Z
where M;=+2,2£1,0
For the 3S1 line, g = 2 and the energies of the sublevels are
E(Mz) = Eo-2u3BM;
where M; = £ 1, 0. The lines are
AM; = M;-M;=+1 : -2—>-1,-1—20and 0> 1
AM; =0-1—>-1,0—0,1—1
AM; =1,2—>1,1—20,0—>-1
All energy differences are unequal because the two g values are unequal. There are then
nine lines if viewed along (1) and Six lines if viewed along (2).

6.166 For the two levels
Ey=Ey-g wsM;B

Ey = Egy-gpugMzB
and hence the shift of the component is the value of
us B ,
Ao = + [g'M-Z-gMZ]

subject to the selection rule AM, = 0, =+ 1. For 3D3
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2—1
1—2
1—1
1—0

Ix4+1x2-2x3 8 4
L TELT =1+34°3
For 3P2,
-1+2x3+1x2-1x2_§_
£ 2x2x3 2
wBla, , 3
Thus Aw = 7 |3 4-2Mz|
For the different transition we have the following table
M;g -M;g
ug B 0—1 -%P«BB
1 0
"3‘"53 0—0
7/6 pg B 0—>-1 3/2pgB
-5/3pgB -1—0 -4/3 pgB
-1/6 ug B -1—>-1 1/6 yg B
4/3 ug B -1—>_-2— 5/3 ugB
-2—=>_1— -7/6 ug B
2—>_2—> 1/3u;B
- 3—=>_2— -pugB

There are 15 lines in all.

The lines farthest out are 1 —> 2 and -1 — -2,

The splitting between them is the total splitting. It is
Aw = 13_0 WUa B/h

Substitution gives Aw = 7-8 x 10" rad/sec .



6.4 MOLECULES AND CRYSTALS

6.167 In the first excited rotational level J = 1

6.168

6.169

6.170

s0 E = 1x2 = 110 dassical
Y 21" 2 y
Thus ® = \/_2”!;-
2 _md md &
Now I=2Zmr; 2at2a ="
whére m is the mass of the mole cub and r; is the distance of the atom from the axis.
4vV2h

= 1:56 x 10" rad/s

Thus © =

md

The axis of rotation passes through the centre of mass of the HCI molecule. The distances of
the two atoms from the centre of mass are

Thus / = moment of inertia about the axis

4 my Mcy

= 'z*mndfr"mad%'t = g+ mg

The energy difference ;bctw.een two neighbouring levels whose quantum numbers are
J&J-1is

# J#

z . =22 2 7 \V4

Vi 2J 7 7-86 me

Hence J = 3 and the levels have quantum numbers 2 & 3.

The angular momentum is V2IE = M
Now I'= '—"% (m = mass of O, molecule) = 1-9584 x 10" ¥ gm ¢?
So M = 368x10 “ergsec. = 3-49%

(This corresponds to J = 3)

.’,2
From E; = EYJ(J-&I)

and the selection rule AJ =1 or J—>J -1 for a pure rotational spectrum we get

w(J,J-1) =-h—IJ-

Thus transition lines are equispaced in frequency Aw = ?;-
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6.171

6.172

6.173

In the case of CH molecule

=2 . 193 x 10~ * gm cm?

Aw
Also Me M
m,+ my
50 d=1117x10"%cm = 1117 pm

If the vibrational frequency is w, the excitation energy of the first vibrational level will be 7 ay
Thus if there are J rotational levels contained in the band between the ground state and the
first vibrational excitation, then
J(J+1)#H
T Wo =
21
where as stated in the problem we have ignored any coupling between the two. For HF
molecule

I = mymp

& = 1336 x 10~ * gm cm?
my +mg

I(l)o

2
Then J(J+1) = = 1974

For J =14,J(J+1) = 210. For J = 13 ,.J(J+1) = 182. Thus there lie 13 levels
between the ground state and the first vibrational excitation.

. 21w
We proceed as above. Calculating 7

21w,
h

we get

« 1118

2

Now this must equal J(J +1) = (J+§-)

Taking the square root we get J =~ 33.
From the formula

2
J(J+1)% = E weget J(J+1) = 21E/H?

or J+lz-l-—21E

2] 4 42

1 1 2IE
Hence J——2+V4+_h2
writing T+1 --%+V%+§T£(E+AE)



6.174

1 21 21 1 2IF
we find 1=V g+ 2E+25 AF - \/# PO
2

= 1+2IE 1+ AE -1

*81

1 21 AE
«V3+2E- y
2(E+8—I)

The quantity % is Klf For large E it is
aN _ T
dE 21°E

I =md/2 = 7-57x10’38gm cm?

For an iodine molecule

Thus for J = 10

dN_ I 1

_y 1;2](]”) VI

Substitution gives

dN

4
iE = 104 x 10" levels per eV

For the first rotational level
E., = 21'— = L and
for the first vibrational level E;, =h @

Ep Io
Thus E= E., iy
Here w = frequency of vibration. Now

I= udz - &
m;+m,

339
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(3) For H, molecule I = 4:58 x 10 *'gm cm? and & = 36

(b) For HI molecule,

I=4247x10"“gmcm® and & = 175
(c) For I, molecule

I=757x10"®gmcm? and E = 2872

2
6.175 The energy of the molecule in the first rotational level will be 1'7.'I'he ratio of the number

of molecules at the first excited vibrational level to the number of molecules at the first
excited rotational level is
o~ Mo/kT

(27+1 )e-a’Juuyzut

1 - -% 1 _f(w-
3¢ Ra/kT  -K/kT _ e K(w-2BYkT

where B =h/21
For the hydrogen molecule I = %myd2
= 4-58 x 10'“gmcm2
Substitution gives 304 x 10~ *
6.176 By definition

FR. -BE,
<E> = 2 E"e-E"/kT _.a_a_”_ioe__

2 exp(-E,/kT) -BE,
vgo ‘

-B(v+12)he g _ 1
In Ee , B kT

v=0

In o~ V2870 1
1-e7P*®

@ @
l“’ ':nl“’ 'u:""‘

_%-‘hwﬁ—ln (l-e'”“’)]

D
™

1 hrw

“ho+——r—0.
2 oho/kT _
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Thus for one gm mole of diatomic gas

2
R ho oFokT
I<E> kT
Cra = N AT | menr 4\
(e -1)

where R = Nk is the gas constant.

ho
In the present case XT - 27088
and Cv,, = 056R

6.177 In the rotation vibration band the main transition is due to change in vibrational quantum
number v —> v - 1. Together with this rotational quantum number may change. The “Zeroeth
line” 0—>0 is forbidden in this case so the neighbouring lines arise due to
1—>0 or 0—>1 in the rotational quantum number. Now

#2
E = Ev+-2—IJ(J+1)

2

Thus ‘ha)-‘hm0+-2—1(1: 2)
2h 2%
Hence Aw =" =
I W&
2h
S0 d= _uAm

Substitution gives d = 0-128 nm .

6.178 If A, = wavelength of the red satellite
and Ay = wavelength of the violet satellite

2nahc - Zn'hc_

then ho
Ar Ao
2anhc 2nhe
and = +ho
Ay M
Substitution gives
Ag = 424-3 nm
)"V = 3868 nm
The two formulas can be combined to give
A - —2EC A
2nc o 13 o
) rT



342
6.179

6.180

6.181

As in the previous problem

1 1 nc(Ag-Ay) 14
m-uc(kv—)w)- e My = 1-368 x 10 " rad/s

The force constant x is defined by

x = po
where p = reduced mass of the S, molecule.
Substitution gives x = 501 N/cm

The violet satellite arises from the transition 1 —> 0 in the vibrational state of the scattering
molecule while the red satellite arises from the transition 0 — 1. The intensities of these two

transitions are in the ratio of initial populations of the two states i.e. in the ratio
o~ FOkT

Thus - e FkT . 0.067

e

If the temperature is doubled, the rato increases to 0-259, an increase of 3-9 times.

(a) CO,(0-C-0)

The molecule has 9 degrees of freedom 3 for each atom. This means that it can have up
to nine frequencies. 3 degrees of freedom correspond to rigid translation, the frequency
associated with this is zero as the potential energy of the system can not change under
rigid translation. The P.E. will not change under rotations about axes passing through the
C-atom and perpendicular to the O — C — O line. Thus there can be at most four non zero
frequencies. We must look for modes different from the above.

One mode is O~ @ % Wy
<« —> <«
Another mode is O % O" wz

These are the only collinear modes.

A third mode is doubly degenerate : W3 :

(vibration in & L to the plane of paper).

(®) C;H,(H-C-C-H)
There are 4 x 3 -3 -2 = 7 different vibrations. There are three collinear modes.
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- - _— —
4y O—DO—2—O
< —_— —> <
w, O—&——0
- = —>
wsO—E—H95—0

Two other doubly degenerate frequencies are

w4

ws

together with their counterparts in the plane 1" to the paper.

Suppose the string is stretched along the x axis from x = 0 to x = [ with the end points
fixed. Suppose y(x,t) is the transverse displacement of the element at x at time . Then
y (x,t) obeys

3y - 2 a’y
a2

We look for a stationary wave solution of this equation
y(x,t) = Asin%xsin(o)t-i-&)

where A & 8 are constants.. In this from y = 0 at x = 0. The further condition
y=0 at x =/

implies %1 =Nxn, N>0

or N = -I—m
nv

N is the number of modes of frequency = w.

Thus dN = —l--dm
v
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6.183 Let E(x,y,t) be the displacement of the element at (x,y) at time r. Then it obeys the

equation
__§ _§ Eit
ar? Yoy
where §-Oatx-0,x-l,y=0andy-l.

We look for a solution in the form
E = Asink,xsink,ysin(wt+d)

Then o’ = VI(EE+E)

nw m3
=T k=T

we write this as
2
& m? .-(’—“’)
nv
Here n,m > 0. Each pair (n,m) determines a mode. The total mumber of modes whose

frequency is s w is the area of the quadrant of a circle of radius i—‘% ie.

1(1)2
”'z(n—v)

2

Then dN = I2mda)- szmdm.
2RV 2RV

where S = 12 is the area of the membrane.

6.184 For transverse vibrations of a 3-dimensional continuum (in the form of a cube say) we have
the equation

2—.
i—%--vz?zg.,divg.-o
at
Here E’- —.(x, ¥,2,t). We look for solutions in the form
E’- Xsinklx sink,y,sink;3,sin(wt+9)

This requires > = v ( +kg+f)
From the boundary condmon that E =0forx=0,x=l,y=0,y=1,3=0, 3= 1, we get
nln

SRLER Lt

where n;; n,, n; are nonzero positive integers.

ky = —

2

We then get M+ns+nd = (:_t.‘i’_)
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Each triplet (n,, n,, ny) determines a possible mode and the number of such modes whose
frequency = w is the volume of the all positive octant of a sphere of radius !-(:—:- . Considering

also the fact that the subsidiary condition div & = 0 implies two independent values of A for
each choice of the wave vector (k;, ky, k3)

we find
3
1 4n(lo Vo’
N(w) = 8 T(uv) 2= 32y’
2
Thus dN--}:z-%dm.

6.185 To determine the Debye temperature we cut off the high frequency modes in such a way as
to get the total number of modes correctly.

(a) In a linear crystal with ny! atoms, the number of modes of transverse vibrations in any
given plane cannot exceed ngy l. Then
lllo

l f l
nl=gv) 4o =gy
0

The cut off frequency wy is related to the Debye temperature @ by

T Wg = k®
Thus O = G) T nyv
(b) In a square lattice, the number of modes of transverse oscillations cannot exceed ngyS.
Thus
@y
S f S 2
nyS = wdo = ,
0 2 v? A 4nv? 0
h
or G-kmo-(:)(\/4nno)v

(c) In a cubic crystal, the maximum number of transverse waves must be 2ny V (two for
each atom). Thus
@y
21V = o [ o*d Ve
nV=—=51 odo= .
e 32V

Thus (-3-(2—)v(6n2n0)1/3.
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6.186 We proceed as in the previous example. The total number of modes must be 3 ny v (total
transverse and one longitudinal per atom). On the other hand the number of transverse modes

per unit frequency interval is given by
AL V(.t)2
dN" = 5—do

while the number of longitudinal modes ner unit frequency tnterval is given by
V w?
2n? vi

dN' = dw

The total number per unit frequency interval is

2
dN = —V—‘”—(_—Z—+i)dm

27 vi vﬁ
. . k© .
If the high frequency cut off is at wy = N the total number of modes will be

3

V (2 1)\(k©

3ngV = < +3||5
"o 6P(vi vﬁ)("')

Here ng is the number of iron atoms per unit volume. Thus

T 2 2 1
© = _—-(18%°n -+
k 0/ (vi vﬁ)

173

For iron

M__PNA
P M

(p = density, M = atomic weight of iron N, = Avogadro number).

ng = Ny

ny = 8389 x 10% per cc
Substituting the data we get
O = 4691 K

6.187 We apply the same formula but assume v = v,. Then

(C] =:—lv(6n2no)1/3

or v=k®/ [7:(6n2n0)1/3]

For Al
pPNa

ny = = 6023 x 10% per c.c
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Thus v = 3-:39km/s.
The tabulated values are V) = 6:3km/s
and v, = 3-1km/s.

6.188 In the Debye approximation the number of modes per unit frequency interval is given by

dN = —I—-dw (1F wsLQ
v

h
k©
But = = TheVv
Thus dN-——l-—du),Os W< Tnyv
nv
The energy per mode is <E> = %‘hm +———-——ehz/‘3- 1

Then the total interval energy of the chain is

nnyv
U= —’—f Liodo
v 2
0
xnyv ) 9/T

’ LA I 2o L _grp[ xex Bm oy L
A ehw/KT_ldw-4nv(n”0v) +nv'h(kT) 71 Ingk k("”o") 2

e/r

xdx

+Iimk r f
0 (mngvh/k) &-1
0

We put Ingk = R for 1 mole of the chain.

e/t
1 (IV f xdx
Then U=RO z + ('é‘) ex_-—l_
0
Hence the molar heat capacity is by differentiation

e/r

aU T fxdx /T
co= 2] =Rrlaf(&] | 2Ex__ZL1
e (57), - 212(6) J 5o

0

when T>>0,C, =K.
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6.189 If the chain has N atoms, we can assume atom number 0 and N + 1 held ficed. Then the
displacement of the n™ atom has the form

u, = A(sinzii-na)sinwt

Here k = !EL!! . Allowed frequencies then have the form
0= sink—a
max 2

In our form only +ve k values are allowed.
The number of modes in a wave number range dk is

e T
But do = %mmcoskz—adk
Hence %’— -92— i“-of
So dN = 2L__do
Tta 2“_(02

(b) The total number of modes is

Oy

N-fa_dw 2Lz L

na wa 2
0 Vol o?

'max ~

i.e. the number of atoms in the chain.

?—R ©. The zero point energy per gm of copper is IR®
8 8M.,

is the atomic weight of the copper.
Substitution gives 486 J/gm .

6.190 Molar zero point energy is , Mc,

6.191 (a) By Dulong and Petit’s law, the classical heat capacity is 3 R = 24:94 J/K - mole. Thus
C
— = 0-6014
Ca

From the graph we see that this

C T
value of 'C? corresponds to °- 0-29

65
Hence © = 029 ~ 224K
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224

®) 224I/mole-Koonespomkt03—-8—3iz-0898 From the graph this comresponds to
T s 250
9-nv065.'I'lmglves(-3-065--385K

Then 80 K corresponds to -é.- = 0-208

The corresponding value of <, is 0-42 ., Hence C = 10-5 J/mole-K.

Ca
(c) We calculate © from the datum that C_ =075 at T = 125K.
cl
The x—coordinate corresponding to 0-75 is 0-40. Hence
125
O = 04 - 3125K
Now kO =T oy,
So Wpex = 409 x 10" rad/sec

6.192 We use the formula (6.4d)
e/T

4 3
1 (T xdx
U=9R0O §+(9) fe"-l
(1]

4 4 3
=9orol|L: Ldx | (T (T fxdx
8 &-111© e -1
0 e/T
In the limit T << ©, the third term in the bracket is exponentially small together with its

derivatives.
Then we can drop the last term

U= Const+—T‘ f Xdx

auU aU T\3 Ldx
e
aT),  |oT/, ) &1

0
Now from the table in the book
=
[}

][N



350

6.193

6.195

5 |e
Note :- Call the 3" term in the bracket above — Us. Then

4
AN I -
63-(9)f2sinh(x/2) e Tdx

e/T

4 3
Thus Cy - 12_".(1)

3
The maximum value of —>—— is a finite +ve quantity Cg for 0 £ x <, Thus

P
2smh2

T 4
Uss 2c0(5) e~ 72T

dU,

we see that Uj is exponentially small as T—> 0. So is —— a7 -

At low temperatures C «< T 3 This is also a test of the “lowness” of the temperature
We see that

173
ol T, 30
(Cz) = 14982 = 15 = 7 = 55

Thus T2 law is obeyed and T;, T, can we regarded low.

6.194

The total zero point energy of 1 mole of the solid is %R ©. Dividing this by the number of
modes 3N we get the average zero point energy per mode. It is
3
3 k©.
In the Debye model
dN, =AW Ososw,

Then 3N = de

Thus A= -9—-13V-
mm
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9N oo L .
we get U == | 5——do ignoring zero point energy
e"w/kT-1

W,

1

3
x dx w
=9Nhw f —_— X = —
m Fom kT _ o,
0
1

3
- 9R®f X 44X o . hek

AP LI
3
Thus 9;@:135): x for O0sxx1
so/T_y
x3

For T=0/2, this is s for

e -

e .. X . ; o
T = 2’ it is —7 . Plotting then we get the figures given in the answer.
e —

6.196 The maximum energy of the phonon is
hw, = kO = 284meV
On substituting © = 330K.
To get the corresponding value of the maximum momentum we must know the dispersion
relation o = o ( k_') . For small (I?) we know w = v |k_1 wheze v is velocity of sound in the

crystal. For an order of magnitude estimate we continue to use this result for high IET Then
we estimate v from the values of the modulus of elasticity and density

.‘/E
v _V=

]
We write E _100GPa, p = 89 x 10’ kg/m’
Then v _3x10°m/s

— h
Hence |k |pax ~ %,, 15x10 " Ygmems™!
6.197 (a) From the formula
3/2
dn = ﬁ"‘s EV?dE

h

the maximum value E_,, of E is determined in terms of n by
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E,

372
n = Vam fE”dE

°n

0

- \/2—m3/2 _2_ E3/2
ni_hi 3 max
372

o B2 - (2] edn

> V3
Eoy = E”-(3::’n)

(b) Mean KE. <E >is

E-rl Bﬂx
<E> -fEdn/fdn
(1] 0

E

K B—
-fE”d,E/fEWdE - %E‘mﬁ/ '§E-Z§ - %Em,
0 0

6.198 The fraction is

B—l B_l

n -fEWdE/fEWdE =1-2"32 2 0646 or 646 %
1 0
2 Em

6.199 We calculate the concentration n of electron in the Na metal from
" 2 12/3
EM‘EF-Z—M(3R n)
we get from Eg = 3-07eV
n = 2:447 x 10 perc.c.
From this we get the number of electrons per one Na atom as

where p = density of Na, M = molar weight in gm of Na, N, = Avogadro number

we get
0-963 elecrons per one Na atom.



6.200 The mean KE. of electrons in a Fermi gas is ;EF . This must equal %kT. Thus

6.201

6.202

2Ep

S5k
We calculate Eg first. For Cu

N, N,
n=-—t LE’Y =8-442 x 102 per c.c.

“TMipT M
Then Ep = 7-01 eV
and T = 325x10°K
We write the expression for the number of electrons as
dN = Z@';f EV2dE
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Hence if AE is the spacing between neighbouring levels near the Fermi level we must have

VV2m*?
H
(2 on the RHS is to take care of both spins f electrons). Thus

AE V2 24
Vm;!E,;I 2

2= EyY*AE

But E,g/2 = L (3a%n)'”?
m
232
So AE - 220 .
mV(3n“n)
Substituting the data we get

AE = 179x10"2evV

(a) From
dn(E) = ‘/iz';z/zE”dE
we get on using E = -;-mv2, dn(E) =dn(v)
dn(v) = %’%émmvmvdv = ;t';—_:l-s-v2dv
This holds for 0 <v <vg where %mv,z: = Ep
and dn(v) =0 for v>vg.
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(b) Mean velocity is

vF
3
<v>=fv fvdv: Vg
0

<v>
Vr

.3
7

6.203 Using the formula of the previous section

vidv

3
m
dn(v) =

We put mv = 2:* , where A = de Broglie wavelength
mdv = - 2% ),
A

Taking account of the fact that A decreases when v increases we write

@n’dr  8n

dn(h) = —dn(v) = =555 = 23

d\

6.204 From the kinetic theory of gasses we know

P=

WIS
<<

Here U is the total interval energy of the gas. This result is applicable to Fermi gas also
Now at T =
U=Uy=N<E>=nV <E>

SO p=§n<E>

2

2

3" 5

# 2273 5/3
m (3 T ) n
Substituting the values we get

p = 492 x 10* atmos

6.205 From Richardson’s equation
[ = aT?e " **T

where A is the work function in eV. When T increases by A T, I increases to (1 + ) 1. Then
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2 AT _ LA
147 = (T+TAT) e tr(nu' 1)_ (1+é]l) o T T+aT

Expanding and neglecting higher powers of ATT we get

AT A
n=2 T + e 12 AT
Thus A=kr(2L_s
AT
Substituting we get A =448¢eV
6.206
outside o
1 o
A out
E ¥
F insicle

|

ineide . U0
The potential energy inside the metal is — U, for the electron and it related to the work

function A by

Uy=Ep+A
If T is the K.E. of electrons outside the metal, its K.E. inside the metal will be (E + Up) . On
cntering the metal electron connot experience any tangential force so the tangential component
of momentum is unchanged. Then

V2mTsina = V2 m (T + Uy) sin f

Hence
sina _ v/, Uo iy o
: = 1+ — = n by definition of refractive index.
sin T

In sodium with one free electron per Na atom

n = 254 x 102 per c.c.

EF = 315eV
A = 227eV (from table)
Uy = 542eV

n =102
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6.207 In a pure (intrinsic) semiconductor the conductivity is related to the temperature by the

following formula very closely :

g = ooe-At/2kT

where A € is the energy gap between the top of valence band and the bottom of conduction
band; it is also the minimum energy required for the formation of electron-hole pair. The
conductivity increases with temperature and we have

Aef1 1
T T,’i)
n=e
or Inm = Af._lé-_Tl
"= 3%k TT,
H A 2kT1T2l
ence € T,-T, nm

Substitution gives
Ae = 0333eV =E_

6.208 The photoelectric threshold determines the band gap A € by
_2mhce
.

On the other hand the temperature coefficient of resistance is defined by (p is resistivity)

Ae

ldp _ 4 d
@=oar = ar™P = -grino

where o is the conductivity. But

lno—lno—AE
. 0T 2kT
Then o=~ AF rhe L _0047K"!

2kT? kT,

6.209 At high temperatures (small values of 7~ °) most of the conductivity is infrinsic i.e. it is due
to the transition of electrons from the upper levels of the valance band into the lower levels
of conduction vands.

For this we can apply approximately the formula

E
o = opexp (_ z‘ifi)
£

or Ino =In 00-2’”

From this we get the band gap
Alno
A(1/T)

Eg = -2k



357

The slope must be calculated at small % Evaluation gives — Alno

Hence E;, = 121eV
At low temperatures (high values of % the conductance is mostly due to impurities. If E,

is the ionization energy of donor levels then we can write the approximate formula (valid at
lnw temperature)

' ' EO
o' = g’y exp “5kT
Alno’

*(7)

The slope must be calculated at low temperajures. Evaluation gives the slope

So Ey= -2kT

Ao 1000k
NORE
A
Then Ey, _ 0057 eV

6.210 We write the conductivity of the sample as 0 = 0; + 0,
where o; = intrinsic conductivity and o, is the photo conductivity. At ¢ = 0, assuming
saturation we have
1 1 1 1
— =—+0, O O = —-—
PP PL P
Time t after light source is switched off

we have because of recombination of electron and holes in the sample

O =0;+0, e tT

where T = mean lifetime of electrons and holes.
Thus — = —+ 1.1

Pr P

1 e tT
or -t e =_=

Pl

1 1

wr PP pa(P-p1)

or e -
1 1 p(p-p2)
P2 P
p2(p-p1)
Hence T=t/In
/ {Pl(P Pz)}

Substitution gives 7T = 9-87ms _ 0-01 sec
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6.211 +V ® B 0

— e Ey

«-—-—f{————

We shall ignore minority carriers.
Drifting holes experience a sideways force in the magnetic field and react by setting up a
Hall electric field E, to counterbalance it. Thus

\7
va-Ey-TH

If the concentration of carriers is n then
Jx = nev,
Jx
J eVy Jj.hB

Hence "=y, HE T eV,
. . \ 4
Also using Je=OE . =E /p= ﬁ
VhB
we get n = m

Substituting the data (note that in MKS units B = 5:0kG = 0-5T)
p=25x 10”2 ohm-m
we get n=499x10*"m"3
= 499 x 10” per cm®
ve Vy 1 Vyl

Also the mobility is Uy =5 = S BXy = W BV
x

Substitution gives up = 005 m*/V-s
6.212
Q W
<«
Vx

If an electric field E, is present in a sample containing equal amounts of both electrons and

holes, the two drift in opposite directions.
In the presence of a magnetic field B, = B they set up Hall voltages in opposite directions.
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The net Hall electric field is given by
E, = (v, -v;)B
= (Uoup) E, B

E
But 2 = 1 Hence
E. m
- 1
g -ul = =5
Substitution gives |ug - ug| = 0-2m*/volt - sec
¢ T
1% x
E‘y x X B
Ex

When the sample contains unequal number of carriers of both types whose mobilities are
different, static equilibrium (i.e. no transverse movement of cither electron or holes) is
impossible in a magnetic field. The transverse electric field acts differently on electrons and
holes. If the E, that is set up is as shown, the et Lorentz force per unit charge (effective

transverse electric field) on electrons is

E,-v.B
and on holes

E,+v;B
(we are assuming B = B,). There is then a transverse drift of electrons and holes and the net
transverse current must vanish in equilibrium. Using mobility

ugN.e(E,-ugE,B)+Nyeug (E,+ugE.B) = 0

Noug’-Nug?

or E = - +
N, uy + N u,

2 E.B

On the other hand
Je = (Neua"'Nh uﬁ ) eEx
Thus, the Hall coefficient is

We see that Ry = 0 when
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6.5 RADIOACTIVITY

6.214 (a) The probability of survival (i.e. not decaying) in time ¢ is e ™ Hence the probability of
decay is 1 -e™**

(b) The probability that the particle decays in time dt around time ¢ is the difference
e-k‘ _ e-k(“f‘d‘) = e-ktll _e-ekdc] = )\«e-"‘dt

Therefore the mean life time is

_ -At -At __1_ -x -x _l
T-frxe d:/fxe dt-)\fxe dx/fe dx =3
0 0

0 0

6.215 We calculate A first

A= ln2 | 9722 x 102 per day
T2
Hence
fraction decaying in a month =1-e*=0253

6.216 Here N, = 12}: gg x 6023 x 102 = 2:51 x 10"
In2

Also A = —— = 0-04621 per hour
T,

So the number of P rays emitted in one hour is

No(1-e™*) = 113 x 105

6.217 If N, is the number of radionuclei present initially, then
Ny = No(1-e™ %)

NN, = No(1-e™%%)

where T = 266 and t, = 3¢;. Then
1-e 7"
= l_e-‘l/‘l
or ‘r]—ne"l/t =1-e %"

Substituting the values

1466 = 266e Y - %"

U

Put e “" = x. Then

X -2:66x+166 =0
**-1)x-166(x-1) = 0
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or x-1)(FP+x-166) = 0
Now xm1s0x +x-166 = 0
-1xV1+4x166
2
Negative sign has to be rejected as x >0.
Thus x = 0-882
L. -2
This gives v =088 - 159 sec.
If the half-life is T days
- T L
7 25
Hence T= ln2
71
or T = 25 = 5-30 days.

The activity is proportional to the number of parent nuclei (assuming that the daughter is not
radioactive). In half its half-life period, the number of parent nucli decreases by a factor

2. L
2 vz

So activity decreases to % = 460 particles per minute.
2

If the decay constant (m (bour)” 1) is A, then the activity after one hour will decrease by a
factor e ~*. Hence

096 = e
or A =111 x 10" %5 = 00408 per hour

The mean life time is 24-5 hour

Here N, = mxsozsxlo”

= 2:531 x 102
The activity is A = 124 x 10* dis/sec .

Then A= A 490 x 10'lsper sec.
No

Hence the half life is
In2

T - T = 4-49 x 109 years
: [
2
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6.222

6.223

6.224

6.225

In old wooden atoms the number of C'* nuclei steadily decreases because of radioactive decay.

(In live trees biological processes keep replenishing ™ nuclei maintaining a balance. This

balance starts getting disrupted as soon as the tree is felled.)
n2

If Ty, is the half lifc of C** then e Tv: = :

Hence =Ty h: 5;3 = 4105 years » 4-1 x 10° years

‘What this implies is that in the time since the ore was formed, —— s L U B8 huclei have remained

undecayed. Thus

n = -t x-h—l—2-
1+ € T
In 1+nm
or t=T 1 T2
Substituting T; = 45 x 10° years, 1} = 2-8
2
we get t = 198 x 10° years.

The specific activity of Na2*is

x% - %‘;12 = 322 x 10" dis/(gm.sec)
2
Here M = molar weight of Na24 = 24gm, N, is Avogadro number & T, is the half-life of
Na?%. i
Similarly the specific activity of U B3 i
6023 x 10® xIn 2
235 x 10° x 365 x 86400

= 0-793 x 10° dis/(gm-~s)

Let V = volume of blood in the body of the human being. Then the total activity of the blood
is A’ V. Assuming all this activity is due to the injected Na? and taking account of the decay
of this radionuclide, we get

VA' =Ae™™

Now A= I—;per hour, ¢ = 5 hour

Thus V- A -m23 M Y

A’ (16/60) e = 595 litre
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We see that
Specific activity of the sample

MM {Activity of M gm of Co™ in the sample}

Here M and M’ are the masses of Co™® and Co” in the sample. Now activity of M gm of
Co™
In2

M B Im2 .
58x6023x10 x71.3x86400dls/sec

= 1168 x 10° M
Thus from the problem

M

. 12
Vil 22x10

1-168 x 10%°

M

or oar - 188% 1073 e 0188 %

Suppose N;, N, are the initial number of component nuclei whose decay constants are
A, M (in (hour)” 1)
Then the activity at any instant is

A=MNe MerMNe ™
The activity so defined is in units dis/hour. We assume that data In A given is of its natural
logarithm. The daughter nuclei are assumed nonradioactive.

We see from the data that at large t the change in In A per hour of elapsed time is constant
and equal to — 0-07. Thus

A, = 0-07 per hour
We can then see that the best fit to data is obtained by
A@R) = 5117 %%/ 4100 °7"

[To get the fit we calculate A (t)»e007 . We see that it reaches the constant value 10-0 at
t = 7,10, 14, 20 very nearly. This fixes the second term. The first term is then obtained by

subtracting out the constant value 10-0 from each value of A () ¢"7" in the data for small

t]
Thus we get A, = 0-66 per hour

T, = 105h
1 °“'} half-lives

T, = 99 hours
. N, 511 N
Rauo N2 - 10-0 X )»1 B 0 54

The answer given in the book is misleading.
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6.228 Production of the nucleus is governed by the equation

We see that N will approach a constant value i— . This can also be proved directly. Multiply

by &' and write

-‘{INe"'-o-Xe)"N - get
Then i1~(Ne"') =ge™
dt
or Ne*' = 1;‘:e"'+const

At t = 0 when the production is starteed, N = 0

0= i—+ constant

Hence N = i—(l-—e'“)

Now the activity is
A=AN=g(l-e*)
From the problem

1 -At
577- 1-e
This gives At = 0-463
0463 0463 xT
= = = °. d .
S0 t X 0693 9-5 days
. T A
Algebraically t= - n2 In (1 - g)
6.229 (a) Suppose N; and N, are the number of two radionuclides A, , A; at time ¢. Then
dN,
& - M N, Y]
dN.
— = MM -} N, @

From (1)

Ny = Nyge™'
where Ny is the initial number of nuclides A; at time £ = 0
From (2)



365

dN.,
( d:2+MN2)ew = M Nyge™ =t
or (V;e™') = const ———:le e~ M2t
-
since Ny, =0 at t=0
A Ny
Constant N, =
2T M
MNy Y
VW (. )

(b) The activity of nuclide A, is A, N, . This is maximum when N, is maximum. That hap-

dN;
pens when —= = 0

dt
This requires M oe M p e M
or )
)
6.230 (a) This case can be obtained from the previous one on putting
M =M-¢
where ¢ is very small and letting € — 0 at the end. Then

M Ny
€

Ny = (e -1 e ™ = rte ™ Ny
or dropping the subscript 1 as the two values are equal
N2 = Nlo )\.te-l‘

(b) This is maximum when
dN,

1
7 0 or t= Y
6.231 Here we have the equations
d
dN; dN.
-dt—z = M N;-MN, and f = LN,
From problem 229
Ny = Nyge™!
MNo ae -
N, = -e™™%)
2 XI_M(
dN. A - -
Then —2. 1he Npe ™ —e™")
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A‘IA’Z e-lz! e—l‘l
or N; Const - A-l — M ( M - M NIO
since N3 = 0 initially
Mdy 1 1
Const = A, M Nlo (AQ )"1)
MMNm oMt 1 —At
So - [M ) -e *)]

Me M‘—Me_ll‘
= Npll+
10[ )"Z-A’l
6.232 We have the chain

B A.B — p210
1

A, Ay A;

of the previous problem initially

-3

Np =20 6023x107 = 287x10%

210
A month after preparation
N, = 454x10'
Ny = 2:52x10%
using the results of the previous problem.
Then Ag = M Ny = 0725 x 10" dis/sec
A = M, N, = 1-46 x 10" dis/sec

6.233 (a) Rahas Z = 88, A = 226
After 5 o emission and 4 B (electron) emission
A = 206
Z=88+4-5x2 =82
The product is 82 pp 2

(b) We require
-AZ=10=2n-m
-AA =32 = nx4
Here n = no. of a emissions
m = no. of § emissions
Thus n=8 m==6
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6.234 The momentum of the a-particle is
m . This is also the recoil momentum of the daughter nuclear in opposite direction.
The recoil velocity of the daughter nucleus is

V2M, T 2T

s
Ma 196 M, = 339x10°m/s

M,
The energy of the daughter nucleus is —> T and this represents a fraction

M,
Ma/Md M, -—4—.3’-.0-02
M, " M,+M; "~ 200 " 50
1+—
M,

of total energy. Here M, is the mass of the daughter nucleus.
6.235 The number of nuclei initially present is

1073 23 18
>0 ——x 6023 x10° = 2-87x 10

In thg': mean life time of these nuclei the number decaying is the fraction 1 - %—- 0-632. Thus

the energy released is
287x10® x 0632 x 53 x 1602 x 10" B J .= 1:54 M J

6.236 We neglect all recoil effects. Then the following diagram gives the energy of the gamma ray
Pr210

Excitedstate
T 0.80MeY

fpom
Ind State)td
6.237 (a) For an alpha particle with initial K.E. 7-0 MeV, the initial velocity is

'\/21'
Vo = -

M,

2x7x1602x10"8
4x1672x10"%

= 1-83 x 10° cm/sec
Thus R = 602cm
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(b) Over the whole path the number of ion pairs is

7 x 10°

rvuni 206 x 10°

Over the first half of the path :- We write the formula for the mean path as Ra E 2
where E is the initial energy. Thus if the energy of the a—particle after traversing the
first half of the path is E, then

RyEX? = -;—ROE(?” or E = 2'”{50
Hence number of ion pairs formed in the first half of the path length is
Ey-E
——r = (1-2"%7)x2:06 x 10° = 076 x 10°

6.238 In B' decay

6.239

¥ >, YAre 0
Q= M.-M,-m,)c*
- [(M‘,,-o-Zm,)-(M,-o-Zm,-o-m,)]c2
- (M,-M;)J
since M, , M, are the masses of the atoms. The binding energy of the electrons in ignored.
In K capture
ex+ Xt >, Y40
Q= (Mx--My)c"Wrn,c2
- (M:2+Zm¢c2)-(Myc2+(Z—l)m,cz)
- M, -M)
In B* decay X—=, Y+t +Q
Then Q=M -M,-m)c’
= [M,+Zm,]c*-[My+(Z-1)m,]c*-2m,c’
= (M,,—M,,--Zm,)c2
The reaction is Be'® > B 4+ ¢ +7,

For maximum K.E. of electrons we can put the energy of v, to be zero. The atomic masses
are

Be'® = 10016711 amu
B = 10-016114 amu
So the K.E. of electrons is (see previous problem)
597 x 10 "% amu x ¢ = 0-56 MeV
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MeV

The momentum of electrons with this K.E. is 0-941

and the recoil energy of the daughter is

(0-941)? (0-941)?
2dec2 2 x 10 x 938

MeV = 472 eV

The masses are
Na® = 24-0-00903 amu and Mg? = 24 - 0-01496 amu
The reaction is
Na* = Mg* v e +7,
The maximum K.E. of electrons is
0-00593 x 93 MeV = 5:52 MeV
5-52

Avcrage K.E. according to the problem is then = = 1-84 MeV

The initial number of Na?* is

107 3x6023x103

. 19
24 I251X10

The fraction decaying in a day is

1-@2) %15 = 067
Hence the heat produced in a day is
0-67 x 2:51 x 10" x 1-84 x 1-602 x 10™ Joul = 495 MJ

We assume that the parent nucleus is at rest. Then since the daughter nucleus does not recoil,
we have

— —»
P =-D
i.e. positron & v mometum are equal and opposite. On the other hand

v —

Vel p2 + mf & ve P = Q = total energy released. (Here we have used the fact that energy
of the neutrino is ¢ |py| = cp)

Now Q = [( Mass of cl nucleus) - (Mass of B"nuclcus) ] ¢

= [ Mass of ¢! atom - Mass of B! atom - m, ] &

= 0-00213 amu x - m, c?

= (000213 x 931 - 0-511) MeV = 1-47 MeV
Then ¢ p2 +(0511)* = (147 - ¢ p)2 = (1-47)>- 294 ¢ D+ ¢ p2

Thus cp = 0:646 MeV = energy of neutrino
Also K.E. of electron = 1:47 - 0-646 — 0-511 = 0-313 MeV
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The KE. of the positron is maximum when the energy of neutrino is zero. Since the recoil
energy of the nucleus is quite small, it can be calculated by successive approximation.
The reaction is

NB—=CB+e+v,.
The maximum energy available to the positron (including its rest energy) is
¢* (Mass of N™nucleus - Mass of C> nucleus)

c? (Mass of N atom - Mass of C™ atom - m,)

= 000239 ¢* - m, c*

(0-00239 x 931 - 0-511) MeV

171 MeV

The momentum corresponding to this energy is 1-636 MeV/c.

The recoil energy of the nucleus is then

2 2
. p_ _(1636) - 0
E M 3% 13 x 931 111 eV 0-111 keV

on using Mc? = 13 x 931 MeV

The process is
e;+Be7—'Li7+v

The energy available in the process is

Q = ¢* (Mass of Be’ atom - Mass of Li’ atom)
= 0-00092 x 931 MeV = 0-86 MeV
The momentum of a K electron is negligible. So in the rest frame of the Be’ atom, most of
the energy is taken by neutrino whose momentum is very nearly 0-86 MeV/c
The momentum of the recoiling nucleus is equal and opposite. The velocity of recoil is

0-86 MeV/c 0-86

. 6
M, cx7x931 396 x 10" cm/s

In internal conversion, the total energy is used to knock out K electrons. The KE. of these
electrons is energy available-B.E. of K electrons
= (87 -26) = 61keV

The total energy including rest mass of electrons is 0-511 + 0-061 = 0-572 MeV
The momentum corresponding to this total energy is

\'4 (0-572)* - (0-511)? /¢ = 0257 MeV/c.

ép_ ., 0257
E 0572

The velocity is then = 0449 c
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With recoil neglected, the y—quantrum will have 129 keV energy. To a first approximation,
its momentrum will be 129 keV/c and the energy of recoil will be

. 2
0129) __ MeV = 418 x 108 MeV

2 x 191 x 931
In the next approximation we therefore write E, =-129 - 8-2 x 10" MeV
Therefore b—E-’— = 363x10""
E,

For maximum (resonant) absorption, the absorbing nucleus must be moving with enough speed
to cancel the momentum of the oncoming photon and have just right energy
(e = 129 keV ) available for transition to the excited state.

< ﬁ%\w\/~ <—O
recoil Ex-8Ex V

energy=dJky !

82

Since 8 E, = 5 and momentum of the photon is % , these condition can be satisfied if

Mc
the velocity of the nucleus is

£ £
Me = cMC2 = 218 m/s = 0-218 k m/s
Because of the gravitational shift the frequency of the gamma ray at the location of the
absorber is increased by
do _gh
o 2
For this to be compensated by the Doppler shift (assuming that resonant absorption is possible
in the absence of gravitational field) we must have

gTh_% or v-g-c-,-'-=0-65um/s
c

The natural life time is

T = {‘- = 47x10"ev

Thus the condition 8 E, = T implies 5Thz L.*»
c € TE
2
or hz £h = 4-64 metre
Teg

(h here is height of the place, not planck’s constant.)
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6.6 NUCLEAR REACTIONS

6.249 [nitial momentum of the o particle is m"l (where 7 is a unit vector in the incident
direction). Final momenta are respectively p,, and Ef,- . Conservation of momentum reads
Potb=V2mT, i
Squaring p:‘; +pf,- +2pyPLicos© =2mT, ()
where O is the angle between p_,: and pTi .

2 2
. Pa le
Also by energy conservation m+ M T,

(m & M are respectively the masses of a particle and L ) So

m
Pat Pl =2mT, @
Substracting (2) from (1) we see that

m
pL,-[(l-A—l)pLi+2pucos @] =0
Thus if pLi ¢ O

1 m
Do = -5(1 —A—l)p,_,-sec@.
Since p,, p;; are both positive number (being magnitudes of vectors) we must have
-1 cos®@<0 if m<M.

This being understood, we write
2

2
Pi [1+-£(1-—’£) sec’ @ =T,

2M 4m M
Hence the recoil energy of the L; nucleus is

2
Pri _ T,
2M —-m)?
l+(M m sec’ @
4mM

As we pointed out above © = 60°. If we take © = 120°, we get
recoil energy of Li = 6 MeV

6.250 (a) In a head on collision

V2mT = p;+p,
2
Pi Pr
2M 2m
Where p,; and p, are the momenta of deuteron and neutron after the collision. Squaring

Pi+Pa+2pip, =2mT

T =
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2, m
Pt M
or since p;= 0 in a head on collisions

__ifym
Pn 2 M Pa-
Going back to energy conservation

2
Pa M m
2M[l+4m(1'M) ] =T

pi=2mT

S0 2i | AmM_,
2M  (m+ M)2
This is the energy lost by neutron. So the fraction of energy lost is
- AmM _ 8
N ey 79

(b) In this case neutron is scattered by 90°. Then
we have from the diagram

E;-p,,;'+\/2mTAi >

Then by energy conservation 3\
p,2,+2mT p,z, T
2M  T2m " .
2 —O > 1
oo (1.2 -1 _m) A
2m\" M M) vemT

>

A _M-m . 31
2m M+m
The energy lost by neutron in then

or

or fraction of energy lostis 1 = Mem

6.251 From conservation of momentum
V2MT i = pi+p,
orp12,=2MT+p,2,-2V2MTpdcose

From energy conservation

ro P P
2M 2m
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6.252

6.253

(M = mass of denteron, m = mass of proton)

So P 'ZMT'HPJ
Hence p3(1+%)-2\/2MTpdc039+2(M—m)T=0
For real roots 4(2MT)cos26—4x2(M—m)T(1+Aﬂl)z0
2
coszﬁz(l—;";;)
m
Hence sinzesm
ie. 0s sin'lfl-

For deuteron-proton scaltering 0,,, = 30°.

This problem has a misprint. Actually the radius R of a nucleus is given by

R=13 VA fm
where fm = 10~ Bm
Then the number of nucleous per unit volume is
. ;‘ T (13) 3% 10" ¥ cm™® = 109 x 10% per cc
=R

The correspondmg mass density is

(1-09 x 10°® x mass of a nucleon) per cc = 1-82 x 10 kg/cc

(a) The particle x must carry two nucleons and a unit of positive charge.
The reaction is

B®(d,a)B:

(b) The particle x must contain a proton in addition to the constituents of O". Thus the
reaction is

(c) The particle x must carry nucleon number 4 and two units of +ve charge. Thus the particle
must be x = o and the reaction is
2 (p, ) Ne®

(d) The particle x must carry mass number 37 and have one unit less of positive charge.

Thus x = CI*7 and the reaction is
cl¥ p, A
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6.254 From the basic formula
Ey=Zmy+(A-Z)m,-M

We define Ay = my-1amu
A, = m,-1amu

A=M-Aamu

Then clearly E, = ZAy+(A-Z)A,-A
6.255 The mass number of the given nucleus must be
3
3
27 / (2) -8
Thus the nucleus is Be®. Then the binding energy is

E, = 4 x0-00867 + 4 + x 0-00783 - 0-00531 amu
= 006069 amu = 56-5 MeV

On using 1 amu = 931 MeV.

6.256 (a) Total binding energy of the 0 nucleus is
E, = 8 x 00867 + 8 x ‘00783 + 0-00509 amu
= 0:13709 amu = 127-6 MeV

So B.E. per nucleon is 7-98 Mev/nucleon

(b) B.E. of neutron in B Ynucleus
= BE. of B-BE. of BY

(since on removing a neutron from B we get BY )
= A,-Ap +Ap = 00867 - 00930 + 01294
= 001231 amu = 11-46 MeV

B.E. of ( an a-particle in B'1)
= B.E. of B' -BE. of Li’ -BE. of a

(since on removing an o from BY we get Li )
- — Anu +4Az; + 8,
= - 0-00930 + 0-01601 + 0-00260
= 0-00931 amu = 8-67 MeV

(c) This energy is
[BE. of 0" + 4 (BE. of a particles)]
= -Ag+dA,

= 4 x 0:00260 + 0-00509
= 0:01549 amu = 14-42 MeV
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6.257

6.258

6.259

6.260

6.261

B.E. of a neutron in B" - B.E. of a proton in B!
= (A, - Apt +Ag?) - (A, - Agt +Ag")
= Ay - A, + Ag® - Agl® = 0-00867 - 0-00783
+0-01294 - 001354 = 0-:00024 amu = 0-223 MeV
The difference in binding energy is essentially due to the coulomb repulsion between the
proton and the residual nucleus Be'® which together constitute BY.
Required energy is siinply the difference in total binding energies-
= BE. of N’ -2 (BE. of He') - BE. of C*
- 208”6-880_ 128C
(e is binding energy per unit nucleon.)

Substitution gives 11-88 MeV .
(a) We have for L

41:3MeV = 0-044361 amu = 3A,;+5A,-A

Hence A = 3 x 000783 + 5 x 0-00867 - 009436 = 0-02248 amu

(b) For c*° 10 x 6:04 = 60-4 MeV
= 0-06488 amu

=6Ay+4A,-A
Hence A = 6 x0:00783 + 4 x 0-00867 - 006488 = 0:01678 amu
Hence the mass of C'° is 10-01678 amu

Suppose M, , M, , M5, M, are the rest masses of the nuclei A, , 4,, A3 and A, perticipating
in the reaction
Ay +A; A3+ A+ Q
Here Q is the energy released. Then by conservation of energy.
Q = & (My+ M, - M; - M,)
Now M, = 3 (Z, my+ (A -Z)m,)-E, etc. and
Z,+Z, = Z3 + Z,(conservation of change)
Ay +A) = Ay + A, (conservation of heavy particles)
Hence Q =(E3+E)-(E, +E)

(a) the energy liberated in the fission of 1 kg of U 35 s

120_%0 X 6:023 x 10° x 200 MeV = 821 x 10°°kJ

The mass of coal with equivalent calorific value is

821 x 10%°
30000

kg = 274 x 10° kg
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(b) The required mass-is
30 x 10° x 4-1 x 10° 235
x kg = 149k
200 x 1602 x 10- 2 x 6023 x 10° 1000 & £

6.262 The reaction is (in effect).
H + H*— Heé* + Q
Then Q =2A7 -Ayt+Q
= 0-02820 - 0-00260
= 002560 amu = 23-8 MeV
Hence the energy released in 1 gm of He' is

6023 x 10%
4
This energy can be derived from

575 x 10
30000

x238x 1602 x 10~ 2 Joule = 575 x 108 kJ

kg = 1:9 x 10* kg of Coal.

6.263 The energy released in the reaction
Li®+ H* =2 Hé*
is Arf+ A -2 A,
= 0-01513 + 0-01410 - 2 x 0-00 260 amu
= 002403 amu = 22-37 MeV

(This result for change in B.E. is correct because the contribution of A, & Ay cancels out by
conservation law for protons & neutrons.)-

Energy per nucleon is then

%’1 = 2796 MeV/nucleon .

This should be compared with the value L 0-85 MeV/nucleon

235
6.264 The energy of reaction
Li"+p—2He*
is, 2 xBE. of He*-BE. of Li’

= 8¢,-7¢,; =8x706-7x560 = 17-3 MeV

6.265 The reaction is N'* {a,p) oY,
It is given that (in the Lab frame where N"is at rest) T, = 4-0 MeV .
The momentum of incident o particle is
V2m T, i = V2nomeT, i
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The momentum of outgoing proton is
m(cose'}+sine'})
= V—Z—m(cosel\i-rsinﬂl}')

A
m m
where Tlp=_£, na’:_a: J
my my ——— e —i—

and my is the mass of ov.
The momentum of O is
(\/Znumo T, —\/anmo T, cos 6) l
- W sin 0 ’}
By energy conservation (conservation of energy including rest mass energy and kinetic energy)

My c2~'-Mﬂl A+ T,

= M,c* +T,+ My ¢

2
+ [ (Vna T, -Vn,T, cos 9) +m, T,sin* 0+, Tpsinzﬁ]
Hence by definition of the Q of reaction
Q =M, c2+Ma cz—MP e -M;, ¢
= TN T+ Mp T, -2V T, T, xcos 0 - T,
= (1 + np) Tp + Ta‘(l _na)
—2\/71‘,71‘,I T,T,cos 6 = -1-19 MeV
6.266 (a) The reaction is Li’ (p,n) Be” and the energy of reaction is
Q = My +M7) S +(M,-M,)c’
= (A -Ag") &+ A, - A,
= [0-01601 + 000783 - 0-01693 - 0-00867] amu x
= —1-64 MeV

() The reaction is Be’® (n,y) Be™.
Mass of y is taken zero. Then

Q = (Mp2+M, - Mp)
= (Apd+ Ay = Ap0) &
= (001219 + 0-00867 - 0-01354 )| amu 5 ¢?
- 6:81 MeV
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6.268

6.269
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(c) The reaction is Li’ (o, n) B'. The energy is
Q = (Al.i7 + Au - An - ABlo ) c2
= (0-01601 + 0-00260 - 0-00867 - 01294 ) amu x ¢*
= - 279 MeV

(d) The reaction is 0™ (d, o) N*. The energy of reaction is
Q0 = (Ao + 8- A= AY) ¢
= (- 000509 + 0-01410 - 0-00260 - 0-00307) amu x ¢
= 311 MeV

The reaction is B (n,a)Li 7. The energy of the reaction is
Q = (Ag°+ A, - A= B,7) "
= (0-01294 + 0-00867 - 0-00260 - 0-01601) amu x
= 279 MeV
Since the incident neutron is very slow and BY is stationary, the final total momentum must

also be zero. So the reaction products must emerge in opposite directions. If their speeds are,
repectively, v, and vy;

then 4v, = Tvy;
 and %(4v§+7v2,.)x 1672 x 10" % = 279 x 14602 x 10°°
So %-x 4v2 (1 + %) = 270 x 10" em?/s?
or Vo = 927 x 10° m/s
Then vy = 53x10°m/s

Q of this reaction (Li7 (p,n Be7) was calculated in problem 266 (a). If is - 1-64 MeV.
We have by conservation of momentum and energy p, = pjg, (since initial Li and final neutron

are both at rest)

2
-—Z—P - —'——PBC +1-64

2m’ 2mL,'
P
Then —L(l-—Lm ) = 164
2m, mg,
P 7
Hence T, = =2 = —x164MeV = 191 MeV
2mp 6

It is understood that Bé’ is initially at rest. The moment of the outgoing neutron is
A,
V2m,T, j. The momenturm of c?is
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V2m, T i-V2m, T, )

Then by energy conservation

n (\/2777777?13\)
2m, T+2m,T, vamL T

T+Q - T,,"' 2mci {)—>
(m, is the mass of C'?) oL Be® /
C2
Thus T, = m (T+Q)-m, T
m.+m,
: Q+(1——::—“)’T
m.-my) T +m, ¢
_me=m) TemQ = 852 MeV
m.+m, 1-"_m_,,

c

6.270 The Q value of the reaction Li’ (p, o) He* is
Q = (A" +8y-24y1)
= (0-01601 +0-00783 — 0-00520) amu x ¢’
= 0-01864 amu x ¢> = 17:35 MeV

Since the direction of He* nuclei is symmetrical, their momenta must also be equal. Let T
be the K.E. of each He*. Then

) 2V2m”¢Tcosg

(p, is the momentum of proton). Also

P
L4 Q=2T=T,+Q

2m,
Pisec' s
Hence TP+Q = 2-—8—';;:—

m, 0
P oS
'-sz esec )

T,

/ S _V M
Hence cos ) i Tp+ 0
Substitution gives

0 = 170-53°

Also T = (T, +Q) = 918 MeV.
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6.274

6.275
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Energy required is minimum when the reaction products all move in the direction of the
incident particle with the same velocity (so that the combination is at rest in the centre of

mass frame). We then have
V2mT, = (m+M)v

(Total mass is constant in the nonrelativistic limit).

1 2 mIy
Ta-|Ql = Zm+ M)V = ———
. M
or Tlh m+M - IQ I
m
Hence T = (1+M)|Q|
The result of the previous problem applies and we find that energy required to split a deuteron
M,
is T2 (1 + —ﬂ)E,, = 33 MeV
M,

Since the reaction Li’ ,n )Be7 (Q = -1-65MeV) is initiated, the incident proton energy
must be

M,
2|1+-%|x165 = 1-89 MeV
My
since the reaction Be® (,n B (Q = -1-85MeV) is not initiated,

M
Ts (1 +A_IL) x 1-85 = 2:06 MeV Thus 1-89 MeV = T, s 2:06 MeV
Ve

m’l
We have 40 = |1+ 7 | Q|

or 0 = -%x4MeV = -367MeV

The Q of the reaction Li’ ,n) Be” was calculated in problem 266 (a). It is — 1-64 MeV
Hence, the threshold K.E. of protons for initiating this reaction is

T, = (1+—TL)|Q| -8 164 = 187 Mev
my;; 7

For the reaction Li’ @,dLi®

we find 0 = (A" + Dy -Dy-By%) ¢
= (0-:01601 + 0-00783 - 0-01410 - 0-01513) amu x C2
= - 502 MeV

The threshold proton energy for initiating this reaction is

T, = (1 +;Z—l£;]x|Q| = 573 MeV
'Li
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6.276 The Q of Li 7 (o, n) B was calculated in problem 266 (c). It is 0 = 2-79 MeV
Then the threshold energy of o-—particle is

m, 4
Ty = (1+——)|Q| = (1 +—)2-79 = 4-38MeV

The velocity of B in this case is simply the volocity of centre of mass :-

v=\'2mmT,,, - 1 “/2Tu.

Mo tmy Mmoo Mg

a
This is because both B'® and n are at rest in the CM frame at theshold.

Substituting the values of various quantities

we get v = 527 x10°m/s
6.277 The momentum of incident neutron is V2 m, T i, that of o particle is V2 m, T, J and of
Be® is
—\/2maTa';+\/2m,,TAi A
By conservation of energy eC J
m,T,+m, T
T =T+ —"—"—1|Q|
a M n A
. 9 O—> 2
(M is the mass of Be” ). Thus ~ -
C
m, M
T - [ T(-5e)-te]
Usi T, = [1+™)0] Bed
sing th + M} Q
M m, Tlh
we get Tn—M“”a (I—M)T—l -
+ 2
M

M’ is the mass of C ' nucleus.

1
M+mg

MM
M +m,

or T, = [(M—m,,)T— T,,,] = 221 MeV

6.278 The formula of problem 6.271 does not apply here because the photon is always reletivistic.
E
At threshold, the energy of the photon E, implies a momentum ?’ The velocity of centre of

mass with respect to the rest frame of initial H? is

_ 5

(m,+m,)c
Since both n & p are at rest in CM frame at threshold, we write
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2
Ey
N ) +E,
2 (m,+m )c
by conservation of energy. Since the first term is a small correction, we have
2

E, -Eb"'_ﬁ
2(m,+my))c

SE E, 22

. -4
E, 2(m..+m,)02 T 2x2x938 " 39x10

Thus

or nearly 0-06 % .

The reaction is
p+d—>He 3

Excitation energy of He® is just the energy available in centre of mass. The velocity of the

centre of mass is
amT, _14/2L,
3 m,

mp +m,
In the CM frame, the kinetic energy available is (m; ~ 2 m,)
2 2
- _\/2T W, [1y2r | 2T
2™ m, 27713 " om, 3
. . 2T
The total energy available is then Q + 3
where Q = (A, +As-Ag,)
= ?x (0-00783 + 0-01410 - 0-01603) amu
= 5-49 MeV
Finally E = 649 MeV .

The reaction is
d+CB > NB* > pNY

Maxima of yields determine the energy levels of N 15¢ As in the previous problem the
excitation energy is

e = Q +EK
where Ex = available kinetic energy. This is found is as in the previous problem. The velocity

of the centre of mass is

V2m T,  _ma \[2T

mg+m, mg+m. my
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6.281

6.282

- 2 2
So Ex = .12_,,,,(1__"'»;_) 2% +%,,,c(_l’1_) 2% _m.

m;+m.} m, mg+m.| my mg+m,

Q is the Q value for the ground state of N 15 ; We have
Q = c*x (A + AP - Ay)
= ¢2 x (0-01410 + 0-00335 - 0-00011) amu
= 1614 MeV
The excitation energies then are
16-66 MeV , 16:92 MeV
17-49 MeV and 17-70 MeV.

‘We have the relation

- e-nad

1
m

attenuation factor

&

a
!

L}

no. of Cd nuclei per unit volume
effective cross section
thickness of the plate

A Q 3 3=
(]

n_PNA
M

{p = density, M = Molar weight of Cd, N, = Avogadro number.)

Now

Thus o

M
= pNAdh‘n = 2-53 kb
Here

1 e-(nzaz-bn‘a‘)d

n

where 1 refers to O' and 2 to D nuclei

Using n, = 2n, n; = n = concentration of O nuclei in heavy water we get
_1_ = e-(2az+a,_)nd
n

Now using the data for heavy water

L, o Lix 6023 x 102
20

= 3313 x 102 per cc

Thus substituting the values

20-4 I—o
T]a SI,

T;
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6.283 In traversing a distance d the fraction which is either scattered or absorbed is clearly

1- e-n(a,-t-a.)d

by the usual definition of the attenuation factor. Of this, the fraction scattered is (by definition
of scattering and absorption cross section)

W = [l_e—n(o,+o‘)d} O
—— O;+0,
x N,
In iron n = P—M-—A- = 839 x 102 percc
Substitution gives w =0-352

6.284 (a) Assuming of course, that each reaction produces a radio nuclide of the same type, the

(®)

6.285 (a)

®)

decay constant a of the radionuclide is k/w. Hence T = —1%% - %ln 2

number of bombarding particles is : I?t

(e = charge on proton). Then the number of Be” produced is : —Ie—tw

If A = decay constant of Be’ = l_nTg’ then the activity is A = -Ie—tw-l—nT—2
eAT -3
Hence il e i 198 x 10

197 197

Suppose Ny = no. of Au
formed in time ¢ is

nuclei in the foil. Then the number of Au nuclei trans-

No J-o-t
For this to equal Ny , we must have
t =n/(J*0) = 323 years

Rate of formation of the Au'*®

and rate of decay is A n, where n is the number of Au

dn
Thus —&t—sno-.l-o—)»n

198

nuclei is Ny -J - o per sec

198 at any instant.

The maximum number of Au™" is clearly

No‘J’O’ No'J‘O"T
Mmax = T % T2

dn

because if n is smaller,
dt

>0 and n will increase further and if n is larger

gd—:'< 0 and n will decrease. (Actually ng,, is approached steadily as ¢ —> «)

Substitution gives using N = 3-057 x10%, n,,, = 101 x10"
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6.286 Rate of formation of the radionuclide is n:J-o per unit area per-sec. Rate of decay is AN.

Thus
dN .
Z " nJ-o - AN per unit area per second
Then (‘%VWMV) et = nJoe* or %(Ne"‘) = nJoe*’
Hence Ne' = Const+ n-.;-o et
The number of radionuclide at ¢+ = 0 when the process starts is zero. So constant = — n"{'o

Then N = %q(l—e'“)

6.287 We apply the formula of the previous problem except that have
N = no. of radio nuclide and no. of host nuclei originally.

Here n= %x 6023 % 102 = 6-115 x 10%
tin2
Then after time ¢ N = n-ﬁc;T (1 -e T )

T = half life of the radionuclide.
After the source of neutrons is cut off the activity after time T will be

A= nJ-oT (1 - e~ *227) —tln2Tx 22

_in_z_ e T = n.J_o(l_e—lanT)e—fln?/T

Thus J = Ae'h’Z/T/no(l -e 02Ty . 5.92 x 10° part/cm? s

6.288 No. of nuclei in the first generation = No. of nuclei initially = N,
Ny in the second generation = N, x multiplication factor =Ny - k

Ny in the the 3rd generation = Ny-k-k = Ny k2

N, in the nth generation = N k"~ !
Substitution gives 1-25 x 10° neutrons

6.289 N, of fissions per unit time is clearly P/E. Hence no. of neutrons produced per unit time to

018

24 . Substitution gives 7-80 x 10~ neutrons/sec

E

6.290 (a) This number is k"~ ' where n = no. of generations in time ¢ = t/T
Substitution gives 388.
(-f-- 1) Ink

(b) We write k" lae =e

T 1 1
or 1_1-lnk and T=1(1+lnk)-1015scc
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6.7 ELEMENTARY PARTICLES

6.291

6.292

6.293

The formula is

T = \/c2pz-o-m(2,c4 —m002

Thus T =53MeV for p = o-m%’ = 53x1073GeV

T = 0433GeV for p = 1-095—‘—’

T = 9106 GeV for p = IO-G-cel,

Here we have used m, c® = 0938 GeV

Energy of pions is (1 +m1) my ¢? so
2

(1"'7])'"0‘—'2 - _Mmec
Vi-p2
Hence 1 =14m or B = n@+n)

VieF Lem

Here § = —:— of pion. Hence time dilation factor is 1 +m and the distance traversed by the

pion in its lifetime will be

cB

=cTVn (2+1m) = 150 metres
1-p2

on substituting the values of various quantities. (Note. The factor can be looked at

1
Vi-g?
as a time dilation effect in the laboratory frame or as length contraction factor brought to the
other side in the proper frame of the pion).

From the previous problem [ = ctoVn(m+2)
where | = —-7;-5, m, is the rest mass of pions.
myc

l

substitution gives Tg = —————— = 2:63 ns
cVn2+m)
) Imgc
VI (T+2m,c*)
_ 100

where we have used = 0716

~ 1396
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6.294 Here m = % = 1 so the life time of the pion in the laboratory frame is
mc

=(1+m)7% =27
The law of radioactive decay imphes that the flux decrease by the factor.

I eVt m oVt e-z/n.,\/n(2+n)

Jo
= eXp (- mel ] = 0221
WVT(T+2mc?)
6.295 Energy-momentum conservation implies
- —>
O =p.+p,
m,,c2 =E,+E, or m,,cz—Ev = E,
But E, = c|py| = c|p,|. Thus
mict-2m c?c E;I-rczpi = Eﬁ = ¢:2p‘2"+m‘2‘c4
2_ .2
— my —m 2
Hence c|pu|=2—mE~c
Vv 2 i, m
So T, = cp”+muc -m, & -v( y mi-cz-m“c2
4 m,,
- m§+m'2‘c2—m - _—(m,,-mu)2 -2
2m, " 2m,
Substituting myc? = 1396 MeV
m, ¢® = 1057 MeV we get
T, = 412MeV
m — m2
Also E, =222 M 2 | 298 Mev
2m,
6.296 We have
- —>
O = p,+p, (1)
my c? = E,+E,
or (my c -E,,)2 - E2
or m%c‘—Zmz}csz,, = I:?2—E2 = c‘mi—c‘mﬁ
because (1) implies E -E}=mict-mic*

2 2 2
ms+m,—m
Hence E,,--—-X-———————" 2
2 my
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2,3 2 )
_ m):"'mn-mn 2 _ (mz—mn) - my 2
and T, = ( T om o m, T om g c
Substitution gives T, = 1955 MeV

6.297 The reaction is
Wt + v, +v,
The neutrinoes are massless. The positron will carry largest momentum if both ncutriones
(ve&Vu) move in the same direction in the rest frame of the nuon. Then the final product
is effectively a two body system and we get from problem (295)

2
(m, -m,)
® < 2

(T2 doa = =5
Substitution gives (T, )max = 5235 MeV
6.298 By conservation of energy-momentum
Mc = E +E,
O = 17; + E,:
Then m§c4=Ei-;,2,c2= (Mcz—Ep)z—czﬁg

= Mzc‘*—2Mc2E},+m§c4
This is a quadratic equation in M
2 E)_ 2 2
M -2—M+m,-m; =0
Cc

or using £, = m, ¢+ T and solving

c c P
E \/E2
Hence, M="24:V2_ p2opm
» 2 & p + My

taking the positive sign. Thus

T \,2, T T
M=m+=+Vm+ =|2m+=
p 2 x cz( p cz)

Substitution gives

MeV

c2

M = 11154

From the table of masses we identify the particle as a a particle
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6.299

6.300

> ~

ALY
> -> A A
7 A BB 1By
_grz

See the diagram. By conservation of energy

Vmict+ 2pl = cpv+\/m ct +p,‘c +c? p

or (Vmic4+c2p,2,—cp\,! =-my, Al p,,+c pv
4
or mic“-Zcpv m c*+c? p,, = m;‘:c

Hence the energy of the neutrino is

mZct - mzl! ¢
E, =cp, =

2(m,,c2+T)

on writing Vmct+ & pE o= m, A+ T

Substitution gives E, = 2193 MeV

By=Prd

xd A o

P=BJ+hK 1

1 Y
- MOy

~

$3

By energy conservation

2
\/mzc4+c2p§ =\[ ct+Ppl +\/m ct+piectpl

2
or (\/mzc +c2pt ‘/m,,c +c2pk ) =mct+?ple PPl
4
or mict+piemict+ P pt - 2\/m ¢+ P pl ‘/m,,c +c2pl
2 2 2

=mct+ P pl+ctpd



6.301

6.302

or using the KE. of Z & n

Ty T,
m,2,=m§+m,2,—2(mz+—-2- m,,+—2E
c c

T T.
and m, = \/m% + m,z, -2 (mz + —%) (m,, + -—’2') = 0:949 GcZV
c c c
Here by conservation of momentum
p,,=2><2c><cos2 /2
or cp £, cos 9 > € % -
n = Lx Py 7.
2 Exy %
0
Thus  EZcos® 5 = E%- m2 ¢ £, /2
2
m,c
or E, = Si: 0
2
2 0
and T, = myc coseci—l

substitution gives T, = m, c> = 135 MeV for 8 = 60°.

2 2
m_.c”+T, m_c
Also E, = —= 5 L= "2 cosec >

my ¢?in this case (8 = 60°)

With particle masses standing for the names of the particles, the reaction is
m+M—>m +m+...

391

On RH.S. let the energy momenta be (E;, ¢ 17; ), (E;, cﬁz’) etc. On the left the energy

momentum of the particle m is (E, ¢ 17) and that of the other particle is (M ¢, T), where,

ofcourse, the usual relations

EZ—CZE'2 = m?ctetc

hold. From the conservation of energy momentum we see that
E+MEV-Pp” = (SE V- Ecp)
Left band side is

mct e+ Mt + 2 M PE

We evaluate the RH.S. in the frame where Z p; = 0 (CM frame of the decay product).

Then RHS. = (ZE)* = (m;c)?
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6.303

6.304

6.305

because all energies are +ve. Therefore we have the result

Em)-m? - M? 2
= c

E 2M
or since E = mc2+T,wc see that T 2 T,, where
Em) - (m+M) ,
Tth = M C
By momentum conservation
\ / E+m,c? 0
2 2 4 e 9
E°-m,c" =2 2 cos 5
8 \/E-m,c2 T ——— S ————
or cos,, = V———— = V S
2 E+m,c? T+2m,c? E
Substitution gives
0 =98-8°

The formula of problem 3.02 gives
£ L Em) =M,
t 2M
when the projectile is a photon
(a) Fory+e —>e +e +e'

9m? - m?
e el . 4m¢c2 = 2:04 MeV
2m,

(b) For Y+p—p+n' W

Elh =

m,2, 2
= 2(m,,+-—-—)c = 320-8 MeV

M, +2m) -M> , 4m M, +4m: ,
- M, Y 72

Ey

M,

(@) Forp+p—>p+p+p+p
16m>-4m’
T2T, = —T"—"cz = 6m,c* = 563 GeV
mp .
(b) Forp+p—>p+p+n°
- (2mp+m,,e)2-4m§

2 ¢
my

TZT”,

2

mn" 2
= (2 m, + ——) c” = 0280 GeV
2m,
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6.306 (a) Here
(mg + mg)* - (my + m,) 2

T 2 m,

Substitution gives T = 0904 GeV

(mg +mp = (mee + m,)*
(b) T‘k = 2mp 4

Substitution gives T, = 0-77 GeV.

6.307 From the Gell-Mann Nishijima formula
Y
0 = Tr+3

1 Y
we get 0-2+2 or Y =-1
Also Y = B+S=> S = -2. Thus the particle is =° 0.

6.308 (1) The process n —>p + e~ + v, cannot occur as there are 2 more leptons (e”, v.) on the
right comopared to zero on the left.

(2) The process x* — u* + ™ + € is forbidden because this corresponds to a change of lepton
number by, (0 on the left - 1 on the right)

(3) The process &~ — p~ + v, is forbidden because p~, v, being both leptons AL = 2 hre.
P! M "

(4), (5), (6) are allowed (except that one must distinguish between muon neutrinoes and
electron neutrinoes). The correct names would be

4) pte —>n+v,
) " —=>e +v . +9,
(6) K’—*p."+V“.

6309 (1) " +p—>3 +K
0 0 -1 1
SO AS = 0. allowed
2 n+p—=>I+K
0 o0 -1 1
S0 AS = -2. forbidden
(B) T +p—>K +K' +n
0 0—>-1i1 0
) AS = 0, allowed.
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4 n+p—>A°+3*
0 0 -1 -1
so AS = -2. forbidden
S) " +n—>w +K +K
0 0—=>-21 -1
) AS = -2. forbidden.
6) K+p—=>Q +K'K°
-1 0 -3 +1 +1
so AS = 0. allowed.

6.310 () T—=A+n
is forbidden by energy conservation. The mass difference

My -My = 22MY
C

(The process 1 —> 2 + 3 will be allowed only if m; >my+ms.)

@ T +p—=K+K
is disallowed by conservation of baryon number.

B) K+n—=>Q +K' +K°
is forbidden by conservation of charge

(4) n+p—=>Z +A°
is forbidden by strangeness conservation.

B) " > +e +e
is forbidden by conservation of muon number (or lepton number).

(6) pf—’e'+v¢+§;u
is forbidden by the separate conservation of muon number as well as lepton number.

A gk o



