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PREFACE

This series of physics problems and solutions, which consists of seven
volumes — Mechanics, Electromagnetism, Optics, Atomic, Nuclear and
Particle Physics, Thermodynamics and Statistical Physics, Quantum Me-
chanics, Solid State Physics and Relativity, contains a selection of 2550
problems from the graduate school entrance and qualifying examination
papers of seven U.S. universities — California University Berkeley Cam-
pus, Columbia University, Chicago University, Massachusetts Institute of
Technology, New York State University Buffalo Campus, Princeton Uni-
versity, Wisconsin University — as well as the CUSPEA and C. C. Ting’s
papers for selection of Chinese students for further studies in U.S.A. and
their solutions which represent the effort of more than 70 Chinese physicists
plus some 20 more who checked the solutions.

The series is remarkable for its comprehensive coverage. In each area
the problems span a wide spectrum of topics while many problems overlap
several areas. The problems themselves are remarkable for their versatil-
ity in applying the physical laws and principles, their uptodate realistic
situations, and their scanty demand on mathematical skills. Many of the
problems involve order of magnitude calculations which one often requires
in an experimental situation for estimating a quantity from a simple model.
In short, the exercises blend together the objectives of enhancement of one’s
understanding of the physical principles and ability of practical application.

The solutions as presented generally just provide a guidance to solving
the problems, rather than step by step manipulation, and leave much to
the students to work out for themselves, of whom much is demanded of the
basic knowledge in physics. Thus the series would provide an invaluable
complement to the textbooks.

The present volume for Electromagnetism consists of five parts: elec-
trostatics, magnetostatic and quasi-stationary electromagnetic fields, cir-
cuit analysis, electromagnetic waves, relativity and particle-field interac-
tions, and contains 440 problems. 34 Chinese physicists were involved in
the task of preparing and checking the solutions.

In editing, no attempt has been made to unify the physical terms,
units and symbols. Rather, they are left to the setters’ and solvers’ own
preference so as to reflect the realistic situation of the usage today. Great
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pains has been taken to trace the logical steps from the first principles to
the final solutions, frequently even to the extent of rewriting the entire
solution. In addition, a subject index has been included to facilitate the
location of topics. These editorial efforts hopefully will enhance the value
of the volume to the students and teachers alike.

Yung-Kuo Lim
Editor



INTRODUCTION

Solving problems in school work is the exercise of the mind and ex-
amination questions are usually picked from the problems in school work.
Working out problems is an essential and important aspect of the study of
Physics.

Major American University Ph.D. Qualifying Questions and Solutions
is a series of books which consists of seven volumes. The subjects of each
volume and the respective referees (in parentheses) are as follows:

1. Mechanics (Qiang Yan-qi, Gu En-pu, Cheng Jia-fu, Li Ze-hua, Yang

De-tian)

2. Electromagnetism (Zhao Shu-ping, You Jun-han, Zhu Jun-jie)

3. Optics (Bai Gui-ru, Guo Guang-can)

4. Atomic, Nuclear and Particle Physics (Jin Huai-cheng, Yang Bao-
zhong, Fan Yang-mei)

5. Thermodynamics and Statistical Physics (Zheng Jiu-ren)

6. Quantum Mechanics (Zhang Yong-de, Zhu Dong-pei, Fan Hong-yi)

7. Solid State Physics, Relativity and Miscellaneous Topics (Zhang Jia-lu,

Zhou You-yuan, Zhang Shi-ling)

This series covers almost all aspects of University Physics and contains
2550 problems, most of which are solved in detail.

The problems have been carefully chosen from 3100 problems, of which
some came from the China-U.S. Physics Examination and Application Pro-
gram, some were selected from the Ph.D. Qualifying Examination on Ex-
perimental High Energy Physics sponsored by Chao Chong Ting. The rest
came from the graduate school entrance examination questions of seven
world-renowned American universities: Columbia University, University of
California at Berkeley, Massachusetts Institute of Technology, University of
Wisconsin, University of Chicago, Princeton University and State Univer-
sity of New York, Buffalo.

In general, examination problems in physics in American universities
do not involve too much mathematics; however, they are to a large ex-
tent characterized by the following three aspects: some problems involving
various frontier subjects and overlapping domains of science are selected
by professors directly from their own research work and show a “modern
style”. Some problems involve broad fields and require a quick mind to

vii



viii Introduction

analyse, while the methods needed for solving the other problems are sim-
ple and practical but requires a full “touch of physics”. Indeed, we ven-
ture to opine that the problems, as a whole, embody to some extent the
characteristics of American science and culture, as well as the philosophy
underlying American education.

Therefore, we considered it worthwhile to collect and solve these prob-
lems and introduce them to students and teachers, even though the effort
involved was extremely strenuous. As many as a hundred teachers and
graduate students took part in this time-consuming task.

A total of 440 problems makes up this volume of five parts: electrostat-
ics (108), magnetostatic and quasi-stationary electromagnetic fields (119),
circuit analysis (90), electromagnetic waves (67), and relativity, particle-
field interactions (56).

In scope and depth, most of the problems conform to the undergrad-
uate physics syllabi for electromagnetism, circuit analysis and electrody-
namics in most universities. However, many of them are rather profound,
sophisticated and broad-based. In particular, problems from American uni-
versities often fuse fundamental principles with the latest research activities.
Thus the problems may help the reader not only to enhance understanding
in the basic principles, but also to cultivate the ability of solving practical
problems in a realistic environment. .

International units are used whenever possible, but in order to conform
to some of the problems, Gaussian units are also used. This in fact would
give the student broader training and wider experience.

This volume is the result of collective efforts of 34 physicists involved
in working out and checking of the solutions, among them Zheng Dao-chen,
Hu You-qiu, Ning Bo, Zhu Xue-liang, and Zhao Shu-ping.
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1. BASIC LAWS OF ELECTROSTATICS (1001-1023)

1001
A static charge distribution produces a radial electric field

et

E=A

€,
r

where A and b are constants.
(a) What is the charge density? Sketch it.

(b) What is the total charge Q?
(MIT)

Solution:
(a) The charge density is given by Maxwell’s equation

p=V-D=¢gV-E.

AsV-uv=Vu-v+uV . v,
- €y - €y
V-E:A[V(e ")-;2-+e "V'(,—z)]-

Making use of Dirac’s delta function §(r) with properties

§(r)=0 for r#0,
=00 for r=0,

/ 6(r)dV =1 if V encloses r=0,
v

=0 if otherwise,

VZ(_I;) =V-V(-:-') =V. (_ :"—2) = —4x4(r).

—br

we have

Thus

e - e, + 4xe " 5(x)

p=¢€A [— 2

= —e‘:.—j:be"" + 4xeg A S(r).

3



4 Problems & Solutions on Eleciromagnetism

Hence the charge distribution consists of a positive charge 47egA at the
origin and a spherically symmetric negative charge distribution in the sur-
rounding space, as shown in Fig. 1.1.

P(r)

4ceqgAS(r)

(b) The total charge is

Q= [ pav

all space

oo -br
=- Eodbe™ 7 4xridr + 4wegA§(r)dV
0 r
all space

= 47reoA[e'b"]8° + 4mwegA

= —4regA+ 4megA = 0.

It can also be obtained from Gauss’ flux theorem:

Q= lim ¢ ¢kE-dS
S

r—00
=br
. €gAe
= lim 0—2—--41rr2
r—00 r

lim 4xeqAet =0,
r—+00

in agreement with the above.
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1002

Suppose that, instead of the Coulomb force law, one found experimen-
tally that the force between any two charges ¢q; and g, was

1 - /ar2)
Fyg = q192 .( 12 e,

- 2

I

where « is a constant.

(a) Write down the appropriate electric field E surrounding a point
charge gq.

(b) Choose a path around this point charge and calculate the line
integral § E - dl. Compare with the Coulomb result.

(c) Find § E - dS over a spherical surface of radius r; with the point
charge at this center. Compare with the Coulomb result.

(d) Repeat (c) at radius r; + A and find V-E at a distance r; from the
point charge. Compare with the Coulomb result. Note that A is a small
quantity.

(Wisconsin)
Solution:

(a) The electric field surrounding the point charge ¢ is
E(r) = L= Var)e
47eg r2 T
where r is the distance between a space point and the point charge ¢, and
e, is a unit vector directed from ¢ to the space point.
e,

]
A g

Fig. 1.2

(b) As in Fig. 1.2, for the closed path L we find
dl-e, =dlcosf = dr
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and

fE dl= f‘lwe r"’ (1 - Var)dr

4“0[ f +2\/‘f ]:0.

From Coulomb’s law F';3 = —,r’-‘lf},-e,l,, we can obtain the electric field
of the point charge

Clearly, one has

E.dl=0.
L

So the Coulomb result is the same as that of this problem.

(c) Let S be a spherical surface of radius r; with the charge ¢ at its
center. Defining the surface element dS = dSe,, we have

}f E.dS= 41reor 2(1 - Jarr)ds
= —(l - \/arl ) .
€o

From Coulomb’s law and Gauss’ law, we get

fE-dS:-g-.
s €o

The two results differ by L /ar;.
(d) Using the result of (c), the surface integral at r; + A is

fnds: é(l—\/a(r1+A)).

Consider a volume V'’ bounded by two spherical shells S; and S; with radii
r=r; and r = r; + A respectively. Gauss’ divergence theorem gives

f E-dS = V-EdV.
51483 v
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As the directions of dS on S; and S, are outwards from V', we have for
small A

L [-Vafr +2) + vam] = Frs +AF = ri)A  Bl=r,.

A .
As £ < 1, we can approximately set

n
(l+é) z1+né-.
™ ™

Thus one gets

V-E(r=nr)= ——[%.
8weor;

On the other hand, Coulomb’s law would give the divergence of the electric
field produced by a point charge ¢ as

V.E(r)= %J(r).

1003

Static charges are distributed along the z-axis (one-dimensional) in the
interval —a < z’ < a. The charge density is

p(z') for |z|<a
0 for |z'|>a.

(a) Write down an expression for the electrostatic potential ®(z)at a
point z on the axis in terms of p(z’).
(b) Derive a multipole expansion for the potential valid for z > a.
(c) For each charge configuration given in Fig. 1.3, find
(i) the total charge Q = [ pdz/,
(ii) the dipole moment P = [ z’pdz’,
(iii) the quadrupole moment Q.. = 2 [ z'%pdz’,
(iv) the leading term (in powers of 1/z) in the potential ® at a
point z > a.
(Wisconsin)
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q .
0 720 :
-9 +q .
am = -2 =% z
g —2 q .
(1D z’£—§- 2 =0 =2 z

2
Fig. 1.3

Solution:
(a) The electrostatic potential at a point on z-axis is

&(z) = 1 /-a A=) dz’ .

47eo |z — z|

(b) For z > a,a > z’ > —a, we have

1 1+z’+z'2+
|z —=z'| — z2

Hence the multipole expansion of ®(z) is

(c) The charge configuration (I) can be represented by

p(z') = ¢8(2'),
for which

(i) Q=gq; (i) P=0; (iii) Qz:z=0; (iv) ¥(z)=

41re z’
The charge configuration (II) can be represented by

p(z') = —qé (z' + g) +¢6 (z' - g) ,

(i) @=0; (i) P=gqa; (i) Qzx=0; (iv) ®(z)=

for which

41re zz )
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The charge configuration (III) can be represented by
U / a / a /
) = a8(<'+5) +5(s' - ) - ab(a),
for which

) @=0; () P=0; (i) Qs = ‘1‘12; (iv) @(z)= 8:;)22:3 :

1004

Two uniform infinite sheets of electric charge densities +0 and —o
intersect at right angles. Find the magnitude and direction of the electric
field everywhere and sketch the lines of E.

(Wisconsin)
Solution:

First let us consider the infinite sheet of charge density +o. The mag-
nitude of the electric field caused by it at any space point is

=z

- 260 )
The direction of the electric field is perpendicular to the surface of the
sheet. For the two orthogonal sheets of charge densities o, superposition
of their electric fields yields

V2o

FE = .
2€o

The direction of E is as shown in Fig. 1.4.

+d -0

Y

Fig. 1.4
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1005
Gauss’ law would be invalid if
(a) there were magnetic monopoles,
(b) the inverse-square law were not exactly true,
(c) the velocity of light were not a universal constant.
(ccT)
Solution:

The answer is (b).

1006
An electric charge can be held in a position of stable equilibrium:
(a) by a purely electrostatic field,
(b) by a mechanical force,
(c) neither of the above.
(ccr)
Solution:

The answer is (c).

1007

If P is the polarization vector and E is the electric field, then in the
equation P = aE, a in general is:

(a) scalar, (b) vector, (c) tensor.

(ccT)
Solution:

The answer is (c).

1008

(a) A ring of radius R has a total charge +Q uniformly distributed on
it. Calculate the electric field and potential at the center of the ring.
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(b) Consider a charge —Q constrained to slide along the axis of the
ring. Show that the charge will execute simple harmonic motion for small
displacements perpendicular to the plane of the ring.

(Wisconsin)
Solution:

As in Fig. 1.5, take the z-axis along the axis of the ring. The electric
field and the potential at the center of the ring are given by

Fig. 1.5

The electric field at a point P on the z-axis is given by

- Q=
E(Z) - 41r€o(R2 + 22)3/283 :

Thus a negative charge —Q at point p is acted upon by a force

- Q*z o
F(z) - —4WEO(R2 + 22)3,291 .

As z € R,F(z) x z and —Q will execute simple harmonic motion.

1009

An amount of charge ¢ is uniformly spread out in a layer on the surface
of a disc of radius a.

(a) Use elementary methods based on the azimuthal symmetry of the
charge distribution to find the potential at any point on the axis of sym-
metry.
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(b) With the aid of (a) find an expression for the potential at any point
r(Jr| > a) as an expansion in angular harmonics.
(Wisconsin)
Solution:

(a) Take coordinate axes as in Fig. 1.6 and consider a ring formed by
circles with radii p and p 4+ dp on the disc. The electrical potential at a
point (0,0, z) produced by the ring is given by

1 q 27 pdp

4meo wa? |\ [p24 ;7

Integrating, we obtain the potential due to the whole ring:

a
_ g pdp
‘P(Z) _A 27eqal /pz +z2‘

1 __(Va?+22-|a)).

~ 2meqa?

(b) At a point |r|] > a, Laplace’s equation VZp = 0 applies, with
solution

— b
o(r,0) = Z (anr" + rn:I)Pn(cosﬂ).

n=0

As p — 0 for r — oo, we have a,, = 0.
In the upper half-space, 2 > 0, the potential on the axis is ¢ = ¢(r,0).
As P,(1) =1, we have

= b
‘p(r,0)=zrﬁ.

n=0
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In the lower half-space, z < 0, the potential on the axis is ¢ = p(r,7). As
Pa(-1) = (-1)*, we have

olr,m) = Y (1)
n=0

Using the results of (a) and noting that for a point on the axis |r| = z, we
have for z > 0

+%(%—1) ...... i—n+1) ﬁ n .
n! r2 ’
the equation becomes
> b, _qr > %(%—1)...(%—714—1) a®\"
Z rm+l T 27rea? E n! r2) -
n=0 n=1

Comparing the coefficients of powers of r gives

bon-1=0, bop2=

a 2n-1
b4 (; Pg,....g(cos 0), (Z > 0) .
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Similarly for the half-plane z < 0, as (—1)2"~2 = 1 we have

00 1,1 1
_ q 5(5—1).(§—n+1)
o(r) = 27eqa '.2=:1 n!

x (g)zn-lpz,._z(coso) (2<0).

Thus the same expression for the potential applies to all points of space,
which is a series in Legendre polynomials.

1010

A thin but very massive disc of insulator has surface charge density o
and radius R. A point charge +Q is on the axis of symmetry. Derive an
expression for the force on the charge.

(Wisconsin)
Solution:

Refer to Problem 1009 and Fig. 1.6. Let Q be at a point (0,0, 2) on
the axis of symmetry. The electric field produced by the disc at this point

18
Ez_i(;_l),
20 \VaZ +z

whence the force on the point charge is

—oE<=99(1__2%2
F‘QE‘zso(l m)

By symmetry the direction of this force is along the axis of the disc.

1011

The cube in Fig. 1.7 has 5 sides grounded. The sixth side, insulated
from the others, is held at a potential ¢o. What is the potential at the
center of the cube and why?

(MIT)
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:
1
|
P -
jg%
1 %o

Fig. 1.7

-

Solution:
The electric potential ¢. at the center of the cube can be expressed as
a linear function of the potentials of the six sides, i.e.,

¢ = ZG’dH )

where the C;’s are constants. As the six sides of the cube are in the same
relative geometrical position with respect to the center, the C;’s must have
the same value, say C. Thus

¢c=CZ¢.~.

If each of the six sides has potential ¢o, the potential at the center will
obviously be ¢¢ too. Hence C = %. Now as the potential of one side only
is ¢o while all other sides have potential zero, the potential at the center is

$0/6.

1012
A sphere of radius R carries a charge Q, the charge being uniformly
distributed throughout the volume of the sphere. What is the electric field,
both outside and inside the sphere?
(Wisconsin)
Solution:
The volume charge density of the sphere is

Q

™
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Take as the Gaussian surface a spherical surface of radius r concentric with
the charge sphere. By symmetry the magnitude of the electric field at all
points of the surface is the same and the direction is radial. From Gauss’

law )
fE-dS:-—-/pdV
€o

we immediately obtain

Qr
= 41’607‘3 (1' Z R) !
Qr
= 4l’€oR3 (1’ S R) ’
1013

Consider a uniformly charged spherical volume of radius R which con-
tains a total charge Q). Find the electric field and the electrostatic potential
at all points in the space.

(Wisconsin)
Solution:
Using the results of Problem 1012
Qr
= <
Ex dmeoR3’ (r<R)
Qr
= — >
E, 41I'€o1‘3 ! (1‘ - R)
and the relation between electrostatic field intensity and potential
00
p(p) = / E.-d,
P
we obtain
R oo
?F’l('):/ E, 'dl'+/ E; -dr
r R

_[® Qrar ®  Qdr
- r 41I'€oR3 R 4meor?
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1014
For a uniformly charged sphere of radius R and charge density p,

(a) find the form of the electric field vector E both outside and inside
the sphere using Gauss’ law;

(b) from E find the electric potential ¢ using the fact that ¢ — 0 as
r — 00.

(Wisconsin)
Solution:
(a) Same as for Problem 1013.
(b) Referring to Problem 1013, we have

Rp
for r>R, ¢—E,
_ pR® r2
for r<R, ¢—6€—0(3—E2')
1015

In the equilibrium configuration, a spherical conducting shell of inner
radius a and outer radius b has a charge ¢ fixed at the center and a charge
density o uniformly distributed on the outer surface. Find the electric field
for all r, and the charge on the inner surface.

(Wisconsin)
Solution:

Electrostatic equilibrium requires that the total charge on inner surface
of the conducting shell be —q. Using Gauss’ law we then readily obtain

_ q
E(r) = yr—t forr<a,
E=0 fora<r<b,
1 4nb30 ab?
E(r) = e = e, f b.
(r) 4weg 12 eor? | orr>

1016

A solid conducting sphere of radius r; has a charge of +Q. It is sur-
rounded by a concentric hollow conducting sphere of inside radius r; and
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outside radius r3. Use the Gaussian theorem to get expressions for
(a) the field outside the outer sphere,
(b) the field between the spheres.

(c) Set up an expression for the potential of the inner sphere. It is not
necessary to perform the integrations.

(Wisconsin)
Solution:

Because of electrostatic equilibrium the inner surface of the hollow
conducting sphere carries a total charge —Q), while the outer surface carries
a total charge +Q. Using Gauss’ law

fE~dS=—Q—E°—t-,

€o

where Q.o is the algebraic sum of all charges surrounded by a closed surface
s, we obtain

(a) E(r) = 4xeor €r (T > T3)

(b) E(l‘) %071 (1‘2 >r> 1‘1)

(c) Using the expression for the potential ¢(p) = f:° E -dl, we find the
potential of the inner sphere:

90(7‘1) = [l 47!'601'2 41?607‘2

1017
The inside of a grounded spherical metal shell (inner radius R; and
outer radius Ry) is filled with space charge of uniform charge density p. Find
the electrostatic energy of the system. Find the potential at the center.
(Wisconsin)

Solution:

Consider a concentric spherical surface of radius r(r < R;). Using
Gauss’ law we get

E=

14
E—e, .

Wl
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As the shell is grounded, p(R;) = 0,E = 0(r > Rz). Thus

R, p
p(r) = / Edr = &—O(Rf -r?).

The potential at the center is

1
0) = —pR3.
9”( ) 6 eop 1
The electrostatic energy is

20’ R}

W=/lp§pdV=l/Rl L(Rz—rz)-p~41rr2dr= .
2 2Jy 6g' 1t 45¢

1018

A metal sphere of radius a is surrounded by a concentric metal sphere
of inner radius b, where b > a. The space between the spheres is filled
with a material whose electrical conductivity o varies with the electric field
strength E according to the relation 0 = KE, where K is a constant. A
potential difference V' is maintained between the two spheres. What is the
current between the spheres?

(Wisconsin)
Solution:

Since the current is

I=j.-S=0E-S=KE?.S = KE? 4xr?,

1 1
E—;VM'K
and the potential is
e e / I 1 / I b
V——/b E~dr——/b Z;'—K_;dr_ mln(;)

Hence the current between the spheres is given by

the electric field is

I=4xKV?/In(b/a).



20 Problems € Solutions on Electromagnetlism

1019

An isolated soap bubble of radius 1 cm is at a potential of 100 volts. If
it collapses to a drop of radius 1 mm, what is the change of its electrostatic
energy?

(Wisconsin)
Solution:
If the soap bubble carries a charge Q, its potential is

Q

4xeor

Forr=r;=1cm, V =V} =100 V, we have Q = 47e¢r,V}. As the radius
changes from r; to r = 1 mm, the change of electrostatic energy is

2 2
AW = Q - Q = 21’60(1‘1‘/1)2 'l— - "1"
8megrs 8megry T2 N
= 2x x 8.85 x 107'% x (10~*? x 100)* x (Tol-'i - 101—_2)

=5x10"%1J.

1020

A static electric charge is distributed in a spherical shell of inner radius
R; and outer radius Ry. The electric charge density is given by p = a + br,
where r is the distance from the center, and zero everywhere else.

(a) Find an expression for the electric field everywhere in terms of r.

(b) Find expressions for the electric potential and energy density for
r < R;. Take the potential to be zero at r — oo.

(SUNY, Buffalo)
Solution:

Noting that p is a function of only the radius r, we can take a concentric
spherical surface of radius r as the Gaussian surface in accordance with the
symmetry requirement. Using Gauss’ law

fJE-dS: %/p(r)dr,
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we can get the following results:
(a) Electric field strength.

For r < Ry, E; = 0.
For R; < r < Ry, using the relation 4xr?E; = :—: J ;‘l (a + br')r2dr’
we find

1 b
E;= Eo—rs[g("a—R?)'F Z("“Rf)]r-

For Rz > r, from 4xr?E3 = 4Z f::l’(a + br')r'2dr’ we get
Eo= — | 2(R3 - RY) + S(RA— RY)|r
3 601'3 3 2 1 4 1 ’

(b) Potential and the energy density for r < R;.
Noting that ¢(00) = 0, the potential is

<p(r)=/r°°E-dl= (/rnl+/:+/:)E-dr
= 23—+ 3R -r).

Also, as E; = 0(r < R;), the energy density for r < R; is
W= %’E,’ =0.

1021

An electric charge Q is uniformly distributed over the surface of a
sphere of radius r. Show that the force on a small charge element dg is
radial and outward and is given by

1
dF = ;Edq,

where E = 4,"0 rg,- is the electric field at the surface of the sphere.
(Wisconsin)

Solution:
The surface charge density is given by

.- 9

T 4xr?’
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As shown in Fig. 1.8, we consider a point P inside the sphere close to an
area element ds. The charge dg on this area element will produce at the
point P an electric field which is approximately that due to a uniformly
charged infinite plate, namely,

o

E\p =—2—€-o'n,

where n is a unit vector normal to ds in the outward direction.

Fig. 1.8
The electric field is zero inside the sphere. Hence, if we take Eop as
the electric field at P due to all the charges on the spherical surface except
the element ds, we must have

Ep=Eip+E;p=0.

Therefore,

c
Eopp = —n= n.

2€o - 8‘l'€or2

As P is close to ds, E;p may be considered as the field strength at ds due
to the charges of the spherical surface. Hence, the force acting on ds is

1

dF:qugp = 2

Edgn,

where E = Q/4xeor? is just the field strength on the spherical surface.

1022

A sphere of radius R has charge density p uniform within its volume,
except for a small spherical hollow region of radius R, located a distance a
from the center.
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(a) Find the field E at the center of the hollow sphere.
(b) Find the potential ¢ at the same point.
(UC, Berkeley)
Solution:

(a) Consider an arbitrary point P of the hollow region (see Fig. 1.9)
and let
OP=r, QP=r',00'=a, r=r—a.

7

@~

Fig. 1.9

If there were no hollow region inside the sphere, the electric field at the
point P would be
=2
El = 3€0r .
If only the spherical hollow region has charge density p the electric field at

P would be
E; = Lr’ .
3€o

Hence the superposition theorem gives the electric field at P as
E=E;-E;= L a.
3€o

Thus the field inside the hollow region is uniform. This of course includes
the center of the hollow.

(b) Suppose the potential is taken to be zero at an infinite point. Con-
sider an arbitrary sphere of radius R with a uniform charge density p. We
can find the electric fields inside and outside the sphere as

%, T<R,
E(r)= RS
5{?1', r>R.
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Then the potential at an arbitrary point inside the sphere is

¢=([R+Lm)E~dr=é(3R2—r2), )

where r is the distance between this point and the spherical center.

Now consider the problem in hand. If the charges are distributed
throughout the sphere of radius R;, let ¢; be the potential at the center
O’ of the hollow region. If the charge distribution is replaced by a small
sphere of uniform charge density p of radius Rj.in the hollow region, let the
potential at O’ be ¢;. Using (1) and the superposition theorem, we obtain

g 4 P gap2_ 2y _ P ap2_
dor = ¢ ¢2—6€o(3R1 a’) 660(3R2 0)

= o 3(R} - B) - @)

1023

The electrostatic potential at a point P due to an idealized dipole layer
of moment per unit area 7 on surface S is
1 T-Tr

¢p = 47eg ?—dS,

where r is the vector from the surface element to the point P.

(a) Consider a dipole layer of infinite extent lying in the z-y plane of
uniform moment density 7 = 7e,. Determine whether ¢ or some derivative
of it is discontinuous across the layer and find the discontinuity.

(b) Consider a positive point charge ¢ located at the center of a spher-
ical surface of radius a. On this surface there is a uniform dipole layer 7
and a uniform surface charge density o¢. Find 7 and o so that the poten-
tial inside the surface will be just that of the charge ¢, while the potential
outside will be zero. (You may make use of whatever you know about the
potential of a surface charge.)

(SUNY, Buffalo)
Solution:

(a) By symmetry the electrostatic potential at point P is only depen-
dent on the z coordinate. We choose cylindrical coordinates (R, 8, z) such
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that P is on the z-axis. Then the potential at point P is

1 T-r 1 T2
¢P - 47l’€o 1‘3 dS - 47l’€o /ﬁds

As r? = R? 4+ 22,dS = 27xRdR, we get

p _ 2@tz [ RdR _{ 2¢L.,’ z2>0,
P—41rso 0 \/(R2+zz)3— -3, 2<0.

Hence, the electrostaic potential is discontinous across the z-y plane (for
which z = 0). The discontinuity is given by

T T T
Ap=rr—--| —-—)=—.
¢ 2¢9 ( 250) €0
(b) It is given that ¢ = 0 for r > a. Consequently E = 0 for r > a.

Using Gauss’ law
f E-dS = Q ,
€o

we find that o - 4ma? + ¢ = 0. Thus

___4
47a?’

If the potential at infinity is zero, then the potential outside the spherical
surface will be zero everywhere. But the potential inside the sphere is

p= 4—;59—'.. Forr=a,p = 4—'25, so that the discontinuity at the spherical
surface 1s
q
Ap=-— .
¢ 41!’60(1
We then have = = —4—, giving

= ——8e,.
47a
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2. ELECTROSTATIC FIELD IN A CONDUCTOR (1024-1042)

1024

A charge Q is placed on a capacitor of capacitance C;. One terminal is
connected to ground and the other terminal is insulated and not connected
to anything. The separation between the plates is now increased and the
capacitance becomes C; (Cz < Cy). What happens to the potential on the
free plate when the plates are separated? Express the potential V; in terms
of the potential V;.

(Wisconsin)
Solution:

In the process of separation the charge on the insulated plate is kept
constant. Since Q = CV/, the potential of the insulated plate increases as C
has decreased. If V; and V, are the potentials of the insulated plate before
and after the separation respectively, we have

Vo= szl.

1025

Figure 1.10 shows two capacitors in series, the rigid center section of
length b being movable vertically. The area of each plate is A. Show that
the capacitance of the series combination is independent of the position
of the center section and is given by C = f—:% If the voltage difference
between the outside plates is kept constant at Vy, what is the change in the
energy stored in the capacitors if the center section is removed?

(Wisconsin)

- )
1]:” Y%

|

Fig. 1.10
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Solution:

Let d; be the distance between the two upper plates and da be the
distance between the two lower plates. From Fig. 1.10 we see that

d1+d2=a—b)
_oA o _ad
Cl— d] ,C2— d2 *

For the two capacitors in series, the total capacitance is

C= C,C, _ Agg _ Agy
- C1+C, - dy +d; Ta-b"
As C is independent of d; and d, the total capacitance is independent of

the position of the center section. The total energy stored in the capacitor
is

W= 2CV(, = Na-b)"

The energy stored if the center section is removed is
WI = AEOVO2
2¢ '’
and we have AecV2 b
-— I = eo 0 -_—
W-w'= 2(a—bd)a’
1026

A parallel-plate capacitor is charged to a potential V' and then dis-
connected from the charging circuit. How much work is done by slowly
changing the separation of the plates from d to d’ # d? (The plates are
circular with radius r > d.)

(Wisconsin)
Solution:

Neglecting edge effects, the capacitance of the parallel-plate capacitor
. 3 .
is C = 93 and the stored energy is W = ;CV?2. As the charges on the
plates, @ = +CV, do not vary with the separation, we have
C

V'=6V.
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The energy stored when separation is d’ is

2 2
W' = %C’(gV) = L C’—Vz.

Thus the change of the energy stored in the capacitor is

o=l (G- -Jow(5-)
AW =W -W =0V} (5 -1) =0V (5 -1).

Therefore, the work done in changing the separation from d to d’ is

comr(d' — d)V?
2d? )

1027

A parallel-plate capacitor of plate area 0.2 m? and plate spacing 1 cm
is charged to 1000 V and is then disconnected from the battery. How much
work is required if the plates are pulled apart to double the plate spacing?
What will be the final voltage on the capacitor?

(€0 = 8.9 x 1072 C?/(N - m?))

(Wisconsin)
Solution:

When the plates are pulled apart to double the plate spacing, the
capacitance of the capacitor becomes C' = %, where C = 5‘},4 is the ca-
pacitance before the spacing was increased. If a capacitor is charged to a
voltage U, the charge of the capacitor is Q = CU. As the magnitude of the
charge @ is constant in the process, the change of the energy stored in the

capacitor is

_ €AU? 8.9 x 10712 x 0.2 x (10%)?
T2 T 2 x 0.01
=89x107%J.
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AW is just the work required to pull the plates apart to double the plate
spacing. As the charge Q is kept constant, the final voltage is given by

CU=C'U',or U'=2U0=2000V.

1028

Given two plane-parallel electrodes, space d, at voltages 0 and Vp, find
the current density if an unlimited supply of electrons at rest is supplied to
the lower potential electrode. Neglect collisions.

(Wisconsin; UC Berkeley)

Solution:
Choose z-axis perpendicular to the plates as shown in Fig. 1.11. Both
the charge and current density are functions of z. In the steady state

dj(x)
——==0.
dr
0 Yo.
o =~ 771 d x
Fig. 1.11
Hence j = —joer, where jo is a constant. Let v(z) be the velocity of the

electrons. Then the charge density is

p(z) = v(z)

The potential satisfies the Poisson equation

??V(z) _ _plz) _ _do

dz? € eov(z)
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Using the energy relation mv%(z) = eV, we get

?V(z) m
Tdz? 2eV(z)

To solve this differential equation, let u = %. We then have

£V _du_dudv _ i
dz? ~ dz  dV dz av’

and this equation becomes
udu = AV-4dv,

where A = {2, /TE. Note that 4% = 0 at z = 0, as the electrons are at rest
o . e -
there. Integrating the above gives

%uz =24V} ,
or
v-tdv =24%dz.

AsV =0 for z =0 and V = V; for z = d, integrating the above leads to

i
_%__g Jo ?
o =24%d= 2( \/;)d.

Finally we obtain the current density from the last equation:

= e __4€0V0 28Voe
J=—Jo€z = 942 _m T -
1029

As can be seen from Fig. 1.12, a cylindrical conducting rod of diameter

d and length { (I >> d) is uniformly charged in vacuum such that the electric

field near its surface and far from its ends is Eo. What is the electric field
at r > [ on the axis of the cylinder?

(UC, Berkeley)
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Fig. 1.12

Solution:

We choose cylindrical coordinates with the z-axis along the axis of the
cylinder and the origin at the center of the rod. Noting ! 3> d and using
Gauss’ theorem, we can find the electric field near the cylindrical surface
and far from its ends as

_ A
0= mep ’

where ) is the charge per unit length of the cylinder and e, is a unit vector
in the radial direction. For r 3> I, we can regard the conducting rod as a
point charge with Q = Al. So the electric field intensity at a distant point
on the axis is approximately

_ Q _ Epd

T dmeor?  4r?

The direction of E is along the axis away from the cylinder.

1030
An air-spaced coaxial cable has an inner conductor 0.5 cm in diameter
and an outer conductor 1.5 cm in diameter. When the inner conductor is
at a potential of +8000 V with respect to the grounded outer conductor,
(a) what is the charge per meter on the inner conductor, and
(b) what is the electric field intensity at » = 1 cm?
(Wisconsin)
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Solution:

(a) Let the linear charge density for the inner conductor be A. By
symmetry we see that the field intensity at a point distance r from the axis
in the cable between the conductors is radial and its magnitude is given by
Gauss’ theorem as \

- 21’801‘ ’

Then the potential difference between the inner and outer conductors is

b
A
Vv —/a Edr = s In(b/a)

with @ = 1.5 cm, b = 0.5 cm, which gives

_ 2meoV _ 27 x 8.9 x 10~ x 8000
" In(b/a) In(1.5/0.5)
=4.05x10""C/m.

(b) The point r = 1 cm is outside the cable. Gauss’ law gives that its
electric intensity is zero.

1031

A cylindrical capacitor has an inner conductor of radius r; and an
outer conductor of radius r,. The outer conductor is grounded and the
inner conductor is charged so as to have a positive potential V4. In terms
of Vo, r1, and rg,

(a) what is the electric field at r? (r; < r < rp)

(b) what is the potential at r?

(c) If a small negative charge Q which is initially at r drifts to r;, by
how much does the charge on the inner conductor change?

(Wisconsin)

Solution:
(a) From Problem 1030, we have

Vo r

E(r) = In(ry/r1) =~

(r1<r<r2).
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(b)

_ T _ Voln(ry/r)
V(T)—Vo—[‘E'dr——l‘;—(;’—sz)—.

(c) Let the change of the charge on the inner conductor be AQ =
Q1 — Q2 with Q; = CV,. When a negative charge Q moves from r to
r1, the work done by electrostatic force is Q(Vo — V). This is equal to a
decrease of the electrostatic energy in the capacitor of

Q@ _
As @ is a small quantity, we have approximately
Q1 +Q2=2Q:.
Hence 20
1 P -
%AQ =Q(W-V),
or

_ Q. i _ Qln(r/r)
A==V =tufr) -

1032

A very long hollow metallic cylinder of inner radius r¢ and outer radius
ro+Ar (Ar < ro) is uniformly filled with space charge of density po. What
are the electric fields for » < ro,r > ro + Ar, and ro + Ar > r > ro?
What are the surface charge densities on the inner and outer surfaces of
the cylinder? The net charge on the cylinder is assumed to be zero. What
are the fields and surface charges if the cylinder is grounded?

(Wisconsin)
Solution:

Use cylindrical coordinates (r, ¢, z) with the z-axis along the axis of
the cylinder. Gauss’ law gives the field intensity as

E((r) = %Z—Ee,. for r<ry,
2
E;(r) = ’2’2:2 e, for r>ro+ Ar,

E3(r)=0. for ro<r<rg+ Ar.
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The surface charge density o on a conductor is related to the surface electric
intensity E by E = Z with E in the direction of an outward normal to the
conductor. Thus the surface charge densities at r = rp and r = ro+ Ar are

respectively

0(7‘0) = —EoEl(ro)
= _PoTo

2
d(ro + A") = EoEz("o + Ar)

= pory
2(ro + Ar)

If the cylinder is grounded, then one has

E=0 for r>ro+ Ar,
o(ro+ Ar) =0 for r=ro+Ar,

E and o in other regions remaining the same.

1033

An air-filled capacitor is made from two concentric metal cylinders.
The outer cylinder has a radius of 1 em.

(a) What choice of radius for the inner conductor will allow a maximum
potential difference between the conductors before breakdown of the air
dielectric?

(b) What choice of radius for the inner conductor will allow a maximum
energy to be stored in the capacitor before breakdown of the dielectric?

(c) Calculate the maximum potentials for cases (a) and (b) for a break-
down field in air of 3 x 10 V/m.
(UC, Berkeley)

Solution:

(a) Let Ej be the breakdown field intensity in air and let R; and R,
be the radii of the inner and outer conductors respectively. Letting T be
the charge per unit length on each conductor and using Gauss’ theorem,
we obtain the electric fiield intensity in the capacitor and the potential
difference between the two conductors respectively as

R;
T T T R
e, V= = ——In=2

2mwegr R, 2meor 2reg Ry
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As the electric field close to the surface of the inner conductor is strongest

we have
r

21I’€oR1 )

Ey =
Accordingly, we have

Ry
R )

aVy _ R Ra\| _ ( Ry )
dR, “E'[l I +R‘R,( Rg)] =Elng 1
In order to obtain the maximum potential difference, R; should be such that

:,‘; =0,1e,In %11 =lorR = 53. The maximum potential difference is
then
R,

Vmax = ‘_"Eb

Vo = EyRyIn ==

(b) The energy stored per unit length of the capacitor is

W= —1'V = weoEZR} ln
Rx

and

dw R 2Rl R2
de = ‘KEoEb [2R1 In — Rl + Rl R2 (— R%)]

= ﬂ’EoE:Rl (2 In E_ - l)
1

For maximum energy storage, we require g% =0, ie,, 2ln§f =1or
Ry = %. In this case the potential difference is

1
V= mRzEb .
(c) For (a),
vma,=-}§3£:,=¥x3 106 =11x10*V.
For (b),
_ 1 _ 0.01x3x10° 106 3



36 Problems € Solutions on Electromagnetism

1034

In Fig. 1.13 a very long coaxial cable consists of an inner cylinder
of radius a and electrical conductivity ¢ and a coaxial outer cylinder of
radius b. The outer shell has infinite conductivity. The space between the
cylinders is empty. A uniform constant current density j, directed along
the axial coordinate z, is maintained in the inner cylinder. Return current
flows uniformly in the outer shell. Compute the surface charge density on
the inner cylinder as a function of the axial coordinate z, with the origin
z = 0 chosen to be on the plane half-way between the two ends of the cable.

(Princeton)
Fig. 1.13
Solution:
Assume that the length of the cable is 21 and that the inner and outer
cylinders are connected at the end surface z = —I. (The surface z = [

may be connected to a battery.) The outer cylindrical shell is an ideal
conductor, whose potential is the same everywhere, taken to be zero. The
inner cylinder has a current density j = oE, i.e.,, E = g— = Le,, so that its
cross section z = const. is an equipotential surface with potential

\ V(z) = —(‘:—.(z-i- 0.

In cylindrical coordinates the electric field intensity at a point (r, ¢, z) inside
the cable can be expressed as

E(r,¢,2) = E;(r,z)e, + E;(r, 2)e; .

As the current does not change with z, E,(r,2) is independent of z also.
Take for the Gaussian surface a cylindrical surface of radius r and length dz
with 2-axis as the axis. We note that the electric fluxes through its two end
surfaces have the same magnitude and direction so that their contributions
cancel out. Gauss’ law then becomes

E.(r,z) - 2xrdz = M\(2)dz/eo,
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where A(2) is the charge per unit length of the inner cylinder, and gives

A(2)
E = —,
,-(1‘, z) 21’1‘60
Hence, we obtain the potential difference between the inner and outer con-

ductors as

b z
V() = / Eo(r, 2)dr = %%:% In % .

AsV(2) = —-];—(z + 1), the above gives

_2meoV(z) _  2meoj(z+1)
A=) = ln(ob/a) - oln(d/a)

The surface charge density at z is then

Az) _ _eoi(z+1)

o:(2) = 27a ~  acln(b/a)’
Choosing the origin at the end surface with z = —I, we can write
= _f0dz
ou(z) = acln(b/a)’
1035

A finite conductor of uniform conductivity ¢ has a uniform volume
charge density p. Describe in detail the subsequent evolution of the system
in the two cases:

(a) the conductor is a sphere,
(b) the conductor is not a sphere.

What happens to the energy of the system in the two cases?
(UC, Berkeley)

Solution:

Let the permittivity of the conductor be ¢. From V-E = p/e,V -J +
9{-=OandJ=aE, we get

0
a—::—%p, or p=poe” ¥, and V-E:g%e'ft.
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(a) If the conductor is a sphere, spherical symmetry requires that E =
E,e,. Hence {2
r2 Po et
V-E= =9 E,) = v
giving

E( t)__Por ”+E(0 t)—%r —{-t,
J=oE = ZPoT JPoT -2t

Note that E(0,t) = 0 for symmetry. It is evident that for ¢t — oo, E =
0,p = 0, and J = 0 inside the conductor. Thus the charge is uniformly
distributed on the spherical surface after a sufficiently large time.

(b) If the conductor is not a sphere, the solution is more complicated.
However we still have that

|Elox e %, I oxe™ ¢, poxe™*.

This means that E, J and p inside the conductor each decays exponentially
to zero with the time constant £. Eventually the charge will be distributed
only on the conductor’s surface. As for the energy change let us first con-
sider the case (a). The electric field outside the conductor is always the
same, while the field inside will change from a finite value to zero. The net
result is that the electric energy decreases on account of loss arising from
conversion of electric energy into heat. For case (b) the field outside the
conductor will depend also on @ and ¢ but the qualitative result is still the
same, namely, the electric energy decreases with time being transformed
into heat. In short, the final surface charge distribution is such that the
electric energy of the system becomes a minimum. In other words, the
conductor will become an equipotential volume.

1036

A spherical conductor A contains two spherical cavities as shown in
Fig. 1.14. The total charge on the conductor itself is zero. However, there
is a point charge +g¢; at the center of one cavity and +g. at the center of
the other. A large distance r away is another charge +q4. What forces
act on each of the four objects A, ¢s,q., and ¢4? Which answers, if any,
are only approximate and depend on r being very large. Comment on the
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uniformities of the charge distributions on the cavity walls and on A if r is
not large.
(Wisconsin)

9d
9 9c

Fig. 1.14

Solution:

Charges outside a cavity have no influence on the field inside because
of the electrostatic shielding by the conductor. On account of spherical
symmetry the forces acting on the point charges ¢y and g. at the center of
the cavities are equal to zero. By electrostatic equilibrium we see that the
surfaces of the two spherical cavities carry a total charge —(q + ¢.), and,
since the sphere A was not charged originally, its spherical surface must
carry induced charges g, + g.. As r is very large, we can approximate the
interaction between sphere A and point charge g4 by an electrostatic force
between point charges ¢y + ¢ at the center and g4, namely

F = 9o+
4meor?
This equation, however, will not hold for r not sufficiently large.

The charge distribution over the surface of each cavity is always uni-
form and independent of the magnitude of r. However, because of the
effect of ¢4, the charge distribution over the surface of sphere A will not be
uniform, and this nonuniformity will become more and more evident as r
decreases.

1037

A spherical condenser consists of two concentric conducting spheres of
radii a and b (a > b). The outer sphere is grounded and a charge Q is placed
on the inner sphere. The outer conductor then contracts from radius a to
radius a’. Find the work done by the electric force.

(UC, Berkeley)
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Solution:

The electric fields at » < b and r > a are both zero. At b < r < a the
electric field is Q

=2 _g.
4dweor?

Hence the field energy is

“1 Q \, 2, @ (1 1
W—/, 550(41r£or2) dmr dr—% b a)

When the outer spherical surface contracts from r = a to r = a’, the work
done by the electric force is equal to the decrease of the electric field energy

w,,_wa,=£(_l+_1_) _Q@-d)

8mep a a 8mepaa’

1038
A thin metal sphere of radius b has charge Q.
(a) What is the capacitance?

(b) What is the energy density of the electric field at a distance r from
the sphere’s center?

(c) What is the total energy of the field?
(d) Compute the work expended in charging the sphere by carrying
infinitesimal charges from infinity.

(e) A potential V is established between inner (radius a) and outer
(radius b) concentric thin metal spheres. What is the radius of the inner
sphere such that the electric field near its surface is a minimum?

(Wisconsin)
Solution:

(a) Use spherical coordinates (r,0,¢). The electric field outside the

sphere is

E(r) = Q e, .

4meor?

Let the potential at infinity be zero, then the potential at r is

V(ﬁ:/jo Q dr' = Q -l

dmeor’?  4meq 1
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Hence the capacitance is

C = 47l'€ob.

=9
Z0)

(b) we(r) = %D ‘E= %EoEz = 52%:—07;.
(c) W, = -%V(b)Q = §$¢ﬁ'

It may also be calculated from the field energy density w.(r):

W, —/ we(r')dV' = T_@ L 4rr'idy’ = @
T r>b ¢ - b 2X 1672¢q r'4 - 8meod )

(d) The work expended in charging the sphere by carrying infinitesimal
charges in from infinity is

CQd_ @

4meq b ~ 8meob =W.

Q
w=/0 V@@ = [

as expected.

(e) Suppose that the inner sphere carries a charge Q. Fora < r < b
the field intensity is

The potential difference between the concentric spheres is

b b
_ _ Q 1, Q (1 1
V—./aE(r) dl'—L 41reor2dr_41reo a b ’

In terms of V we have

41l'€oV
Q=r7_1
a b
and
4W€ov |4

E(r) = = .
(r) dmeor2(1-1) (-1}

In particular, we have

|4 Vb
E(a) = a2(% - 71;) T ab—a?’
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From %ﬂl = 0, we see that F(a) is a minimum at ¢ = %, and the minimum
value is
1%

Emin(a) = —b— .

1039

A conducting sphere with total charge Q is cut into half. What force
must be used to hold the halves together?

(MIT)
Solution:

The charge is entirely distributed over the surface with a surface charge
density of ¢ = Q/4xR?, where R is the radius of the sphere. We know
from Problem 1021 that the force exerting on a surface element dS of the
conducting sphere is \

dF = —dS.
260

Use the coordinate system shown in Fig. 1.15. The plane where the sphere
is cut in half is taken to be the zoz plane. The repulsive force between
the two half-spheres is perpendicular to the cut plane, so that the resultant
force on the right-half must be along the y-axis. The magnitude of the
resultant force is

02 4 ®
F= /dFsinﬂsintp = —R2/ sin¢d¢p/ sin’ 0d0
20 Jo °
_ xR Q@
- 280 - 321’60R2 ’
This is the force needed to hold the two halves together.

z

7
A

Fig. 1.15
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1040

A particle of charge ¢ is moved from infinity to the center of a hollow
+ conducting spherical shell of radius R, thickness ¢, through a very tiny hole
in the shell. How much work is required?

(Princeton)

. Solution:

The work done by the external force is equal to the increase of the
electric field energy of the whole system.

The electric field intensity at a point distance r from the point charge ¢
is E = g7—5. When ¢ is at infinity the electric energy of the whole system
is

W= / ZE vV,
[ <]

integrating over all space, since, as the distance between the spherical shell
and ¢ is infinite, the field due to ¢ at the conducting sphere can be taken
to be zero.

After ¢ is moved to the center of the conducting spherical shell, as the
shell has no effect on the field inside, the electric intensity at a point inside
the shell is still 4—"’0—',-, r being the distance of the point from ¢. At a point
outside the shell, Gauss’ law shows that the electric intensity is still ;715.
Hence the electric energy of the system remains the same as W but minus
the contribution of the shell itself, inside whose thickness the field is zero.
Thus there is a decrease of energy

R+t 2
AW = ©f_Q 2
AW —/B > (4‘"01_2) 4xridr
“ 8w \R R+t)’

which is equal to the negative work done by the external force.

1041

A capacitor is made of three conducting concentric thin spherical shells
of radii a,b and d(a < b < d). The inner and outer spheres are connected
by a fine insulated wire passing through a tiny hole in the intermediate
sphere. Neglecting the effects of the hole,

(a) find the capacitance of the system,
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(b) determine how any net charge Qp placed on the middle sphere
distributes itself between the two surfaces of the sphere.
(Columbia)

Solution:

(a) Suppose that the charge of the inner spherical shell is Q; and the
charge of the outer shell is —Q,. Then the charges on the inner and outer
surfaces of the middle spherical shell are —Q; and +Q; (Q1,Q2 > 0) as
shown in Fig. 1.16. The electric field intensities are as follows:

_ Qir
= Tmeqr3”’ (a<r<bd),
_ Qqr
E—41reor3’ (b<r<d),

E=0, (r<a,r>d).

The potential at a point P is given by

w(p)=/:E~dr

with ¢(00) = 0. Thus we have

p(d) =0, ob)= —Q—z-(%—%)

As the inner and outer spherical shells are connected their potentials should
be equal. Hence

=@ (1 1y @ (1 1) _
#(0) = req (a b) + dreo (b d) =0,
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%(a-3)=-a(s-3)

The potential differences of the spherical shells are

Vas = p(a) — p(b) = —p(b),
Var = p(d) — p(b) = —¢(b) .

Thus the capacitance between the inner sphere and the inner surface of the
middle spherical shell is

whence

Q1 )
Cuop = — = ——— ,
ab Vab ‘p(b)
and the capacitance between the outer surface of the middle shell and the
outer shell is
Cha = Q2 _ Qo
Vsa ‘P(b)

The capacitance of the whole system can be considered as Cqp and Cpq in
series, namely

( 1 1 )" 1 ( 1 1)“ 4meqad

C=\—+ = =—=| 5 5 = .

Cas  Cha p(B)\Q2 d-a

(b) The net charge Qp carried by the middle shell must be equal to
Q2 — @1, so that

_ a(d—b) d(b - a)
Ql——b(d_a)QB, Q2= bd = )QB

This is to say, the inner surface of the middle shell will carry a total charge

:‘8?-3(?3 while the outer surface, H: z:: Q5.

1042

A long conducting cylinder is split into two halves parallel to its axis.
The two halves are held at V; and 0, as in Fig. 1.17(a). There is no net
charge on the system.

(a) Calculate the electric potential distribution throughout space.
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(b) Calculate the electric field for r 3> a.
(c) Calculate the electric field for r < a.
(d) Sketch the electric field lines throughout space.
(MIT)
Solution:

(a) Use conformal mapping to map the interior of the circle |z| = a
onto the upper half of the w-plane by the transformation Fig. 1.17(b)

[z—a
w=1i .
(z + a)
The upper and lower arcs of the circle are mapped onto the negative
and positive axes (u-axis) of the w-plane respectively.

y
) H )
= uyvy
V- Vo (X,y) ’
a r
8
> x > u
V=V V=0
V=0
(a) >plane (b) w-plane

Fig. 1.17

The problem is now reduced to finding a function V harmonic in the
upper half of w-plane and taking the values 0 for u > 0 and Vj for u < 0. Use
the function V = A6 + B, where A, B are real constants, as § = Im {ln w}
is harmonic. The boundary conditions give B = 0,A = Vp/x. Hence

V:—.&Im{ln ,z—a]}

™ L z2+4+a

o r.rcosf —a+irsiné

— Im<{In —

g l rcosf +a+irsinf

i 2 _ 2 .
ﬁlm{l ;T -—a +21arsuf0z ]}
(rcos0+a)2+rzsln 0

Vo 2arsin 0
_—1-[24'81' tan m
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(b) For r >> a, we have

Vz-‘é _w_+2asin0 =Ky_+2Voasin0,
|2 r 2 xr
and hence
E ___6_V_ 2Voasin 6
T 9 w2
19V 2Va
=750 =" =0
y
Fig. 1.18

(c) For r < a, we have

Vzﬁ I+2rsin0 =&+2Vor8in0,
T |2 2 wa
and hence
av 2Vosin @
Ey=—-rp=- )
or xa
16V 2Vo
Bo=—1%6= "7a "’

(d) The electric field lines are shown in Fig. 1.18.
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3. ELECTROSTATIC FIELD IN A DIELECTRIC MEDIUM
(1043-1061)

1043

The space between two long thin metal cylinders is filled with a mate-
rial with dielectric constant €. The cylinders have radii a and b, as shown
in Fig. 1.19.

(a) What is the charge per unit length on the cylinders when the
potential between them is V with the outer cylinder at the higher potential?

(b) What is the electric field between the cylinders?

177ALTD
Ye="

(Wisconsin)

N

Fig. 1.19

Solution:

This is a cylindrical coaxial capacitor with a capacitance per unit

length of
27e

In(3) "
As the outer cylinder is at the higher potential, we have from Q = CV the
charges per unit length on the inner and outer cylinders:

C=

2nxeV A = 27e
In($)’ °- n($

A=

—
N

Gauss’ law then gives the electric field intensity in the capacitor:

Ai Vv

=—e =——=—¢€,.
2mer rin(g)
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1044
Calculate the resistance between the center conductor of radius a and
the coaxial conductor of radius b for a cylinder of length ! > b, which is
filled with a dielectric of permittivity € and conductivity o. Also calculate
the capacitance between the inner and outer conductors.
(Wisconsin)
Solution:

Letting V be the voltage difference between the inner and outer con-

ductors, we can express the electric field intensity between the two conduc-
tors as

|4
E(r) = ——e,.
= mE
Ohm’s law J = oE then gives the current between the two conductors as
I=2nrty = 227
ll'l(:)
| The resistance between the inner and outer conductors is thus
| v _In})
" k= T 2nlo’

i Since the field is zero inside a conductor, we find the surface charge
 density w of the inner conductor from the boundary relation E = £, i.e.,

| . V

| " aln(})’

!

LThus the inner conductor carries a total charge Q@ = 2walw. Hence the

| capacitance between the two conductors is

\
|

Q 27el
C=== .
| 4 ln(%)
\
l
i 1045
I

| Two conductors are embedded in a material of conductivity 10~42/m
'and dielectric constant € = 80ego. The resistance between the two con-
ductors is measured to be 10°Q. Derive an equation for the capacitance
|between the two conductors and calculate its value.

‘l (UC, Berkeley)
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Solution:

Suppose that the two conductors carry free charges Q@ and —Q. Con-
sider a closed surface enclosing the conductor with the charge Q (but not
the other conductor). We have, using Ohm’s and Gauss’ laws,

I=fj-dS=faE-dS=afE-dS=a—?4.

If the potential difference between the two conductors is V, we have V =
IR = "—‘QR, whence
Q €

C=—==—.

V oR
Numerically the capacitance between the conductors is
_ 80 x 8.85 x 10-12

- -11
C= —(gtixig— = T08x 107" F.

1046

Consider a long cylindrical coaxial capacitor with an inner conductor
of radius a, an outer conductor of radius b, and a dielectric with a dielectric
constant K(r), varying with cylindrical radius r. The capacitor is charged
to voltage V. Calculate the radial dependence of K(r) such that the energy
density in the capacitor is constant (under this condition the dielectric has
no internal stresses). Calculate the electric field E(r) for these conditions.

(Wisconsin)

Solution:

Let A be the charge per unit length carried by the inner conductor.

Gauss’ law gives

A
D(r) = ?7(7"

as D is along the radial direction on account of symmetry.
The energy density at r is
D? A2
2e0K(r) = 8w2eor?K(r)’

UGr) = %ED =

If this is to be independent of r, we require r?K(r) = constant = k, say,
ie., K(r)=kr-2.
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The voltage across the two conductors is

b A b
V=- A Edr = —2“0k/; rdr
— A 2 2
- 41’€ok ( ¢ )
Hence
A 41€okv
b2 — a2’
giving
2rV
E(r) = g
1047

Find the potential energy of a point charge in vacuum a distance z
away from a semi-infinite dielectric medium whose dielectric constant is K.

(UC, Berkeley)
Solution:

Use cylindrical coordinates (r, ¢, 2) with the surface of the semi-infinite
medium as the z = 0 plane and the z-axis passing through the point charge
g, which is located at z = z. Let o,(r) be the bound surface charge density
of the dielectric medium on the z = 0 plane, assuming the medium to carry
no free charge.

The normal component of the electric intensity at a point (r, ¢, 0) is

qz op(r)
E = -
a1(r) dxeo(r2 + 22)3/2 7 2¢,

on the upper side of the interface (z = 0,). However, the normal component
of the electeric field is given by

- qz _ op(r)
Bua(r) = 4xeo(r? + 22)3/2 2

on the lower side of the interface (z = 0-). The boundary condition of the
displacement vector at z = 0 yields

Eosz(r) = EoKEzz(r) .
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Hence
(1-K)gz

op(r) = 2x(1 + K)(r? +zz)3/2 :
The electric field at the point (0,0,z), the location of ¢, produced

by the distribution of the bound charges has only the normal component
because of symmetry, whose value is obtained by

E _/ op(r)zdS  (1— K)qz? /°° rdr  _ (1-K)q
~ J Axeo(r2 +22)3/2 T 4x(1+ K)eo Jo (r2 +22)3 T 16x(1 + K)eoz?’

where the surface element dS has been taken to be 2xrdr. Hence the force
acted on the point charge is

(1- K)¢?

F = =t
¢E 16x(1 + K)eoz?

The potential energy W of the point charge ¢ equals the work done by
an external force in moving ¢ from infinity to the position z, i.e.,

z £ 1- K)q2 (1 _ K)qz
=- [ Fdz'=- ( o UK
v /oo § /oo 167(1 + K)eoz"? dz 16x(1 + K)eoz

1048

The mutual capacitance of two thin metallic wires lying in the plane
z =0is C. Imagine now that the half space z < 0 is filled with a dielectric
material with dielectric constant e. What is the new capacitance?

(MIT)
Solution:

As shown in Fig. 1.20, before filling in the dielectric material, one of the
thin conductors carries charge +Q, while the other carries charge —Q. The
potential difference between the two conductors is V' and the capacitance
of the system is C = Q/V. The electric field intensity in space is E. After
the half space is filled with the dielectric, let E’ be the field intensity in
space. This field is related to the original one by the equation E' = KE,
where K is a constant to be determined below.
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wires

Fig. 1.20

We consider a short right cylinder across the interface z = 0 with its
cross-section at z = 0 just contains the area enclosed by the wire carrying
charge +Q and the wire itself. The upper end surface S; of this cylinder is
in the space z > 0 and the lower end surface S, is in the space z < 0. Apply
Gauss’ law to this cylinder. The contribution from the curved surface may
be neglected if we make the cylinder sufficiently short. Thus we have, before
the introduction of the dielectric,

}fn.ds=eo/‘ E-dS+eo/. E-dS=Q, (1)

and, after introducing the dielectric,

fn'-ds=eo/ E’-dS+e/ E'-dS=Q. 2)
3 (41 2

Note that the vector areas S; and S, are equal in magnitude and oppo-
site in direction. In Eq. (1) as the designation of 1 and 2 is interchangeable
the two contributions must be equal. We therefore have

/E-dS:/E-dS:i.
s 52 2€o

Equation (2) can be written as

K(eo/ E-dS+e/ E-dS) =Q,
L3 82
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o (co +€)K
0 —
Tm 979

whence we get

%o g 260E
e+¢’ T e+eo

To calculate the potential difference between the two conductors, we
may select an arbitrary path of integration L from one conductor to the
other. Before filling in the dielectric material, the potential is

V=—/E-dl,
L

while after filling in the dielectric the potential will become
V'=—/E’-d]=—K/E-dl=KV.
L L

Hence, the capacitance after introducing the dielectric is

Q Q e+¢o
=2 =2 =
C“V' KV 2eoC

1049

A parallel plate capacitor (having perfectly conducting plates) with
plate separation d is filled with two layers of material (1) and (2). The first
layer has dielectric constant €;, conductivity o;, the second, €2,03, and
their thicknesses are d; and dj, respectively. A potential V is placed across
the capacitor (see Fig. 1.21). Neglect edge effects.

(a) What is the electric field in material (1) and (2)?

(b) What is the current flowing through the capacitor?

(c) What is the total surface charge density on the interface between
(1) and (2)7

(d) What is the free surface charge density on the interface between
(1) and (2)?

(CUSPEA)
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Fig. 1.21

Solution:

(a) Neglecting edge effects, the electric fields E; and E; in material
(1) an (2) are both uniform fields and their directions are perpendicular to
the parallel plates. Thus we have

V= Eldl + Egdg . (l)

As the currents flowing through material (1) and (2) must be equal, we
have
o E, =03E,. (2)

Combination of Egs. (1) and (2) gives

Vo Ve
VT dioy+dyoy’ T dog+dyoy

(b) The current density flowing through the capacitor is

o103V

T S G de

Its direction is perpendicular to the plates.
(c) By using the boundary condition (see Fig. 1.21)

n-(E; — E;) = a¢/eo,

we find the total surface charge density on the interface between material
(1) and (2)
o(o1 — 03)V

oy = Co(Ez - El) = d]dg +d201 .
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(d) From the boundary condition
n-(D; — D)) =n-(&E; — 6, Ey) =0y,
we find the free surface charge density on the interface

- (0’152 - UzEx)V
dyo2 + daoy

1050

In Fig. 1.22, a parallel-plate air-spaced condenser of capacitance C
and a resistor of resistance R are in series with an ac source of frequency
w. The voltage-drop across R is Vg. Half the condenser is now filled with
a material of dielectric constant € but the remainder of the circuit remains
unchanged. The voltage-drop across R is now 2Vg. Neglecting edge effects,
calculate the dielectric constant ¢ in terms of R,C and w.

(Columbia)

— P

Fig. 1.22

Solution:

When half the condenser is filled with the material, the capacitance of
the condenser (two condensers in parallel) becomes

C € 1 €
2452 < .
C‘2+2e0 2(1+€O)C

The voltage across R is VR/Z, where V is the voltage of the ac source and
Z is the total impedance of the circuit. Thus

R R
R+ e

=2|




Electrostatics 57

where j = /—1. Therefore we get

16
2 - .
R o 2y 220

Solving this equation, we obtain

¢ (—‘-‘___1)5
“\VI=3R:C?a? 0

1051

A capacitor is made of two plane parallel plates of width a and length
b separated by a distance d(d < a,b), as in Fig. 1.23. The capacitor has a
dielectric slab of relative dielectric constant K between the two plates.

(a) The capacitor is connected to a battery of emf V. The dielectric
slab is partially pulled out of the plates such that only a length z remains
between the plates. Calculate the force on the dielectric slab which tends
to pull it back into the plates.

(b) With the dielectric slab fully inside, the capacitor plates are charged
to a potential difference V and the battery is disconnected. Again, the
dielectric slab is pulled out such that only a length z remains inside the
plates. Calculate the force on the dielectric slab which tends to pull it back
into the plates. Neglect edge effects in both parts (a) and (b).

b
Fig. 1.23

-Il—-—n.—J

Solution:

Treating the capacitor in Fig. 1.23 as two capacitors in parallel, we
sbtain the total capacitance as

Kza n go(b—1z)a _ eo(K —1)az + eoba _ €o[(K — 1)z + bla
d d - d d ~ d '
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Consider the charging of the capacitor. The energy principle gives
VdQ = d(%V’C) + Fdz.

(a) As V = constant, Q = CV gives

VdQ = V3dC.
Hence
lvzg _ EO(K - 1)aV2 .

F=3Vig= 2d

Since K > 1,F > 0. This means that F' tends to increase z, i.e., to
pull the slab back into the plates.

(b) Since the plates are isolated electrically, dQ = 0. Let the initial
voltage be Vo. As initially z = b,Co = €0%}2 and Q = CoVo. The energy
principle now gives

_d 2~ _ v v?dC
F=- dz(2v C)_—Vcdz 2 dr’

As
W _d(e)__ad
dzr dz\C)  ~C?dz’

the above becomes

Foq® _@do_Q'dc
dz 2C%?dz _ 2C? dz
eoK*(K = 1) b,

T(K=-1)z+b22 °°

Again, as F > 0 the force will tend to pull back the slab into the plates.

1052

A dielectric is placed partly into a parallel plate capacitor which is
charged but isolated. It feels a force:

(a) of zero  (b) pushing it out  (c) pulling it in.
(ccr)
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Solution:

The answer is (c).

1053

A cylindrical capacitor of length L consists of an inner conductor wire
of radius a, a thin outer conducting shell of radius b. The space in between
is filled with nonconducting material of dielectric constant ¢.

(a) Find the electric field as a function of radial position when the
capacitor is charged with Q. Neglect end effects.

(b) Find the capacitance.

(c) Suppose that the dielectric is pulled partly out of the capacitor
while the latter is connected to a battery of potential V. Find the force
necessary to hold the dielectric in this position. Neglect fringing fields. In
which direction must the force be applied?

(CUSPEA)

Solution:

(a) Supposing that the charge per unit length of the inner wire is —
and using cylindrical coordinates (r, ¢, z), we find the electric field intensity
in the capacitor by Gauss’ theorem to be

A -Q

omer " 2melr

e, .

(b) The potential difference between the inner and outer capacitors is

b
V=—/ E.-dr= Lln(k)
a 2me a

Hence the capacitance is

AL  2wel

C=v In(})

(c) When the capacitor is connected to a battery, the potential dif-
ference between the inner and outer conductors remains a constant. The
dielectric is now pulled a length z out of the capacitor, so that a length
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L — z of the material remains inside the capacitor, as shown schematically
in Fig. 1.24. The total capacitance of the capacitor becomes

_ 2meoz | 2me(L —x)
" In(%) In(2)

_2meo | € £
= ln(%) €0L+(l Eo)z].

7 1v

b tox ~—x —

Fig. 1.24

c

Pulling out the material changes the energy stored in the capacitor and
thus a force must be exerted on the material. Consider the energy equation

Fdz =VdQ - -;-Vde.
As V is kept constant, dQ = VdC and we have

1 .,dC 7weoV? ( € )
F = —Vz— = 1—-—
2 dz ln(%) €0

as the force acting on the material.

Ase > €9, F < 0. Hence F will tend to decrease z, i.e., F' is attractive.
Then to hold the dielectric in this position, a force must be applied with
magnitude F' and a direction away from the capacitor.

1054
As in Fig. 2.15, you are given the not-so-parallel plate capacitor.

(a) Neglecting edge effects, when a voltage difference V is placed across
the two conductors, find the potential everywhere between the plates.

(b) When this wedge is filled with a medium of dielectric constant ¢,
calculate the capacitance of the system in terms of the constants given.
(Princeton)
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Fig. 1.25

Solution:

(a) Neglecting edge effects, this problem becomes a 2-dimensional one.
Take the 2-axis normal to the diagram and pointing into the page as shown
in Fig. 1.25. The electric field is parallel to the zy plane, and independent
of 2.

Suppose that the intersection line of the planes of the two plates crosses
the z-axis at O’, using the coordinate system shown in Fig. 1.26. Then

—— bd

00’/ = —, 0y = arctan 9—,

a b

where 6 is the angle between the two plates. Now use cylindrical coordi-
nates (r, 6, 2’) with the 2’-axis passing through point O’ and parall€l to the
z-axis. Any plane through the z’-axis is an equipotential surface according
to the symmetry of this problem. So the potential inside the capacitor will
depend only on 8:

<p(1',0, z’) = <p(0) .

y
A |
//__C-—J d——T ldea
=001 T % |
o 0 b X
Fig. 1.26

The potential ¢ satisfies the Laplace equation

1 d%p
2 = —_——=
Vie= Gz =0
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whose general solution is
0(8) = A+ Bo.

Since both the upper and lower plates are equipotential surfaces, the
boundary conditions are

p(0)=0, ¢(fo)=V

whence A = 0, B = V/6,. For a point (z,y) inside the capacitor,

0 = arctan [y/ (z + %)] .

V0 V arctan [y/(z + % )]
arctan($)

(b) Let Q be the total charge on the lower plate. The electric field
inside the capacitor is

Hence

p(z,y) =

_ Ope _V
=Ve=-% T T TOor

For a point (z,0) on the lower plate, § = 0,r = Qf + z and E is normal to
the plate. The surface charge density o on the lower plate is obtained from
the boundary condition for the displacement vector:

Ve

oc=¢cF =
00(“ )

Integrating over the lower plate surface, we obtain

eVw d+a
Q= /adS /dz/ oo(“ _—arctan';‘-ln( p, )

Hence, the capacitance of the capacitor is

IQI ew (d+ a) .

V T arctan 2 3 d
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1055

Two large parallel conducting plates, each of area A, are separated by
distance d. A homogeneous anisotropic dielectric fills the space between
the plates. The dielectric permittivity tensor €;; relates the electric dis-
placement D and the electric field E according to D; = ¥o_, €;;Ej. The
principal axes of this permittivity tensor are (see Fig. 1.27): Axis 1 (with
eigenvalue ¢) is in the plane of the paper at an angle @ with respect to the
horizontal. Axis 2 (with eigenvalue €;) is in the paper at an angle §—6 with
respect to the horizontal. Axis 3 (with eigenvalue €3) is perpendicular to
the plane of the paper. Assume that the conducting plates are sufficiently
large so that all edge effects are negligible.

(a) Free charges +QF and —QF are uniformly distributed on the left
and right conducting plates, respectively. Find the horizontal and vertical
components of E and D within the dielectric.

(b) Calculate the capacitance of this system in terms of A,d, ¢; and 6.

(Columbia)
r— =
E,
n e E
P w— —
-0
Ep
d
00F -Q,.-
Fig. 1.27

Solution:

(a) Let n be a unit normal vector to the left plate. As E = 0 inside the
plates, the tangential component of the electric field inside the dielectric
is also zero because of the continuity of the tangential component of E.
Hence, the electric field intensity inside the dielectric can be expressed as

E=En.
Resolving E along the principal axes we have
Ey =Fcos@, E;=FEsinf, E3=0.
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In the coordinates (&), &2,é3) based on the principal axes, tensor ¢;; is a

diagonal matrix
€1 0 0
(€j) =1 0 € O
0 0 €3

and along these axes the electric displacement in the capacitor has compo-
nents
D1=€1E1=€1E0080, Dz:EzESin9, D3 =0. (1)

The boundary condition of D on the surface of the left plate yields
D, =0y =QF/A.

That is, the normal component of the electric displacement is a constant.
Thus
Qr

D1c0s0+D2sin0=D,,=7 2)
Combining Egs. (1) and (2), we get

QF

T A(e1c08?0 +e25in20) |

Hence the horizontal and vertical components of E and D are

Qr
E,=FE= - , E¢=0,
A() cos? 8 + €2 sin® ) !
_Qr

Dn="4

Qr(e1 — €2)sinf cosl

D¢ = D,sinf — D 0= )
¢ 1eim 2008 Ay cos? 0 + ez 5in? )

where the subscript ¢t denotes components tangential to the plates.
(b) The potential difference between the left and right plates is

Qrd

A(ey cos? 8 + €55in%0)

V=/E’,.dz=

Therefore, the capacitance of the system is

A(ey cos® 0 + €3 5in 9)

_9r _
C=v= d
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1056

It can be shown that the electric field inside a dielectric sphere which
is placed inside a large parallel-plate capacitor is uniform (the magnitude
and direction of Eq are constant). If the sphere has radius R and relative
dielectric constant K, = €/eq, find E at point p on the outer surface of the
sphere (use polar coordinates R,0). Determine the bound surface charge
density at point p.

(Wisconsin)

Solution:

The electric field inside the sphere is a uniform field Eq, as shown
in Fig. 1.28. The field at point p of the outer surface of the sphere is
E = E.e, + E;ey, using polar coordinates. Similarly Eq may be expressed
as

Eo = Egcosfe, — Egsinfey .

L)
P P
/

/ \/pie

\ /
\— /

Fig. 1.28

From the boundary conditions for the electric vectors at p we obtain
€Egcosl = egE,, —Eysinf =EFE;.

Hence
E = K.Eycosfe, — Eysinfey .

The bound surface charge density at point p is 0 = P - e,, where P is the
polarization vector. As P = (e — €9)Eo, we find

0p = (€ —€0)Eo cosd = €o(K. — 1)Egcosf.
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1057

One half of the region between the plates of a spherical capacitor of
inner and outer radii @ and b is filled with a linear isotropic dielectric of
permittivity €; and the other half has permittivity €3, as shown in Fig. 1.29.
If the inner plate has total charge @ and the outer plate has total charge
-Q, find:

(a) the electric displacements Dy and D3 in the region of €; and e;
(b) the electric fields in €; and &5;
(c) the total capacitance of this system.

(:

Fig. 1.29

(SUNY, Buffalo)

Solution:

We take the normal direction n at the interface between the dielectrics
€; and &2 as pointing from 1 to 2. The boundary conditions at the interface
are

Ey=E3y, Dy =Dsn.

If we assume that the field E still has spherical symmetry, i.e.,
E, = Ez = Ar/ra,

then the above boundary conditions may be satisfied. Take as Gaussian
surface a concentric spherical surface of radius r (a < r < ). From

fD -dS =Q,
we obtain
21(61 +€2)A =Q,

or

-_ 9
A= 2x(e1 +€2)
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; We further find the electric intensity and displacement in regions 1 and 2:
| Qr
‘ E,=E P

2= 21(6 1+ 63)1'3

€1Ql‘ _ SQQr

| Pt T e

' Consider the semispherical capacitor 1. We have

oz [ A= 4020

r2 ab
and Q 9 b
1 wEL1Q
Cl Vab = b—a )

A similar expression is obtained for C;. Treating the capacitor as a com-
bination of two semispherical capacitors in parallel, we obtain the total
capacitance as
27(e1 +€2)ad

b—a )

C=

1058

Two concentric metal spheres of radii a and b (a < b) are separated by
a medium that has dielectric constant € and conductivity o. At time ¢t =0
an electric charge ¢ is suddenly placed on the inner sphere.

(a) Calculate the total current through the medium as a function of
time.

(b) Calculate the Joule heat produced by this current and show that it
is equal to the decrease in electrostatic energy that occurs as a consequence
of the rearrangement of the charge.

(Chicago)
Solution:

(a) At t = 0, when the inner sphere carries electric charge g, the field
intensity inside the medium is

~ 4zer?
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and directs radially outwords. At time ¢ when the inner sphere has charge
q(t), the field intensity is

E(t) = ﬂ

4wer?’

Ohm’s law gives the current density j = oE. Considering a concentric
spherical surface of radius r enclosing the inner sphere, we have from charge
conservation

—%q(t) = 4nr2j(t) = dxr2o E(t) = %q(t) .

The differential equation has solution

g(t) =ge™**.
Hence
q -2y
E(t =
(tr) = goge ¥,
. q _z‘
t = €,
i(t.r) dmer?’

The total current flowing through the medium at time ¢ is
I(t) = 47rij(t,r) = ?e‘f' .

(b) The Joule heat loss per unit volume per unit time in the medium
is

* o’

aq _Eg
t,r)=j-E=0E>= ———e %
w(t,r)=j- L4 (41re)2r4 )

and the total Joule heat produced is

W= /+wdt/ dr - 4zrlw(t,r) = (l—l
7= 8me\a " B)"

The electrostatic energy in the medium before discharging is

CEo_ q2 1 1
Wo—/dr - 4rr? 5 _81re(a_b)°

Hence W = W,.
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1059

A condenser comprises two concentric metal spheres, an inner one of
radius @, and an outer one of inner radius d. The region a < r < b is filled
with material of relative dielectric constant K, the region b < r < c is
vacuum (K = 1), and the outermost region ¢ < r < d is filled with material
of dielectric constant K. The inner sphere is charged to a potential V with
respect to the outer one, which is grounded (V = 0). Find:

(a) The free charges on the inner and outer spheres.

(b) The electric field, as a function of the distance r from the center,
for the regions: a < r<bd, b<r<ec,c<r<d.

(c) The polarization charges at r = a,r=b,r=cand r=d.

(d) The capacitance of this condenser.

(Columbia)

Solution:

(a) Suppose the inner sphere carries total free charge Q. Then the
outer sphere will carry total free charge —Q as it is grounded.

(b) Using Gauss’ law and the spherical symmetry, we find the following
results:

Q
E 41rK1€or2e" (a<r<bd),
__Q
E—47r€°r2e,-, (b<r<e),
Q

=Wer, (C<"<d).

(c) Using the equations
(7p=n'(P1—P2), P=€0(K—1)E,

we obtain the polarization charge densities

__Q 1-K _
ap_41ra2 K, at r=a,
_Q Ki-1 -
aP_47rb2 K, at r=0b
__Q1-K _
0’1’—41‘:2 7 at r=c
dp=—Q—K2—l at r=d.

4nd? K,
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(d) The potential is

a
o [ram LA (D (DA

Therefore, the charge in the inner sphere is

4‘!’€oK1 Kgabch

Q= Kiab(d — c) + K1Kzad(c — b) + Kacd(b—a)’

and the capacitance is

Q 4xeo K1 K2abed

C =V = Kiab(d= o) + K1 Kzad(c - b) + Kacd(b—a) "

1060
The volume between two concentric conducting spherical surfaces of
radii a and b(a < b) is filled with an inhomogeneous dielectric constant
C=1+Kr
where €9 and K are constants and r is the radial coordinate. Thus D(r) =

€E(r). A charge Q is placed on the inner surface, while the outer surface
is grounded. Find:

(a) The displacement in the region a < r < b.
(b) The capacitance of the device.
(c) The polarization charge density in a < r < b.

(d) The surface polarization charge density at r = a@ and r = b.
(Columbia)

Solution:
(a) Gauss’ law and spherical symmetry give

D= (a<r<bd).

Q
axr2 o
(b) The electric field intensity is

Q

4xeqr?

(1+Kr)e,, (a<r<b).
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Hence, the potential difference between the inner and outer spheres is

b
V:/E-dr: Q <1—1+Kln£).
a a

4meg \a b
The capacitance of the device is then

Q 4xegab

V = (b—a) + abK In(b/a)

(c) The polarization is

_ __QK
P=(e-¢c)E= 4m_e,.

Therefore, the volume polarization charge density at a < r < b is given by

R Y L
o —_v.P=

r20r \ 4x ) 4xr?’

(d) The surface polarization charge densities at r = a,b are

at r=a; op=——— at r=»b.

op = 4xo 47d

1061

For steady current flow obeying Ohm’s law find the resistance between
two concentric spherical conductors of radii a < b filled with a material of
conductivity o. Clearly state each assumption.

(Wisconsin)

Solution:

Suppose the conductors and the material are homogeneous so that the
total charge Q carried by the inner sphere is uniformly distributed over its
surface. Gauss’ law and spherical symmetry give

Q

4xer?

where ¢ is the dielectric constant of the material. From Ohm’s law j = oE,
one has
oQ

4xer?

E(r) =

€r,

J er.
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Then the total current is
I= ]( j-dS= %Q.

The potential difference between the two conductors is

. ¢ I I (1 1
-[Eae=- md’-m(;'z)'

giving the resistance as

4. TYPICAL METHODS FOR SOLUTION OF
ELECTROSTATIC PROBLEMS — SEPARATION OF
VARIABLES, METHODS OF IMAGES, GREEN’S
FUNCTION AND MULTIPOLE EXPANSION (1062-1095)

1062

A dielectric sphere of radius a and dielectric constant ¢, is placed in

a dielectric liquid of infinite extent and dielectric constant €;. A uiform

electric field E was originally present in the liquid. Find the resultant
electric field inside and outside the sphere.

(SUNY, Buffalo)

Solution:

Let the origin be at the spherical center and take the direction of the
original field E to define the polar axis z, as shown in Fig. 1.30. Let the
electrostatic potential at a point inside the sphere be ®;, and the potential
at a point outside the sphere be ®;. By symmetry we can write ¥, and &,
as

@ =) (A,.r + f“)P (cosb),

n=0

<1>2=E(c L e D )P,,(cosa),

n=0
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where Ay, Bn,Cpn, Dy are constants, and P, are Legendre polynomials. The
boundary conditions are as follows:

(1) @, is finite at r = 0.
(2) ®2|lr—00 = —Ercos@ = —ErPy(cosf).
(3) Ql = Q2'1‘:11)5123‘1%' = 52%%?"1‘:«-

Fig. 1.30

From conditions (1) and (2), we obtain
B,=0, Ci=-E, Cho=0(n#1).

" Then from condition (3), we obtain

— EaPy(cos®) + E a—?—:—lP,.(cos 0) = 2 Apa™P, (cosf),
n n

- €& [EPI(cos 0) + Z(n + 1)%5P,.(cos 0)] =¢ E Ana™" ' Py(cosb).

These equations are to be satisfied for each of the possible angles 6. That
is, the coefficients of P,(cos®) on the two sides of each equation must be
equal for every n. This gives
362 €1 — €2 3
- _p, D=2,
€1 + 2¢9 ! €1+ 2¢4 ¢
An=D, =0, (n#1).
Hence, the electric potentials inside and outside the sphere can be expressed
as

|

A,

_ 362
€1 + 2¢2

_ €1 — €2 2 3
P, = [l €1+2€2(r) ]Ercoso,

Ercos@,

l=
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and the electric fields inside and outside the sphere by

362
€1+ 2¢4

E,=-V®, = E, (r<a),

3(]‘.‘;-51')1' - %] , (r>a).

- _ = €1—€2 3
E;, =-Vo, E+€1+2€za[

1063

Determine the electric field inside and outside a sphere of radius R
and dielectric cosntant ¢ placed in a uniform electric field of magnitude E
directed along the z-axis.

(Columbia)
Solution:
Using the solution of Problem 1062, we have
E1—£+2EOE0, (1’<R),
e—¢€o 3[3(Eo-r)r Eg
=E - = .
Eq °+e+2eoR[ rd r3]’ (r> R)
1064

A sphere of dielectric constant ¢ is placed in a uniform electric field
E;. Shaw that the induced surface charge density is

E€—E€o

o(0) = €+ 2¢g

3€oEo cosf ,

where 0 is measured from the E, direction. If the sphere is rotated at
an angular velocity w about the direction of Eq, will a magnetic field be
produced? If not, explain why no magnetic field is produced. If so, sketch
the magnetic field lines.

(Wisconsin)
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Solution:

The solution of Problem 1063 gives the electric field inside the sphere
as

3€o
T e+2 Eo,
which gives the polarization of the dielectric as
_ _ 3€o(€ - €o)
P=(e—&)E= o Eo.

The bound charge density on the surface of the dielectric sphere is

3eo(e — €0)

€ + 20 Eocoso,

c@)=n-p=

n being the unit vector normal to the surface. The total electric dipole
moment is then

Note that P has the same direction as Eg. Then when the sphere is rotated
about the direction of Eg, P will not change. This implies that the rotation
will not give rise to a polarization current and, therefore, will not produce
a magnetic field.

1065

A perfectly conducting sphere is placed in a uniform electric field point-
ing in the z-direction.

(a) What is the surface charge density on the sphere?

(b) What is the induced dipole moment of the sphere?

(Columbia)

Solution:

(a) The boundary conditions on the conductor surface are

® = constant = &, , say,

o
60-5;' =-0,
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where ®, is the potential of the conducting sphere and o is its surface
charge density. On account of symmetry, the potential at a point (r,8,¢)
outside the sphere is, in spherical coordinates with origin at the center of
the sphere,

®= Z (C,.r" + %) Pn(cos®). (1)

n=0

Let Ey be the original uniform electric intensity. As r — oo,
® = —Eyrcosf = —EprPy(cosf).

By equating the coefficients of P,(cosf) on the two sides of Eq. (1), we
have

Co=0, Ci=-Ey, Di=Epa®, Co=Dn=0 for n>1.

Hence

Eo 03

® = —Eprcosf + cosf, 2

2
where a is the radius of the sphere. The second boundary condition and
Eq. (2) give

o = 3eogEycosb.

(b) Suppose that an electric dipole P = Pe, is placed at the origin,
instead of the sphere. The potential at r produced by the dipole is

1 1 Pcost
o =P V() = e

Comparing this with the second term of Eq. (2) shows that the latter cor-
responds to the contribution of a dipole having a moment

P = 4xeoa’Ey,

which can be considered as the induced dipole moment of the sphere.

1066

A surface charge density o(f) = oo cos@ is glued to the surface of a
spherical shell of radius R (o9 is a constant and 0 is the polar angle). There
is a vacuum, with no charges, both inside and outside of the shell. Calculate
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the electrostatic potential and the electric field both inside and outside of
the spherical shell.
(Columbia)

Solution:

Let ®,,®_ be respectively the potentials outside and inside the shell.
Both @, and ®_ satistify Laplace’s equation and, on account of cylindrical
symmetry, they have the expressions

@y =) bor " 'Py(cosb), (r>R);

n=0

®_ =) a,r"Py(cosf), (r<R).

n=0

The boundary conditions at » = R for the potential and displacement vector
are

¢—=¢+)

a(0) = oo Py(cosf) = eo(

8%_ _ 0%y
or or )’

Substituting in the above the expressions for the potentials and equating
, the coefficients of P,(cos ) on the two sides of the equations, we obtain

a,=b,=0 for n#1,
(2] 0o
= — by = — =1.
a) % O 350R3 for n=1
Hence
_ (‘f()]'z3
<I>.,._3€0r2 cosf, r>R,
= i7—(Icosd9, r<R.
360

From E = —V® we obtain

200R3 O’()R3 .
E+=Wc030er+3—eo—ﬁsm9eo, T>R:
-=_0'o :, T<R
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1067

Consider a sphere of radius R centered at the origin. Suppose a point
charge ¢ is put at the origin and that this is the only charge inside or outside
the sphere. Furthermore, the potential is ® = Vj cos @ on the surface of the
sphere. What is the electric potential both inside and outside the sphere?

(Columbia)
Solution:

The potential is given by either Poisson’s or Laplace’s equation:
v26_ =-L§(r), r<R;
€o
Vi, =0, r>R.

The general solutions finite in the respective regions, taking account of the
symmetry, are

¢ = 41rer+§ Apr"Pp(cosf), r<R,
B
— n
= '?:o Yy P,(cosf), r>R.

Then from the condition ®_ = ®; = Vycosf at r = R we obtain A =
~mer A1 = Yo By =VoR? By =0,An = B, =0 for n # 0,1, and hence

q q Vo cos @

—=4weor—41reoR+ R r<R;
2
®, = V(:f cos@, r>R.
1068

If the potential of a spherical shell of zero thickness depends only on
the polar angle 8 and is given by V/(8), inside and outside the sphere there
being empty space,

(a) show how to obtain expressions for the potential V(r,6) inside and
outside the sphere and how to obtain an expression for the electric sources
on the sphere.
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(b) Solve with V() = V, cos? 4.
The first few of the Legendre polynomials are given as follows:

20 —
Po(cosf) =1, Pi(cos@)=cosf, Pz(cosf)= %—1 .
We also have
L]
/ Pn(cos0)Pp(cos@)sinfdd =0 if n#m
0
and
/ ) P2(cos ) sin0df = _2
0 n - 2“ + l ’
(Wisconsin)
Solution:

(a) Since both the outside and inside of the spherical shell are empty
space, the potential in the whole space satisfies Laplace’s equation. Thus
the potential inside the sphere has the form

e )
o, = Z apr" Py(cos ),
n=0

while that outside the sphere is

00

b
®; =) —i7Palcost).

n=0

Letting the radius of the shell be R, we have

V()= f: an R" Py(cos®).

n=0

Multiplying both sides by P, (cos@)sin6df and integrating from 0 to =, we

obtain 0 L
anR" = Y / V/(8) Pa(cos 6) sin 8d9 .
0

2
Hence
—=[2n+1 [~ .
&, = Z [%/0 V(0) Pn(cos 8) sin 0d0] Pn(cos)r™,

n=0
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and similarly

Pp(cos0)

@, [(2n + )R /0' V(6) P, (cos 8) sin 0d0] ey

n-O

The charge distribution on the spherical shell is given by the boundary
condition for the displacement vector:

3<I>1 0,
o(6) = =r_ 0r lr=r
2
=¢€o Z [(211 +1) / V' (0) Pn(cos 8) sin 0d0] P, (cos8).
(b) From
V(0) = Vocos’ 0 = 2TVOPZ(cos 0) + %Po(cos 0),
we obtain
T 2
/ V(0)Ppn(cos @) sin 0df = §V0, for n=0;
o f
/ V(0)Pp(cos #)sin 0d8 = EVO’ for n=2;
0
/ V(0)Pn(cosf)sinfdfd = 0, for n#0,2.
0
Hence
Voo 2W
&, ?+—Pz( osO)Rz, (r<R)
VoR 2V,
&, = 3L-+——°P2( a)-a-, (r>R)
o(6) = ‘°V° SR [1+5Ps(cos )] .
1069

A conducting sphere of radius a carrying a charge ¢ is placed in a
uniform electric field Eq. Find the potential at all points inside and outside
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of the sphere. What is the dipole moment of the induced charge on the
sphere? The three electric fields in this problem give rise to six energy
terms. Identify these six terms; state which are finite or zero, and which
are infinite or unbounded.

(Columbia)
Solution:

The field in this problem is the superposition of three fields: a uniform
field Eo, a dipole field due to the induced charges of the conducting sphere,
and a field due to a charge ¢ uniformly distributed over the conducting
sphere.

Let ®, and ®; be the total potentials inside and outside the sphere
respectively. Then we have

V2%, = V20, =0, &, =&,
where ®g is a constant. The boundary conditions are

$, =®,;, for r=a,
&, = —EorPi(cosf) for r — oo.

On account of cylindrical symmetry the general solution of Laplace’s equa-

tion is 5
®, = E (a,,r" + rn:l)Pn(cos 0) .

n

Inserting the above boundary conditions, we find
ay=-Ey, bp=ady, b = Eed®,

while all other coefficients are zero. As o = _50(874;; r=q» W€ have

qg= / (3eoEo cos@ + €0%o ) 27a?sin 0d0 = 4waco®o,
0 a

or
q

4ﬂ'€oa ’

So the potentials inside and outside the sphere are

q

¢, =
! 4mega

) (r<a)l

q Eoyd®
y—- + r—zcoso, (r>a).

®, = —Egrcosf +
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The field outside the sphere may be considered as the superposition of three
fields with contributions to the potential ®; equal to the three terms on
the right-hand side of the last expression: the uniform field Ey, a field due
to the charge ¢ uniformly distributed over the sphere, and a dipole field
due to charges induced on the surface of the sphere. The last is that which
would be produced by a dipole of moment P = 4weqa3Eg located at the
spherical center.

The energies of these three fields may be divided into two kinds: elec-
trostatic energy produced by each field alone, interaction energies among
the fields.

The energy density of the uniform external field E, is § E3. Its total
energy [ %2 E3dV is infinite, i.e. W; — oo, since Eq extends over the entire
space.

The total electrostatic energy of an isolated conducting sphere with

charge ¢ is
W, = /m 3 1 241!’1‘2(11'— q2
27 ), 2 \4meor? " 8meea’
which is finite.

The electric intensity outside the sphere due to the dipole P is

3 3 0 3E 3
E; = —V(Eo,:,l cos 0) = 2a ancos e, + ‘ osmoco .
r r r3

The corresponding energy density is

1 o _€a®E} 2 .2
w3 = §€0E3 = —2—-—'.-6—(4 cos® 6 + sin“ 0)
=3 (14 3cos®8).

As the dipole does not give rise to a freld inside the sphere the total elec-
trostatic energy of P is

6 2 poo 2% 1
Ws =/w3dV= €°a2E° / r%dr/ d¢/ (1+ 3cos? 8)d cos 8
a 0 -1

_ 4wepa®
-3

Eg,

which is also finite.
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For the conducting sphere with total charge ¢, its suface charge density
is ¢ = g/4ma®. The interaction energy between the sphere and the external
field Eq is then

Wi = / o - (—Epacos 0)21ra2 sin 6d6

qaEy
2

®
/ cosf@dcosf =0.
0

Similarly, the interaction energy of the conducting sphere with the field of
dipole P is

x 3
Was = / o- (Eo;l cos0)21m2 sinfdf = 0.
0 T
The interaction energy between dipole P and external field Eg is

W13 = —%P . Eo = —21r€oa3E§,

which is finite. The appearance of the factor % in the expression is due

to the fact that the dipole P is just an equivalent dipole induced by the
external field Eo.

1070

A conducting spherical shell of radius R is cut in half. The two hemi-
spherical pieces are electrically separated from each other but are left close
together as shown in Fig. 1.31, so that the distance separating the two halves
can be neglected. The upper half is maintained at a potential ¢ = ¢, and
the lower half is maintained at a potential ¢ = 0. Calculate the electrostatic
potential ¢ at all points in space outside of the surface of the conductors.
Neglect terms falling faster than 1/r* (i.e. keep terms up to and including
those with 1/r* dependence), where r is the distance from the center of
the conductor. (Hints: Start with the solution of Laplace’s equation in the
appropriate coordinate system. The boundary condition of the surface of
the conductor will have to be expanded in a series of Legendre polynomials:
Py(z) =1, Py(z) =z, Po(z) = 322 — 1, P3(z) = 32° - 3z.

(Columbia)
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Solution:

Use spherical coordinates (r,0, ¢) with the origin at the spherical cen-
ter. The z-axis is taken perpendicular to the cutting seam of the two
hemi-spheres (see Fig. 1.31). It is readily seen that the potential ¢ isa
function of r and @ only and satisfies the following 2-dimensional Laplace’s
equation,

19 (.00 1 9 0\ _
;531'( 6r)+r2sin0%(snaag)—0: (r>R).

Fig. 1.31

The general solution of this equation is

=~ A
6=Y T,T’lp,(cosa), (r>R).
=0

Keeping only terms up to ! = 3 as required, we have

3

A

a1 Pi(cosf).
e

The boundary condition at r = R is

do, for 0<0<%,

¢"="=fw)={o, for T<0<m

f(0) can be expanded as a series of Legendre polynomials, retaining terms
up to !l =3:

3
£(8) = Y BiPi(cosb),

=0



Electrostatics
where, making use of the orthogonality of the Legendre polynomials,

By = A + ! / f(6)Py(cos 8) sin 6d0

= g—-;lﬁ/o Py(z)dz.

Integrating the first few Legendre polynomials as given, we obtain

1 1
/ Py(z)dz = / dz =1,
0 0
1 1 1
/ Py(z)dz = / zdz = 30
0 0

1 1
/ Py(z)dz = / l(3.'lc2 —1)dz=0
0 o 2

1 1 1 1
/ P3(z)dz = / =(52% — 3z)dz = — =,
0 0 2 8

which in turn give

3 7
_¢0a Bl —4¢0) B2—0y B3—_l_6'¢0

From

3 A 3

$hr=r~ ) ZarP =) BiP,

=0 =0
we further get

A= R*'B

Hence

3 141
R R 3 /R\2
¢~§Bl(7) PI(Cosa)—¢o{E;+Z(:) cosf

372( )(5cos o— 3)cos0}
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1071

As can be seen in Fig. 1.32, the inner conducting sphere of radius a
carries charge @, and the outer sphere of radius b is grounded. The distance
between their centers is ¢, which is a small quantity.

(a) Show that to first order in ¢, the equation describing the outer
sphere, using the center of the inner sphere as origin, is

r(0) = b+ ccosf.

(b) If the potential between the two spheres contains only I = 0 and
! = 1 angular components, determine it to first order in ¢.
( Wisconsin)

Fig. 1.32

Solution:

(a) Applying the cosine theorem to the triangle of Fig. 1.32 we have
to first order in ¢

b2 =c?+ 1% —2¢rcosf ~ r? — 2cr cos @,

or

re % (2cc089+ \/4c2c0520+bz) ~b+ccosf.

(b) Using Laplace’s equation V2® = 0 and the axial symmetry, we can
express the potential at a point between the two spheres as

®= Z (A,-r' + %)P,(coso) .
=0

Then retaining only the { = 0,1 angular components, we have,

<I>=Ao+&+ (A1r+B—2l) cosf .
r r
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As the surface of the inner conductor is an equipotential, ® for r = a should

not depend on #. Hence

B,
AIG+F=0. (1)

The charge density on the surface of the inner sphere is

%
o= —€ (-a_l') _

: g
/ o2xa’sinfdd = Q.
0

and we have

This gives

_Q
Bo—m. (2)

Then as the outer sphere is grounded, ® = 0 for r =~ b+ ccosf. This gives

Bo
b+ ccosf

B

Ao+ +[A1(b+ccosﬂ)+ m] cosf=0. (3)

To first order in ¢, we have the approximations
c L | c
(b+ccosﬂ)‘l=b'l(l+zcos0) zz(l—chSO),

-2
AN 10 %
(b+ccosf)~*=b (l+bc030) o (1 > cosO).

Substituting these expressions in Eq. (3) gives

Bo Boc Bl
A°+T+( 5 — + A1b+ bz)cosﬂzo, (4)

neglecting ccos?@ and higher order terms. As (4) is valid for whatever
value of 8, we require

Bo
A0+T—0
B
bgc+Alb+ b2 =0.
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The last two equations, (1) and (2) together give
Ag = Q

- —4W€0b ’
Qc Qca’®
A L B e o e *
TSm0 — ) ! 4xeo(B® — a3)
Hence the potential between the two spherical shells is

*= gl i s ETal - ()] eme}.

1072

Take a very long cylinder of radius r made of insulating material. Spray
a cloud of electrons on the surface. They are free to move about the surface
so that, at first, they spread out evenly with a charge per unit area o¢. Then
put the cylinder in a uniform applied electric field perpendicular to the axis
of the cylinder. You are asked to think about the charge density on the
surface of the cylinder, (8), as a function of the applied electric field E,.
In doing this you may neglect the electric polarizability of the insulating
cylinder.

(a) In what way is this problem different from a standard electrostatic

problem in which we have a charged conducting cylinder? When are the
solutions to the two problems the same? (Answer in words.)

(b) Calculate the solution for ¢(8) in the case of a conducting cylinder
and state the range of value of E; for which this solution is applicable to
the case described here.

(Chicago)
Solution;

Use cylindrical coordinates (p, 8, z) with the z-axis along the cylindrical
axis and the direction of the applied field given by & = 0. Let the potentials
inside and outside the cylinder be o1 and ¢y respectively. As a long cylinder
is assumed, ¢; and ¢y are independent of z. As there is no charge inside
and outside the cylinder, Laplace’s equation applies: V3¢ = V2pp = 0.
The boundary conditions are

a a
P1 = ‘PIIlp:r ’ (%) = ("bféll)

@1lp—o 1s finite,

)
p=r

¢11lp—oo = —Eapcosf.
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Note the first two conditions arise from the continuity of the tangential
component of the electric intensity vector. Furthermore as the electrons

are free to move about the cylindrical surface, Ey = 0 on the surface at
equilibrium. As z is not involved, try solutions of the form

D
p1=A1+Bilnp+Cpcosf+ -p—lcosﬂ,

D
¢n = A2+ BaInp+ Copcosf + -;gcosﬁ.

Then the above boundary conditions require that
Bi=Dy=0, Cy=-E,,
and
A;+Circosf@ = Ay + Bylnr — Egrcosf + —li—zcosﬂ,
—C;sinf = E, sinf — %sine =0.
The last equation gives
Ci=0, Dy;=E,r.

Applying Gauss’ law to unit length of the cylinder:

fEu'dS=-q—,

€o
ie.,
B, 1
——27r = —09p - 27T,
r €o
we obtain
oor
By = ——.
€o

Neglecting any possible constant potential, we take A2 = 0. Then

Ay = Bylnr= 202107
€o
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We ultimately obtain the following expressions

oorilnr
pr=—— , Er=0,
€o
2
ml:—“:lnp—E,pcos0+E°r cosf,
()}

ogor E.r? )
Eqy=|—+E;cos0 + cosl |e
11 (COP a Pz p

r2\ .
- Ea(l - 7) sin fey ,
p(o) = Dll, |p=r =09+ 2¢0F, cosf.

(a) The difference between this case and the case of the cylindrical con-
ductor lies in the fact that (@) can be positive or negative for a conductor,
while in this case o() < 0. However, when |E4| < |32, the two problems
have the same solution.

(b) For the case of a conducting cylinder the electrostatic field must
satisfy the following:

(1) Inside the conductor E; = 0 and ¢ is a constant.
(2) Outside the conductor

Vien =0,

den

The solution for ¢y is the same as before. For the solution of the con-
ductor to fit the case of an insulating cylinder, the necessary condition is
|Ea| < |32 |, which ensures that the surface charge density on the cylinder
is negative everywhere.

1073

Two semi-infinite plane grounded aluminium sheets make an angle of
60°. A single point charge +¢ is placed as shown in Fig. 1.33. Make a large
drawing indicating clearly the position, size of all image charges. In two or
three sentences explain your reasoning.

(Wisconsin)
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*

I
|
po=—=4--2

~N
*
Q

Solution:

As in Fig. 1.33, since the planes are grounded, the image charges are
distributed symmetrically on the two sides of each plane.

1074
A charge placed in front of a metallic plane:
(a) is repelled by the plane,
(b) does not know the plane is there,

(c) is attracted to the plane by a mirror image of equal and opposite
charge.

(ccr)
Solution:

The answer is (c).

1075

The potential at a distance r from the axis of an infinite straight wire
of radius @ carrying a charge per unit length o is given by

(4

In l + const .
2r r
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This wire is placed at a distance b >> a from an infinite metal plane, whose
potential is maintained at zero. Find the capacitance per unit length of the
wire of this system.

(Wisconsin)
Solution:

In order that the potential of the metal plane is maintained at zero,
we imagine that an infinite straight wire with linear charge density —c is
symmetrically placed on the other side of the plane. Then the capacitance
between the original wire and the metal plane is that between the two
straight wires separated at 2b.

The potential ¢(r) at a point between the two wires at distance r from
the original wire (and at distance 2b — r from the image wire) is then

c. 1 o 1
tp(r)—é;ln;—-?;ln—%_r.

So the potential difference between the two wires is

V =¢p(a) - ¢(2b—a) = %ln (2b—a) zzln2—b.

a T a
Thus the capacitance of this system per unit length of the wire is

4 2b
C—V_w/ln;.

1076

A charge ¢ = 2uC is placed at a = 10 cm from an infinite grounded
conducting plane sheet. Find

(a) the total charge induced on the sheet,
(b) the force on the charge g,

(c) the total work required to remove the charge slowly to an infinite
distance from the plane.

(Wisconsin)
Solution:
(a) The method of images requires that an image charge —gq is placed

symmetrically with respect to the plane sheet. This means that the total
induced charge on the surface of the conductor is —gq.
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(b) The force acting on +¢ is

1 ¢ o (2x1075)?
= Tmeg (2a)? - X1 X 5

=09N,

where we have used €0 = m Cz/(N-mz).

(c) The total work required to remove the charge to infinity is

= Fdr = —_—dr = ——— = 0. .
v /a " /a 4meg (2r)2 dr 16meoa 0.093

1077

Charges +¢, —q¢ lie at the points (z,y, 2) = (a,0, a),(—a,0, a) above a

grounded conducting plane at z = 0. Find

(a) the total force on charge +g¢,

(b) the work done against the electrostatic forces in assembling this

system of charges,

(c) the surface charge density at the point (a,0,0).

(Wisconsin)

Solution:

(a) The method of images requires image charges +¢ at (—a,0,—a)
and —q at (a,0, —a) (see Fig. 1.34). The resultant force exerted on +¢ at

(a,0,a) is thus

¢ 1 1 1 1 1
" e [ Ty T @ T (2vzap (-2'3’ * We)]
q’ 1 1 1 1
= 47epa? [(_ 4 + m)e’ + (_ 4 + 8—2)e,] ‘

This force has magnitude
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It is in the z2z-plane and points to the origin along a direction at angle 45°
to the z-axis as shown in Fig. 1.34.

Z
(-a,0,a) (a,0,a)
[ ]
-q F/oq
/
13 x
+*q -q
[ ] [ ]
(-a,0,-a) (a,0,-a)
Fig. 1.34

(b) We can construct the system by slowly bringing the charges +¢
and —q from infinity by the paths

Ly:z=z,y=0,
Ly:z=—-2z,y=0,
symmetrically to the points (a,0,a) and (—a,0, @) respectively. When the
charges are at (1,0,1) on path L, and (—{,0,1) on path L, respectively, each
suffers a force %i;?t-?ﬂ: whose direction is parallel to the direction of the
path so that the total work done by the external forces is
a 00 _ 2 — 2

mF di =2 . 32meol?  16meoa

(c) Consider the electric field at a point (a,0,0%) just above the con-
ducting plane. The resultant field intensity E; produced by +¢ at (a,0,a)
and —q at (a,0,—a) is

2q
Ei = T amega?
The resultant field E; produced by —gq at (—a,0,a) and +q at (—a,0,—a)

is
2¢q 1

Hence the total field at (a,0,0%) is

E—E1+E2— 21’6002 (5‘/5 l)ez:
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and the surface charge density at this point is

- q
eF = 216082 (5‘/_ l) .

1078

Suppose that the region z > 0 in three-dimensional space is filled
with a linear dielectric material characterized by a dielectric constant ¢;,
while the region z < 0 has a dielectric material 2. Fix a charge —¢q at
(2,9,2) = (0,0,a) and a charge ¢ at (0,0, —a). What is the force one must
exert on the negative charge to keep it at rest?

(Columbia)

Solution:

Consider first the simple case where a point charge ¢; is placed at
(0,0, a). The method of images requires image charges ¢} at (0,0,—a) and
q7 at (0,0,a). Then the potential (in Gaussian units) at a point (z,y, z) is
given by

o4 o
= 4 I >
¥1 eim + €112 ’ (2 = 0) y P2 = €2 » (2 < 0) ’

where

=Vz2+y? +(z2—a)?, r2=Vz2+y* +(2+0).

Applying the boundary conditions at (z,y,0):

3‘/’1 Oy
€
1= p2, 15, €2—7— 9z’
we obtain €1 —€
1—¢€o
¢ ==

€ 1(€ 1+ 62)‘“
Similarly, if a point charge ¢ is placed at (0,0, —a) inside the dielectic €2,
its image charges will be ¢} at (0,0, a) and ¢ at (0,0, —a) with magnitudes

=g = —2—1 g
2= 92 = "7
€2(e1 +€2)
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When both ¢; and g¢; exist, the force on ¢; will be the resultant due to
42,4, and gf. It follows that

%, a0 ad
4a2%c;  4a2e¢;  4aZe,
__E&1—€& 4 0192
T e1(e1+€2) 4a 7 2(er +€3)a?’
In the present problem ¢; = —¢, ¢2 = +¢, and one has
E1—€ ¢ ¢ I &
= €1(€1 + 52) 4a? 2(61 + 62)02 - _45102 ’
Hence, a force —F is required to keep on —q at rest.

1079

When a cloud passes over a certain spot on the surface of the earth a
vertical electric field of £ = 100 volts/meter is recorded here. The bottom
of the cloud is a height d = 300 meters above the earth and the top of the
cloud is a height d = 300 meters above the bottom. Assume that the cloud
is electrically neutral but has charge +g¢ at its top and charge —q at its
bottom. Estimate the magnitude of the charge ¢ and the external electrical
force (direction and magnitude) on the cloud. You may assume that there
are no charges in the atmosphere other than those on the cloud.

(Wisconsin)
Solution:

We use the method of images. The positions of the image charges are
shown in Fig. 1.35. Then the electric field intensity at the point 0 on the
surface of the earth is

_ 1 ¢ 1 q
E=2 41I'Eod2 41!'50 (2d)2 !
whence we get
42
g=mdE _ 6710t C.

3
The external force acting on the cloud is the electrostatic force between the
image charges and the charges in the cloud, i.e.,

q2 1 1 1 1
F= [‘ @ae * @ae T GaE - (44)2]

2
_J_[E_l_i] = —405x10"3N.
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This force is an attraction, as can be seen from Fig. 1.35.

Q —oje— Q —=

S S, -

d
+ oeq
d
Lo
Fig. 1.35
1080

A point charge ¢ is located at radius vector s from the center of a
perfectly conducting grounded sphere of radius a.

(a) If (except for ¢) the region outside the sphere is a vacuum, calculate
the electrostatic potential at an arbitrary point r outside the sphere. As
usual, take the reference ground potential to be zero.

(b) Repeat (a) if the vacuum is replaced by a dielectric medium of
dielectric constant €.

(CUSPEA)

Solution:
We use the method of images.
(a) As shown in Fig. 1.36, the image charge ¢’ is to be placed on the

line oq at distance s’ from the spherical center. Letting n = f,n' =2= f-lr,

8
the potential at r is

_ 1 q q
9(r) = 47eg [Ir— s| + |r—s’|]

1 q g
= + .
4meo [ jrm — sn’| * |rn — s'n’|
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The boundary condition requires ¢(r = a) = 0. This can be satisfied if

The electrostatic uniqueness theorem then gives the potential at a point r
outside the sphere as

= 23 [ 7]

(b) When the outside of the sphere is filled with a dielectric medium
of dielectric constant €, we simply replace ¢ in (a) with €. Thus

#r) = I?E[Il' 1 sl Ir j/‘;’-sI] '

1081

Two similar charges are placed at a distance 2b apart. Find, approx-
imately, the minimum radius a of a grounded conducting sphere placed
midway between them that would neutralize their mutual repulsion.

(SUNY, Buffalo)
Solution:

We use the method of images. The electric field outside the sphere
corresponds to the resultant field of the two given charges +¢ and two image
charges +¢’. The magnitudes of the image charges are both ¢’ = —¢§, and
they are to be placed at two sides of the center of the sphere at the same
distance b’ = 9; from it (see Fig. 1.37).
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.r__..._"s
Qﬁ
bi
—-—=—=ig

Fig. 1.37

For each given charge +¢, apart from the electric repulsion acted on
it by the other given charge +¢, there is also the attraction exerted by the
two image charges. For the resultant force to vanish we require

qz _ q2 2 qz%
ARz = a? + 2
N O ST (R OF

= 2;’;“ [1 +3(%)4+5(%)8+...] ~ 2;”:“ ,

The value of a(a < b) that satisfies the above requirement is therefore
approximately

{[~]

a

o) o~

1082

(a) Two equal charges +Q are separated by a distance 2d. A grounded
conducting sphere is placed midway between them. What must the radius
of the sphere be if the two charges are to experience zero total force?

(b) What is the force on each of the two charges if the same sphere,
with the radius determined in part (a), is now charged to a potential V'?
(Columbia)

Solution:
(a) Referring to Problem 1081, we have ro = d/8.

(b) When the sphere is now charged to a potential V, the potential
outside the sphere is correspondingly increased by

Vro Vd

where r is the distance between the field point and the center of the sphere.
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An additional electric field is established being

vd
E=-Vé=c5e.

Therefore, the force exerted on each charge +Q is

—op=%
F=QE= 8d "
The direction of the force is outwards from the sphere along the line joining
the charge and the center.

1083
A charge q is placed inside a spherical shell conductor of inner radius
and outer radius rp. Find the electric force on the charge. If the conductor
is isolated and uncharged, what is the potential of its inner surface?
(Wisconsin)
Solution:
Apply the method of images and let the distance between ¢ and the
center of the shell be a. Then an image charge ¢’ = —Zlq is to be placed
at b= :5- (see Fig. 1.38). Since the conductor is isolated and uncharged, it

is an equipotential body with potential ¢ = ¢, say. Then the electric field
inside the shell (r < r;) equals the field created by q and ¢'.

.

f q q

[ a ! l

r K I

|

= b .
Fig. 1.38

The force on the charge ¢ is that exerted by ¢’:

__ e ___ 2
4meo(b — a)? 4150(5; —a)?
ar1q2

T 4meo(r? —a2)?”
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In zone r > r; the potential is pout = ;‘-;"7. In particular, the potential
of the conducting sphere at r = rp is

h =T
Paphere 476‘01‘2

Owing to the conductor being an equipotential body, the potential of the
inner surface of the conducting shell is also 3;—30—';.

1084

Consider an electric dipole P. Suppose the dipole is fixed at a distance

zo along the z-axis and at an orientation @ with respect to that axis (i.e.,

P.e, = |P|cosf). Suppose the zy plane is a conductor at zero potential.
Give the charge density on the conductor induced by the dipole.

(Columbia)

Solution:

As shown in Fig. 1.39, the dipole is P = P(sin 8, 0, cos #), and its image
dipole is P’ = P(—sin#,0,cos@). In the region z > 0 the potential at a
point r = (z,y,2) is

(r) = 1 | Plzsin0+ (z— z)cosf] P[—zsinf+ (z + zo) cosf]
P e | T+ + -2 T B+ P+ (+ )P
X

N
\
N
. J
DN \ P4S

~— A
N

—20—~—20—~
Y
Fig. 1.39

The induced charge density on the surface of the conductor is then
- —¢ dp - Pcosf
9z l:=0 27(z2 + y2 + 23)3/2
3Pzo(—zsin 0 + zg cos )
21(32 + y2 + 28)5/2

o
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1085

Two large flat conducting plates separated by a distance D are con-
nected by a wire. A point charge Q is placed midway between the two
plates, as in Fig. 1.40. Find an expression for the surface charge density
induced on the lower plate as a function of D,Q and z (the distance from

the center of the plate).
(Columbia)

L |

),

-
) ) ¥

Fig. 1.40

Solution:

We use the method of images. The positions of the image charges
are shown in Fig. 1.41. Consider an arbitrary point A on the lower plate.
Choose the zz-plane to contain A. It can be seen that the electric field at
A, which is at the surface of a conductor, has only the z-compenent and
its magnitude is (letting d = 2)

3 Q 2d
T dmeo(d® +22) (& + 22)1/?
Q 2.3d
T 4xeo[(3d)2 + 22]  [(3d) + z?]1/?
Q 2.5d

T treol5ay + 27 {5 + 227

_QD <~ (=D)"@2n+1)
- Z [(n+ 1)2D2 z2P3/2°

Accordingly,

(=1)*(2n+1)
Z [(n+ 1)?D2 + z2P/2

n=0
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—d D pe—

2
Fig. 1.41
1086

Two large parallel conducting plates are separated by a small distance
* 4z. The two plates are gounded. Charges Q and —@Q are placed at distances
.  and 3z from one plate as shown in Fig. 1.42.

(a) How much energy is required to remove the two charges from be-
tween the plates and infinitely apart?

(b) What is the force (magnitude and direction) on each charge?
(c) What is the force (magnitude and direction) on each plate?

(d) What is the total induced charge on each plate? (Hint: What is
 the potential on the plane midway between the two charges?)

‘ (e) What is the total induced charge on the inside surface of each plate
| after the —Q charge has been removed, the +Q remaining at rest?
(MIT)

Solution:

(a) The potential is found by the method of images, which requires
image charges +Q at --- — 9z,—5z,3z,7z,11z- .- and image charges —Q
at-..—7z,—3z,5z,92,13z, - - - along the z-axis as shown in Fig. 1.43. Then
 the charge density of the system of real and image charges can be expressed

as

p= 3 (-)H1Q - (2% + 1)

k=-o00

where § is the one-dimensional Dirac delta function.
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v
\
W@ -a
. @ -alal-ala -a
x| x| x0| x| x o X
s
3x
_[‘ o f 1
< 3 - -
Fig. 1.42 Fig. 1.43

The electrostatic field energy of the system is

1 1 1
W=35) QU=3QU:-3QU_,

where U, is the potential at the +Q charge produced by the other real and
image charges not including the +Q itself, while U_ is the potential at the
—Q charge produced by the other real and image charges not including the
—Q itself. As '

1 20 20 2Q
Us = 47re° [ (2::) + (4z) (62) +e ]
1 -QIn2
k-1 1 _
41re z E( 1 "k 4meoz
_ _ an2
U-=-Us = 4megz’
we have 2
w=--2" 2.
47eox

Hence the energy required to remove the two charges to infinite distances
from the plates and from each other is —W.

(b) The force acting on +Q is just that exerted by the fields of all the
other real and image charges produced by Q. Because of symmetry this
force is equal to zero. Similarly the force on —@Q is also zero.

(c) Consider the force exerted on the left conducting plate. This is
the resultant of all the forces acting on the image charges of the left plate
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(i.e., image charges to the left of the left plate) by the real charges +Q, —Q
and all the image charges of the right plate (i.e., image charges to the right
side of right plate).

Let us consider first the force F; acting on the image charges of the
left plate by the real charge +Q:

2 2 2 i —1)r-1
Q Q Q Z( n)2 ’

h= 4meo(22)2  4dmeo(dz)? tee= 167eoz?

n=1

taking the direction along +z as positive.
We next find the force F, between the real charge —Q and the image
charges of the left plate:

2 2 2 00 —1)n-1
F Q Q Q Z( n)2 .

= " 4meo(4z)? + 4meo(62)2 = 167e0z?

n=2

Finally consider the force F3 acting on the image charges of the left
plate by the image charges of the right plate:

_ Q2 b (—1)""1
Fs= 16meoz? E E n2

m=3n=m

Thus the total force exerted on the left plate is

F=F+FR+F= o’ ZE(_I)”

167eoz?
Q? 2 3 4 Q* (-
= 1 — — — — — ee e 3 .
Tree2\ 2ty @t 167eqz? ’g n?

Using the identity

we obtain Q?
F=———In2.

167eox? n

This force directs to the right. In a similar manner, we can show that the

magnitude of the force exerted on the right plate is also equal to qu—z; In2,
its direction being towards the left.
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(d) The potential on the plane z = 0 is zero, so only half of the lines
of force emerging from the +Q charge reach the left plate, while those
emerging from the —Q charge cannot reach the left plate at all. Therefore,
the total induced charge on the left plate is —%, and similarly that of the
right plate is g-

(e) When the +Q charge alone exists, the sum of the total induced
charges on the two plates is —Q. If the total induced charge is —Q. on
the left plate, then the total reduced charge is —Q + Q. on the right plate.
Similarly if —Q alone exists, the total induced charge on the left plate is
Q — Q. and that on the right plate is +Q, by reason of symmetry. If the
two charges exist at the same time, the induced charge on the left plate is
the superposition of the induced charges produced by both +Q and —Q.
Hence we have, using the result of (d),

Q-20.=-2,

or

3
Q: = ZQ

Thus after —Q has been removed, the total induced charge on the inside
surface of the left plate is —3Q/4 and that of the right plate is —Q/4.

1087

What is the least positive charge that must be given to a spherical
conducter of radius a, insulated and influenced by an external point charge
+q at a distance r > a from its center, in order that the surface charge
density on the sphere may be everywhere positive? What if the external
point charge is —¢7

(SUNY, Buffalo)

Solution:

Use Cartesian coordinates with the origin at the center of the sphere
and the z-axis along the line joining the spherical center and the charge
¢. It is obvious that the greatest induced surface charge density, which is
negative, on the sphere will occur at (0,0, a).

The action of the conducting spherical surface may be replaced by that
of a point charge (—%¢) at (0,0, %) and a point charge (2q) at the spherical
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center (0,0,0). Then, the field E at (0,0,a4) is

=1 [re__e e ],
dreo la?  (r—a)? (a-£)2)

1 Jea__a¢ __31 ],
4meg lar (r—a)? (r—a)?)
Hence, the maximum negative induced surface charge density is

1 1 r/a ]

a’=€°E"=Z;[;_ (r—a)?  (r—a)?

If a positive charge Q is given to the sphere, it will distribute uniformly on
the spherical surface with a surface density Q/4xa2. In order that the total
surface charge density is everywhere positive, we require that

02 o= 4l (1+ )t
a?(3r — a)

On the other hand, the field at point (0,0, —a_) is

__e (1, 1 r/a_|.
4weg [ra ' (r+a)? (r+a)?) "’

If we replace ¢ by —¢q, the maximum negative induced surface charge density
will occur at (0,0, —a). Then as above the required positive charge is

_ q 1 1 r/a

Qz-v-‘*“’-““"”“z(‘m)'[E+(r+a)"(r+a)’]
_[a a? ar ]_1102(3""‘“)
‘“[?*(r+a)2'(r+a)= ~ r(r+ay

1088

(a) Find the electrostatic potential arising from an electric dipole of
magnitude d situated a distance L from the center of a grounded conducting
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sphere of radius a; assume the axis of the dipole passes through the center
of the sphere.

(b) Consider two isolated conducting spheres (radii a) in a uniform
electric field oriented so that the line joining their centers, of length R, is
parallel to the electric field. When R is large, qualitatively describe the
fields which result, through order R™4.

( Wisconsin)
Solution:

(a) Taking the spherical center as the origin and the axis of symmetry
of the system as the z-axis, then we can write P = de,. Regarding P asa
positive charge ¢ and a negative charge —q separated by a distance 2[ such
that d = }_1{!3 2¢l, we use the method of images. As shown in Fig. 1.44, the

coordinates of ¢ and —q are respectively given by
g: z=-L+1l, —-q: z=-L-1.
Let ¢; and ¢z be the image charges of ¢ and —q respectively. For the

spherical surface to be of equipotential, the magnitudes and positions of ¢
and ¢; are as follows (Fig. 1.44):

a a?
e at (0 0,— _1)

a2
q2 = L+lq at (0,0,—L_+I) .

(%

|

L —

P 4

1.
'T__—“ h-J

Fig. 1.44

As L > 1, by the approximation

!
T

1.

L+l

b*l'-'
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the magnitudes and positions may be expressed as
a ad —-a? al
n=-pi"op (O’O’T‘F)’
T X i
qz2 = Lq 2L2 Y, L L2 )

where we have used d = 2ql. Hence, an image dipole with dipole moment
P'=1¢- 2—“}e, = 1;P and an image charge ¢’ = 2" may be used in place
of the action of ¢; and g,. Both P’ and ¢’ are located at ' = (0,0, = )
(see Fig. 1.45). Therefore, the potential at r outside the sphere is the

superposition of the potentials produced by P,P’, and ¢/, i.e.,
P'.(r—r) P-(r+Le,)

+

4meo | r — /| [r =3 Ir+ Le, 3

1 [ ad
dmeo | L2(r? + &~ cosf + £5)1/2

p(r) =

4 add(rcosf + “L ) d(rcos6+ L)
L3(r2 + £ cos 0 + £5)3/2 * (r? +2rLcosf + L?)3/2

P P’ ®
LI |
b
L

Fig. 1.45

z

(b) A conducting sphere of radius a in an external field E corresponds
to an electric dipole with moment P = 47eoa®E in respect of the field
outside the sphere. The two isolated conducting spheres in this problem
may be regarded as one dipole if we use the approximation of zero order.
But when we apply the approximation of a higher order, the interaction
between the two conducting spheres has to be considered. Now the action
by the first sphere on the second is like the case (a) in this problem (as the
two spheres are separated by a large distance). In other words, this action

can be considered as that of the image dipole P’ = —,—P and image charge
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/

¢ = — 5. As a® < L, the image dipole and charge can be taken to be
approximately located at the spherical center. Thus the electric field at a
point outside the spheres is the resultant of the fields due to a point charge
¢’ and a dipole of moment P + P’ = (1 + —,-)P at each center of the two
spheres. The potential can then be expressed in terms through order 1/R*.

1089

An electric dipole of moment P is placed at a distance r from a per-
fectly conducting, isolated sphere of radius a. The dipole is oriented in the
direction radially away from the sphere. Assume that r 3> a and that the
sphere carries no net charge.

(a) What are the boundary conditions on the E field at the surface of
the sphere?

(b) Find the approximate force on the dipole.
(MIT)

Solution:

(a) Use spherical coordinates with the z-axis along the direction of the
dipole P and the origin at the spherical center. The boundary conditions
for E on the surface of the sphere are

E,.:U/Eo, E¢=0)

where o is the surface charge density.

(b) The system of images is similar to that of the previous Problem
1088 and consists of an image dipole P’ = (£)®P and an image charge
¢ =-%atr = Te, In addition, an image charge ¢” = —¢’ is to be
added at the center of the sphere as the conducting sphere is isolated and
uncharged. However, since r 3> a, we can consider ¢’ and ¢” as composing
an image dipole of moment P” = %',-r;- . "r—z = %;P.

As r >> a, the image dipoles P’ and P” may be considered as approx-
imately located at the center of the sphere. That is, the total image dipole
moment is

3
Pimege = P/ + P" = 2(2) P.

The problem is then to find the force exerted on P by P jmage.
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The potential at a point r produced by Pimage is
1 P; T
- lmge
‘P(l‘) 4 €0 r3 ’
and the corresponding electric field is

3(r-P; r - r2P;
E(r) = —Vp(r) = ( _mag 4;)€0r5 imege .

At the location of P, r = re;, the field produced by Pimage is then

T 2weord  weorS © meerS

The energy of P in this field is

3 p2
W=-P.E= -“—Ps,
wEQT
which gives the force on P as
3 p2 3
F=—VW=—6a P _6a"PP
wEQr? TEQT'

1090

Suppose that the potential between two point charges ¢; and ¢2 sepa-
rated by r were actually ¢,q2¢= %" /r, instead of ¢,¢3/r, with K very small.
What would replace Poisson’s equation for the electric potential? Give the
conceptual design of a null experiment to test for a nonvanishing K. Give

the theoretical basis for your design.
(Chicago)

Solution:
With the assumption given, Poisson’s equation is to be replaced by

V2 + K%¢p = —4np

in Gaussian units, where p is the charge density.
To test for a nonvanishing K, consider a Faraday cage in the form of
a conducting spherical shell S, of volume V, enclosing and with the center
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at ¢, as shown in Fig. 1.46. Let the radius vector of g2 be ry. Denotinga
source point by r’ and a field point by r, use Green’s theorem

/ (¥V'%¢ — ¢V'2Y)dV’ = f (yV'é — ¢V'y) - dS'.
v s
Choose for ¢ the potential interior to S due to g2, which is external to §,

given by
V¢ + K2¢=0,

as p = 0 (being the charge density corresponding to the distribution of ¢)
inside S, and for ¥ a Green’s function G(r,r’) satisfying

V3G = —4né(r —1'),
G=0 on S,

where §(r — r’) is Dirac’s delta function.

s 7,

Fig. 1.46

The integrals in the integral equation are as follows:
/ YV 2¢dV’ = / GV?¢dV' = —-K? / GedV',
v v v
/ ¢V pdV’' = / ¢V2GdV’ = —4x / é(r,x")8(r — x')dV’ = —4ng(r),
v v v
fd)V'd»dS':fGV'd)-dS':O as G=0 on S,
s s
){ ¢V - dS' = ¢s }{ V'G-dS' = ¢s / v2Gdv'
s v

= —4wdg /v §(r—r')dV’' = —4nés
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as ¢ =const.= ¢g, say, for S a conductor. Note that the divergence theorem
has been used in the last equation.
The integral equation then gives

_ 1 2 7l
80) = 35 (465 + &° [ Goav')
K2 / / !
=é¢s+ v /v G(r,x’')¢(r,x")dV’.

If K =0, then ¢(r) = ¢s, i.e., the sphere V is an equipotential volume so
that no force will be experienced by ¢;. If K # 0, then ¢(r) will depend on
r so that ¢; will experience a force —¢q; V4.

Hence measuring the force on ¢; will determine whether or not K = 0.

1091

A very long conducting pipe has a square cross section of its inside
surface, with side D as in Fig. 1.47. Far from either end of the pipe is
suspended a point charge located at the center of the square cross section.

(a) Determine the eletric potential at all points inside the pipe, perhaps
in the form of an infinite series.

(b) Give the asymptotic expression for this potential for points far from
the point charge.

(c) Sketch some electric field lines in a region far from the point charge.
(Hint: avoid using images.)

(UC, Berkeley)

rF—D——n
[+
N

Fig. 1.47
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Solution:

(a) Poisson’s equation for the potential and the boundary conditions
can be written as follows:

Vip = ~25(2)8(y)8(2),

“’Iz:to/z =0,
V’l,,:tp/z =0.
By Fourior transform
00
#enk)= [ p@netas,

the above become
(3 + & — F)9(z, 0, b) = ~26(2)5(0),
#(2,9,k)|,op/2 =0, ()
#(z,y, k)ly:*plg =0.

Use F(2) to denote the functional space of the functions which are equal
to zero at z = :t% ory= :t%. A set of unitary and complete basis in this
functional space is

' . [
% P (2m-}-)u1rz P (2m zl)ty ’% co8 (2m-‘l-)l)wz sin 2thy ,

2
DS

@Cm'+)xy 2 . 2nxz . 2n'xz
cos ST | Losin 2822 gip 2n.%E

in 2n¥T
in 222 o si sin
mm' >0,n,n" >1.

In this functional space §(z)é(y) may be expanded as

2 00 ’ .
5(z)8(y) = (%) Y cos (2"‘“;)1)“’ cos 1 ;1) Y.

m,m'=0

Letting ¢(z,y, k) be the general solution in the following form,

&z, y, k) = z G (E) cOS (2m -;-Jl)rz cos em’ ; 1)y R

m,m’'=0
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and substituting Eq. (3) into Eq. (1), we find from Eq. (2) that

@(z,y,k) = Q i cos 2mAL)ms coq (2m 41)ay

€D o B2 + (Cmgtiey 4 (Bmppiny

Applying the integral formula

tkz 12|
/ k2+,\2 ,\e , (A>0),

we finally obtain

U
(2m-51)r: o8 (2m zl)ry

¢(z) Y, z) 7€ D m;_o (2771 + 1) + (2ml + 1)2

e L /Cm+1)2+(2m' +1)? )

(b) For points far from the point charge we need only choose the terms
with m = m’ = 0 for the potential, i.e.,

COS—

_ Y cos ™Yo Belel
€o1rD D D

(c) For the region z > 0, the asymptotic expression of the electric field
forz>» Dis

Y L4
=55 sin 7 cos Fe~
E, = - W—g:;q-cos ¥ sin Fe~ Ez
— xz Xy —-Y5%2
E,_;g-;cosocospe’g‘.

— _%p _ V2
E"_ 8z
B

The electric lines of force far from the point charge are shown in Fig. 1.48.
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1092

Consider two dipoles P; and P2 separated by a distance d. Find the
force between them due to the electrostatic interaction between the two
dipole moments, for arbitrary orientation of the directions of P; and P,.
For the special case in which P; is parallel to the direction between the
two dipoles, determine the orientation of P, which gives the maximum
attraction force.

(Columbia)
Solution:

In Fig. 1.49 the radius vector r is directed from Py to P;. Taking
the electric field produced by P; as the external field, its intensity at the
position of P is given by

_3(Py-r)r —r’P,
- 47weqrs

E.

Hence the force on P, is

F= (P2 . V)Ee
= 7 {(P1 - Pa)r + (P1 )Pz + (P2 -1)P1] = 5(P1 -1)(P2 v}
P !
\ r _fo
Fig. 1.49

If Py||r, let P2 -r = Pyrcosf. Then Py -P; = P, P; cosf and the force
between P; and P2 becomes

3
4meord

{—3P1 P3 cosfr + Perg} .

The maximum attraction is obviously given by § = 0°, when P; is also
parallel to r. This maximum is

3P1 Pzr
2meers

Frax =

Note that the negative sign signifies attraction.
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1093

An electric dipole with dipole moment P, = P,e; is located at the
origin of the coordinate system. A second dipol€ of dipole moment P; =
Pye, is located at (a) on the +z axis a distance r from the origin, or (b)
on the +y axis a distance r from the origin. Show that the force between
the two dipoles is attractive in Fig. 1.50(a) and repulsive in Fig. 1.50(b).
Calculate the magnitude of the force in the two cases.

(Columbia)
z
R X
/ ——
X
(2) (b)
Fig. 1.50

Solution:
The electric field produced by P, is

_ Py-r\ _ P, 3P cosf
E, = v(47reor3) T 4meer3 + dregrs

where @ is the angle between P and r. The interaction energy between P;

PP, 3PP,

41601’3 - 41801’3 ¢

Hence the components of the force acting on P, are

W¢=—P2-E1= 0820.

0w, 3PP, 9P P,
r=- = - 0)
R or 4meort  4meort cos
_ 10W. _ 3AP; .
Fo——r 0 ——2norqsm0cos0.

(a) In this case § = 0 and we have

_ 3PP,
21601‘4 ’

Fo=0, F,=
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The negative sign denotes an attractive force.
(b) In this case # = § and we have

_ 3PP,
"7 4xeort’

F0=0’

The positive sign denotes a repulsive force.

1094

An electric dipole of moment P = (FP;,0,0) is located at the point
(z0,¥0,0), where zo > 0 and yo > 0. The planes z = 0 and y = 0 are
conducting plates with a tiny gap at the origin. The potential of the plate
at £ = 0 is maintained at V; with respect to the plate y = 0. The dipole is
sufficiently weak so that you can ignore the charges induced on the plates.
Figure 1.51 is a sketch of the conductors of constant electrostatic potentials.

(a) Based on Fig. 1.51, deduce a simple expression for the electrostatic
potential ¢(z,y).

(b) Calculate the force on the dipole.
(MIT)

Fig. 1.51

Solution:

(a) Any plane passing through the z-axis is an equipotential surface
whose potential only depends on the angle @ it makes with the y = 0 plane:

#(z,y) = 4(0).
Accordingly, Laplace’s equation is reduced to one dimension only:

d*¢

02 =0
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with the solution oV
#(6) = —°a

taking into account the boundary condmons ¢=0for0=0and ¢ =V
for 8 = % This can also be written in Cartesian coordinates as

#z,) = D arctan (2.

(b) The field is then

=—V¢—2%( Y oem— ~).

T \z2+y? " 2?+y?

Hence, the force acting on the dipole (P,0,0) is

3E

P.

( V)E ’81’ £=%0,y=Yo
_2%&( 22030 z3 — o )
== @

1095

Inside a smoke precipitator a long wire of radius R has a static charge

' A Coulombs per unit length. Find the force of attraction between this wire

"and an uncharged spherical dielectric smoke particle of dielectric constant

.€ and radius a just before the particle touches the wire (assume a < R).
Show all work and discuss in physical terms the origin of the force.

(SUNY, Buffalo)

' Solution:

| As a € R, we can consider the smoke particle to lie in a uniform field.
'In Gaussian units the field inside a spherical dielectric in a uniform external
‘field is (see Problem 1062)

3

Ein = mEex .
The small sphere can be considered an electric dipole of moment
- 3(c —
pP= 4 . 1), _ 4ma’(e l)Eu.

37 Ter2 T T e+2
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The energy of the polarized smoke particle in the external field is

_2md®(e—1) B2

1
W=—§P‘Eex= c+2 ex *

E. is radial from the axis of the wire and is given by Gauss’ flux theorem
as

A

Eex - % T
Hence

_ (e=1)a®)?

T 2m(e+2)r?’
and the force exerting on the smoke particle is

— 1)a3)2
F=_VUW= _(e 1)a’A

e+2)
Just before the particle touches the wire, r = R and the force is

_ _(e-DaX
S TaE+R T

The negative sign shows that this force is an attraction. This force is
caused by the nonuniformity of the radial field since it is given by —VW.
The polarization of the smoke particle in the external field makes it act like
an electric dipole, which in a nonuniform field will suffer an electric force.

5. MISCELLANEOUS APPLICATIONS (1096-1108)

1096

A sphere of radius a has a bound charge Q distributed uniformly over
its surface. The sphere is surrounded by a uniform fluid dielectric medium
with fixed dielectric constant ¢ as in Fig. 1.52. The fluid also contains a
free charge density given by

p(r) = —kV(r),

where k is a constant and V/(r) is the electric potential at r relative to
infinity.
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(a) Compute the potential everywhere, letting V = 0 at r — oo.
(b) Compute the pressure as function of r in the dielectric.

(Princeton)
=0 =

Fig. 1.52

Solution:
The electric potential satisfies Poisson’s equation

V2V(r)=—§=’°VT(’), r>a. (1)

Considering the spherical symmetry of this problem, we have V(r) = V(r).
Equation (1) then becomes

1d[{,dv\ &k
r—zz_'(r W)—;V(r), r>a.

Writing V = u/r, one has

du  k

=t @
The solutions of Eq. (2) can be classified according to the values of k:

(1) If £ > 0, the solution is

k
u..Aexp(:h\/Er).
A /lc
V—:exp(:t E)

The condition V = 0 for r — oo indicates that only the negative exponent
is allowed. Gauss’ theorem for the spherical surfaces,

ov
- Gris=a,

Accordingly,
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then determines the coefficient A as

_ Qeaa
A= 4x(aa+1)’

where a = \/k/e. On the other hand, as there is no electric field inside
the sphere, the potential inside is a constant equal to the potential on the

surface. Therefore
—Q-(—r4 e, r>a,
V(r) = { w(aa+l)r
m‘gm; ’ r S a.

Stability of the fluid means that
pn+n-T = const,

where n = e, T is Maxwell’s stress tensor. If the fluid is still, the constant
is equal to zero and one has

pe, = —e, - T.

As ¢ is fixed, we further have

) . [V 0 0
T=DE-;(D-E)i=;( 0 0 0}.
0 00

Hence, the pressure is
=_Ewyyr=_tlten),,
p= 2(VV) - 2 r) 14 (r) y
(2) If k < 0, with B2 = —k/e, the solution of Eq. (2) becomes
V(r) = gem' ,

with real part B
V(r) = - cos(fr).
Substitution in Gauss’ theorem

Y4
sar

ds=Q
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gives Q
= 4x(Basin Ba + cos fa)

Hence the electric potential is

B

Qcosp
V= { 4t(p¢|mc;:+:onﬂ¢)r ’ r>a,
4xa(Patan fa+l)’ r S a,

and the pressure is

_€(Br+tanfr+1)>?
2

2 Vi(r).

p=-2(VV) =

1097

Flat metallic plates P, P’, and P” (see Fig. 1.53) are vertical and the
plate P, of mass M, is free to move vertically between P’ and P”. The
three plates form a double parallel-plate capacitor. Let the charge on this
capacitor be g. Ignore all fringing-field effects. Assume that this capacitor
is discharging through an external load resistor R, and neglect the small
internal resistance. Assume that the discharge is slow enough so that the
system is in static equilibrium at all times.

Fig. 1.53

(a) How does the gravitational energy of the system depend on the
height h of P?

(b) How does the electrostatic energy of the system depend on h and
on the charge ¢7
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(c) Determine h as a function of g.
(d) Does the output voltage increase, decrease, or stay the same as this
capacitor discharges?
( Wisconsin)
Solution:
(a) The gravitational energy of the system is

Wy, = Mgh.

(b) We suppose that the distance between P and P’ and that between
P and P" are both d. Also suppose that each of the three plates has width
a and length [, and when h = hg, the top of plate P coincides with those
of plates P’ and P”. The system may be considered as two capacitors in
parallel, each with charge ¢/2 and capacitance

600(1 +h - ho)

C= 7

when the height of P is h.
The electrostatic energy stored in the system is then

2 2
Wezz.l(s) 1__ ¢d
2\2) C 460(1(1-}-’!—’!0)

(c) The total energy of the system is

2
- =94
W=WotWe = ooall+h—hg) T M9P-
Since the discharge process is slow, P for each q will adjust to an equilibrium
position h where the energy of the system is minimum. Thus for each ¢,
|, =0, giving
q d

2 eoaMg

Therefore, h varies linearly with q.

+ho—l.

(d) As the system is discharging through R, ¢ decreases and h decreases
also. Hence the output voltage

q/eoa(l+h—ho) /Mgd
Vo= = =
2 d €oa

does not vary with g, i.e., V5 remains constant as the capacitor discharges.
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1098

A capacitor consisting of two plane parallel plates separated by a dis-
tance d is immersed vertically in a dielectric fluid of dielectric constant K
and density p. Calculate the height to which the fluid rises between the
plates

(a) when the capacitor is connected to a battery that maintains a
constant voltage V across the plates, and

(b) when the capacitor carries a charge @, but is not connected to a
battery.

Explain physically the mechanism of the effect and indicate explicitly
how it is incorporated in your calculation. (You may neglect effects of
surface tension and the finite size of the capacitor plates.)

(UC, Berkeley)

Solution:

When the capacitor is charged, it has a tendency to attract the dielec-
tric fluid. When the electrostatic attraction is balanced by the weight of
the excess dielectric fluid, the fluid level will rise no further. As shown in
Fig. 1.54, let b be the width and a the length of the plates, z be the height
of the capacitor in contact with the fluid, and h be the height to which the
fluid between the plates rises from the fluid surface. Then the capacitance
of the capacitor (in Gaussian units) is

b b
C= m[Kz—l—(a—z)] = m[(K—l)z-{-a],

where K is the dielectric constant of the fluid.

(a) If the voltage V does not change, as shown in Problem 1051 (a),
the dielectric will be acted upon by an upward electrostatic force

P o (K=1BV?
87a
J.(a-x)
\ =~

/
pee 3¢ g
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This force is balanced by the weight mg = pghbd in equilibrium. Hence
the rise is
_Vik -1
T 8xpgd®

(b) If the charge Q is kept constant instead, then according to Problem
1051 (b) the electrostatic force is

_ Q*dC _ 2xdQ*(K —1)

F =G " K=-1ztaf

At equilibrium the fluid level will rise to a height

_ 2xQ¥(K -1)
~ pgb?[(K = 1)z +a?’

1099

A cylindrical capacitor is composed of a long conducting rod of radius
a and a long conducting shell of inner radius . One end of the system
is immersed in a liquid of dielectric constant ¢ and density p as shown
in Fig. 1.55. A voltage difference Vj is switched on across the capacitor.
Assume that the capacitor is fixed in space and that no conduction current
flows in the liquid. Calculate the equilibrium height of the liquid column
in the tube.

(MIT)
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Solution:

Let I be the length of the cylinder, and z the length of the dielectric
contained in the cylinder. Neglecting edge effects, the capacitance is

_ 2x((e = €0)z + €ol]
=7 WGl

As the voltage difference Vp across the capacitor is kept constant, according
to Problem 1051 the upward force acting on the dielectric is

C

F = V—JE = —-‘”(e — &)V’
2 dr In(b/a)

This force is in equilibrium with the gravity force:

(e — €o)Vy

/ey - P9 T -k,

giving
__ (e—e)Vg
= 2907 = @) n(b/a)

1100

As in Fig. 1.56, the central plate, bearing total charge Q, can move as
indicated but makes a gastight seal where it slides on the walls. The air on
both sides of the movable plate is initially at the same pressure p;. Find

value(s) of z where the plate can be in stable equilibrium.
(UC, Berkeley)
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Solution:

Initially, as the voltages on the two sides of the central plate are the
same, we can consider the three plates as forming two parallel capacitors
with capacitances C; and C;. When the central plate is located at position
z, the total capacitance of the parallel capacitors is

A A __ 2L
coL+z)  col—z) eo(l?-22)

C=Ci+C: =

Hence the electrostatic energy of the system is

_1Q@° _ eQ*(L%-2%)

W“zc‘ 4AL

As the charge @ is distributed over the central plate, when the plate moves
work is done against the electrostatic force. Hence the latter is given by

_6We _ Q2€oz
8z =~ 2AL

F, =

As F > 0, the force is in the direction of increasing z. As an electric
conductor is also a good thermal conductor, the motion of the central plate
can be considered isothermal. Let the pressures exerted by air on the left
and right sides on- the central plate be p; and p, respectively. We have by
Boyle’s law
_ pol _ Pkl
n= L+z’ P2 = -z

When the central plate is in the equilibrium position, the electrostatic force
is balanced by the force produced by the pressure difference, i.e.,

Fe = (p2 - Pl)A )
or
Q2€oz _ 2ApoLz
2AL ~ L2 -gz2°

This determines the equilibrium positions of the central plate as

_ 4p0A2 %
:c-:!:L(l— Eon) .
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1101

Look at the person nearest to you. If he (or she) is not already spher-
ical, assume that he (or she) is. Assign him (or her) an effective radius R,
and recall that he (or she) is a pretty good electrical conductor. The room is
in equilibrium at temperature T and is electromagnetically shielded. Make
a rough estimate of the rms electrical charge on that person.

(Princeton)

Solution:

The capacitance of a conducting sphere of radius R is C = 4w¢oR. If
the sphere carries charge Q, then its electric energy is Q2/2C. According
to the classical principle of equipartition of energy,

Q? 1
2C ~ il
Q? = VCkT,

where k is Boltzmann’s constant.
Taking R = 0.5 m, T = 300 K, we get

V@ = Vare BT

= V47 x 8.85 x 10-12 x 0.5 x 1.38 x 10-23 x 300
=48x 1076 C.

or

1102

An isolated conducting sphere of radius a is located with its center at
a distance z from a (grounded) infinite conductor plate. Assume z > a
find

(a) the leading contribution to the capacitance between sphere and
plane;

(b) the first (non-vanishing) correction to this value, when the capaci-
tance is expressed in terms of a power-series expansion in a/z;

(c) to leading order the force between sphere and plane, when the

sphere carries a charge Q. What is the energy of complete separation of
the sphere from the plane? How does this energy compare with the energy
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of complete separation of two such spheres, with charges +Q and —Q,
initially spaced apart by a distance 2z? Explain any difference between
these two values.

(Columbia)

Solution:

(a) To leading order, we can regard the distance between the conduct-
ing sphere and the conductor plane as infinite. Then the capacitance of
the whole system corresponds to that of an isolated conducting sphere of
radius a, its value being

C = 47epa.

(b) To find the first correction, we consider the field established by a
point charge Q at the spherical center and its image charge —Q at distance
z from and on the other side of the plane. At a point on the line passing
through the spherical center and normal to the plane the magnitude of this
field is

Q Q

E= treaz—h)? ~ Tmeoz ¥R

where h is the distance from this point to the plane. The potential of the
sphere is then

V=—/oz_aEdh= I Q

dxeo(z—h)lo ~ 4meo(z + h)

i Q l —_ a ~ Q l —_ a
" 4meoa 2z —a)|  A4weoa 2]

Hence the capacitance is

_9 a
C—V~41reoa 1+2z

zZ—-a

0

and the first correction is 2w¢oa?/z.

(c) When the sphere carries charge @, the leading term of the force
between it and the conducting plane is just the attraction between two
point charges Q and —Q separated by 2z. It follows that

Q2

=" 16meg2z2

The energy required to completely separate the sphere from the plane is

0o g 00 2 Q2
= - - d — .
" /: Fr /: 167eor? T 167eo2
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On the other hand, the energy of complete separation of the two charges Q
and —Q, initially spaced by a distance 2z, is

00 00 Qz Q2
W2=—/ Fdr = 2dr= =2W;.
2z 2; 4meor 8weo2

The difference in the required energy is due to the fact that in the first case
one has to move @ from z to oo while in the second case one has to move
Q from z to co and —Q from —z to —oo, with the same force —Q2/4reor?
applying to all the three charges.

1103

A dipole of fixed length 2R has mass m on each end, charge +Q2 on one
end and —Q); on the other. It is in orbit around a fixed point charge +@Q;.
(The ends of the dipole are constrained to remain in the orbital plane.)
Figure 1.57 shows the definitions of the coordinates r,0,a. Figure 1.58
gives the radial distances of the dipole ends from +@,.

(a) Using the Lagrangian formulation, determine the equations of mo-
tion in the (r,0,a) coordinate system, making the approximation r 3> R
when evaluating the potential.

(b) The dipole is in a circular orbit about Q; with f = 7 =~ 6 ~ 0 and
a € 1. Find the period of small oscillations in the a coordinate.
(Wisconsin)

oaz ,
7
r _02
(]
@
Fig. 1.57 Fig. 1.58
Solution:

(a) The angle between the dipole and the polar axis is (¢ + a), so the
angular velocity of the dipole about its center of mass is (#+d). The kinetic
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energy of the dipole is then
T_ = 2m - (2 +r202)+ -2mR? - (0 + a)?
=mi? + m(r® + R?)6 + mR’d’ +2mR%a.

Moreover, the potential energy of the dipole is
1 Q2 1 Qle

—47r€o T4 41I'€o r.

As

+ =Vr2+ R2+2rRcosa = r\/lzl:2§cosa+(-§)2

zr\/1:h2§cosazr(1:h%-2§cosa) =r+x Rcosa,

1 1 2R cos a 2R cos

= - ~ - )

ry  r- r2 — R?2cos? a r?

and the potential energy is

Q,1Q: 2Rcosa

V=-
47eg r2

The above give the Lagrangian L = T — V. Lagrange’s equation
d(oLy oL
dt \ or or ~

Q1 Qz 2Rcosa
41reo r?

gives

mi — mré? +

=0; ()

of the other Lagrange’s equations:

4(2)-%
dt\ 90 00 ~

gives
(r> + R?)0 + R*a + 2mrif = 0, ¥)
and 4 s %’;— ———Oglves
Q sin o
mR(a+0)+ ‘Q’ — =0. 6)

Equations (1)—(3) are the equations of the motion of the dipole.
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(b) As # ~ ¥ ~ 0, r is a constant. Also with § = 0,a < 1 (i.e.,
sina =~ a), Eq. (3) becomes

mRa+ 92 % _ g
47eg 12

This shows that the motion in « is simple harmonic with angular frequency

w= [@Q: 1
“V 4req mRr?2’

. The period of such small oscillations is

27 47eg
T=—=2 -mRr2.
w Wae: ™Y

1104

The Earth’s atmosphere is an electrical conductor because it contains
free charge carriers that are produced by cosmic ray ionization. Given that
this free charge density is constant in space and time and independent of
the horizontal position.

(a) Set up the equations and boundary conditions for computing the
atmospheric electric field as a function of altitude if the near-surface field
is constant in time and vertical, has no horizontal variation, and has a
magnitude of 100 volts/meter. You may assume that the surface of the
Earth is perfectly flat if you wish.

(b) Estimate the altitude dependence of the conductivity.
(c) Solve the equations of part (a) above.
(UC, Berkeley)
Solution:

(a) This problem is that of a steady field in a conductor. The continuity
equation V- E + %‘} = 0 and Ohm’s law j = o F give the basic equation

dji _

taking the z-axis along the vertical.
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The given boundary condition is
E|;=¢ =100 V/m.

(b) Since the frequency of collision between a free charge and the
atmospheric molecules is proportional to the density of the latter, while
the conductivity is inversely proportional to the collision frequency, the
conductivity will be inversely proportional to the density of atmospheric
molecules. For an isothermal atmosphere the number density of the atmo-
spheric molecules is

n= noe'%"' )

where m is the average mass of a molecule, g is the acceleration of gravity,
k is Boltzmann’s constant, and T is the absolute temperature. Besides,
the conductivity is also proportional to the number density of the free
charges. As this density is assumed to be independent of altitude, the
altitude dependence of the conductivity can be given as

o= goe ¥ . (2
(c) Equation (1) gives
dE_ _Edo
dz =~ odz’

Using Eq. (2) and integrating we have
E = Epe™ ¥

where Eq = 100 V/m.

1105
Two flat plates, each 5 cm in diameter, one copper, one zinc (and both

fitted with insulating handles), are placed in contact (see Fig. 1.59) and
then briskly separated.

(a) Estimate the maximum charge one might expect to find on each
plate after complete (3> 5 cm) separation.

(b) Volta in experiments of this sort (¢.1795) observed charges of the
order (in our units) of 10~° Coulomb. Compare this result with your esti-
mate in (a), reconciling any difference.
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(c) What charge would be expected if the plates, before separation,

were arranged as in Fig. 1.607
(Columbia)

a (L ACu

Cu
~Zn Zn

7

Fig. 1.59 Fig. 1.60

Solution:

(a) When the two plates are in contact, they can be taken as a parallel-
plate capacitor. Letting § be their separation and V be the potential dif-
ference, the magnitude of charge on each plate is

As d = 0.05 m, taking the contact potentialas V ~ 103V and 6§ ~ 10~ m
we obtain
Q=~17x10"7C.

(b) The above estimated value is greater than the experimental results
of Volta (= 10~° C). This is probably caused by the following. First of all,
due to the roughness of the plates’ surfaces, their average separation might
be larger than 10~!° m. Secondly, in the separating process the charges
might accumulate on some ridges of the plates (also because of roughness),
so that some of the charges might cancel between the two plates.

(c) According to Fig. 1.60, the contact area is less than that of case (a),
hence the corresponding charges after separation will be much diminished.

1106

An ionization chamber is made of a metal cylinder of radius a and
length L with a wire of radius b along the cylinder axis. The cylinder is
connected to negative high voltage —Vj and the wire is connected to ground
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by a resistor R, as shown in Fig. 1.61. The ionization chamber is filled with
argon at atmospheric pressure. Describe (quantitatively) as a function of
time the voltage AV across the resistor R for the case where an ionizing
particle traverses the tube parallel to the axis at a distance r = a/2 from
the central axis and creates a total of N = 10° ion-electron pairs.

Fig. 1.61

Given: a=1cm, b = 0.1 mm, L = 50 cm, V; = 1000 V, R = 10%Q,

mobility of argon ions g4 = 1.3 % . c—VE
mobility of electrons pu_ =6 x 10° . %
(Hint: In order to make reasonable approximation, you might have to cal-
culate the RC time constant of this system.)

The voltage (1000 volts) is insufficient to produce ion multiplication
near the wire (i.e., this is not a proportional counter).

Note that the detailed shape of the pulse rise is important.

(Princeton)

Solution:

Use cylindrical coordinates (r, ¢, 2) with the z-axis along the cylindrical
axis. The electric field at a point (r,y, z) satisfies E o %e, according to
Gauss’ flux theorem. From

- /ba E(r)dr = =V

we get

Vo
E(T) = r—ln-(%—)-e,- .

If Qo is the charge on the wire, Gauss’ theorem gives

E(r) = _Qo

e, .
2meoLr "
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The capacitance of the chamber is accordingly
C = Qo/Vo = 2meoL/In(a/b)
=27 x 8.85 x 10712 x 0.5/ In (O.IT)
=6x10""2F.
Hence the time constant of the circuit is
RC=10°x6x10""2=6x10""s.

The mobility of a charged particle is defined as u = £, or dt = R
Hence the time taken for the particle to drift from r; to r; is

r2
At = / ar _ _ In(a/b) (r2—r2).
r1 Mo

Vi
ey 24V

For an electron to drift from r = a/2 to the wire, we have

[ 2 s 2
At_zM (ﬂ) -2 zln(_b).‘_’_
2u_Vo [\2 2u_Vo 4

In 100 10~

= = -8
—2x6x103x10—4x1000x n =96x10"°%s

and for a positive ion to reach the cylinder wall, we have

In(2 2 Ing 2
At+= n(b) a?_(g) ] =__nb 3L
24V 2 2u Vo 4
_ In 100 x 3x 101
T 2x1.3x10-% x 1000 4

It follows that At_ < RC < At;. When the electrons are drifting from
r = a/2 to the anode wire at r = b, the positive ions remain essentially sta-
tionary at r = a/2, and the discharge through resistor R is also negligible.
The output voltage AV of the anode wire at t < At_ (taking t = 0 at the
instant when the ionizing particle enters the chamber) can be derived from
energy conservation. When a charge ¢ in the chamber displaces by dr, the
work done by the field is ¢E - dr corresponding to a decrease of the energy
stored in the capacitance of d(CV?2/2). Thus CVdV = —qE -dr = —qEdr.
Since AV € Vp,V & Vp, and we can write

=13x10"3s.

CVodV = —qEdr.



138 Problems & Solutions on Eleciromagnetism

Integrating, we have

r d r Vo
CVOAV = —q Edr = —-q/a Wdr

af2 /2 %)
= Vo In 2r
= ") "\
Noting that
ln(%) a\? 2
At~ 2u_Vo [(5) -
we have
_ In(§) [ra\?_ .
t_2p_Vo [(5) -
or

and, as ¢ = —Ne,

_ Ne [1- (&) ? a
AV = Cln{l—T /ln 3/ 0<t<At_.

Att = At_,
Ne 2b a
AV = —C—ln (?)/ln (E)

_105 x 1.6 x 10~1° « In 50
6 x 10-12 In 100
=-23x10"3V.

This voltage is then discharged through the RC circuit. Therefore, the
variation of AV with time is as follows:

1- 1 1/2t
AV=5.86x10-3ln[1-(—%—:5%_3-]v, for 0<t<9.6x10%s;
AV=—2.3x10‘3exp(—-éTti65)V, for t>96x10"8s.

This means that the voltage across the two ends of R decreases to —2.3 mV
in the time At_, and then increases to zero with the time constant RC. A
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final remark is that, as the ions drift only slowly and the induced charges on
the two electrodes of the chamber are discharged quickly through the RC
circuit, their influence on the wave form of AV can be completely ignored.

1107

An intense energetic electron beam can pass normally through a
grounded metal foil. The beam is switched on at ¢ = 0 at a current
I = 3 x10° amp and a cross sectional area A = 1000 cm?. After the
beam has run for 10~8 sec, calculate the electric field at the point P on the
output face on the foil and near the beam axis due to the space charge of
the beam.

(Wisconsin)

Solution:

At t = 10~ 3s, the beam forms a charge cylinder on the right side of
the foil with a cross sectional area A = 1000 cm? as shown in Fig. 1.62.
The length h of the cylinder is ¢t = 3 x 10® x 10~3 = 3 m, assuming the
electrons to have sufficiently high energy so that their speed is close to the
velocity of light. We may consider a total charge of

—-Q=-It=-3x10x10"8=-3x10"2C

being uniformly distributed in this cylinder. As the charge on the left side
of the foil does not contribute to the electric field at point P (Shielding
effect), the action of the grounded metal foil can be replaced by an image
charge cylinder. This image cylinder and the real cylinder are symmetrical
with respect to the metal foil and their charges are opposite in sign (see
Fig. 1.62).

foil
,
+Q | -a P 2R
V. A |
! 3m 3im J. | z 1'__—

Fig. 1.62 Fig. 1.63
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We first calculate the electric field at point P on the axis of a uniformly
charge disc of surface charge density o as shown in Fig. 1.63. The potentia
is

1 [Ro-2ardr 1 (R ondr?
dxeo Jo VZZH 12 4meo Jo VI 412

‘N 2+,.2| = _”_[,/zz_*_Rz__,],
41I’€ 260

and the field intensity is

Eo=_d¢p__9o( 2z _,
P78 ~ 2% \V2+ R? ’

Refer now to Fig. 1.62. The field at the point P produced by the right

charge cylinder is
- 250 0 hxR? \/;2 + R?
-_9 /" ( ydz d )
- 21€ohR2 vz2 + R? z
Vi + 122| - h]
Vh? 2 _
= ome th[ h2+R?—-R- h]

Hence the total electrlc field at P is

th [R+h- VR + 12

-3 x 102 0.1
= ‘/ ‘/2 bt
7 x 8.85 x 10-12 x 3 x [3+ 3+ ]

=—1.42x 10° V/m.
The minus sign indicates that the field intensity points to the right.

pp =

Ep

21re hR2

1108

The Fig. 1.64 could represent part of a periodic structure of alternating
metallic electrodes and gaps found in an electrostatic accelerator. The
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voltage on any electrode is higher by V4 than that on the previous electrode.
The structure is two-dimensional in that the electrodes have infinite extent
in the z direction. The object of this problem is to find the electric field in
the region |y| < W.

(a) For the purpose of mathematical simplicity we will assume that
E along lines such as that between points a and b is constant and has
no y component. What does this imply about the electrostatic potential
between ¢ and b7 How might one try to achieve such a boundary condition
in practice?

(b) As a guide to subsequent calculations, use physical reasoning to
make a sketch of the electric field lines (with directions) in the structure.

(c) Find an expression for the electrostatic potential ¢(z,y) in the
region |y < W as an infinite sum over individual solutions of Laplace’s
equation.

(d) Find the electric field E(z,y).
(MIT)

v | o |ven ve2vg| a3 |ve3n

*§

v | B fvenp| 22 |ve2ng]| B3 |vesy

i

Fig. 1.64

Solution:

(a) Use the coordinates shown in Fig. 1.64. The electric field between
the points a; and b; is constant, and has no y component. This shows
that the electric field lines between a; and b; are parallel to the z-axis.
Mathematically the potential can be expressed as

V+nVo, =z€[3L, 1],

¢(2,:|:W)={ [2211—1 2211 ]

V-nV,, =ze[%1L,2%2IL],
=‘_/93_ﬁ+v

L 4



142 Problems & Solutions on Electromegnetism

(et eeBREAL o
n=04=l1,...

—nVo+ B+ 42, ze[-271L, 2L

= p1(z) + p2(z) -

Here p2(z) represents the sawtooth wave shown in Fig. 1.65. Its Fourier
cosine series, of period L, is

2 — 2mxz (L 2mxz
pa(z, £W) = I cos — p2(z, W) cos 7 dz
m=1 o
2V 1 2(2m + 1)xz
T w2 mz__:o(2m-i-l)2cos L '

To achieve these conditions in an electrostatic accelerator, the separation
of the electrodes in the y direction must be much greater than L.

@y(x)

AN
W VIiVIV

: f—t1—

Fig. 1.65

(b) The electric field lines in the accelerator is shown in Fig. 1.66.

(Here we only show the electrostatic lines of force between two neighboring
electrodes; the pattern repeats itself.)

Ve 2 | | v+3np |
_./ e
.Dzv/_?avq

Fig. 1.66
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(c) The electric potential in the region |y| < W satisfies the following
equation and boundary condition:

{ (;’;’, + ﬁ;)ﬂz,y) =0
¢(z, W) = p1(z) + p2(2) .

Defining ¢(z,y) = ¢(z,y)+V — !4“ + !bL’, it satisfies the following equation
and boundary condition

{ (& +8&)ven =0,
Y(z,£W) = po(z).
Since ¢2(z) in the boundary condition is an even periodic function with

period L (see Fig. 1.65), the solution must also be an even periodic function
of z. Thus we can write

400
Wer) = o) + 3 cos (2
m=1

2mxzx

) ¥m(v)

and substitute it in the equation for ¥(z,y). We immediately obtain

2 mry + by, sinh 2m7y .

Ym(y) = am cosh

Also, substituting ¥(z,y) in the boundary condition and comparing the
coefficients, we get

2V0 Z 1 cosh [X2ntl gy cosh [2(2n+ 1)"]
o (2n+ 1)? cosh [3(2';4—+1)-1|'W] '

Hence

Voz 2Vo 1
z, V-— +
#e9) = ,,Z_o (2n +1)2 cosh[ﬁz—'ituxW]

cosh [?Qll'iﬂwy] cos [&’%L)n:] .

(d) Using E = —V¢, we obtain the field components

[22» 1 3(2n41 "l

4V, cosh| xy] sin|
E. = __n. + _n Z (2n+1) cosh[2 w]

B — av, +o00 sinh[ 22541 vy cos[ 22530 o
y = — .

=L n=o (2n+1) cosh[ 2 W)
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1. MAGNETIC FIELD OF CURRENTS (2001-2038)

2001

A cylindrical wire of permeability u carries a steady current I. If the
radius of the wire is R, find B and H inside and outside the wire.
(Wisconsin)

Solution:

Use cylindrical coordinates with the z-axis along the axis of the wire
and the positive direction along the current flow, as shown in Fig. 2.1. On
account of the uniformity of the current the current density is

I
1= AR

Fig. 2.1

Consider a point at distance r from the axis of the wire. Ampére’s circuital

law
fﬂ-d]:I,
L

where L is a circle of radius r with centre on the z-axis, gives for r > R,

1
H(r)= meo ,
or

1
B(r) = g%eg

since by symmetry H(r) and B(r) are independent of §. For r < R,
2

. Ir
1(1') = 1"1'2] = iz—

147
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and the circuital law gives

Ir
H(r)= RS B(r) = 7R3

2002

A long non-magnetic cylindrical conductor with inner radius a and
outer radius b carries a current I. The current density in the conductor is
uniform. Find the magnetic field set up by this current as a function of
radius

(a) inside the hollow space (r < a);
(b) within the conductor (a < r < b);
(c) outside the conductor (r > b).
(Wisconsin)
Solution:

Use cylindrical coordinates as in Problem 2001. The current density
in the conductor is I

i= n(b2 — a?)

The current passing through a cross-section enclosed by a circle of radius
r, wherea < r< b, is

I(r? — a?)
b2 — a2
By symmetry, Ampere’s circuital law gives
(a) B=0, (r < a).
(b) B(r) = 2,,. 55:—:!'80 , (a<r<b).
(c) B(r) = faleg, (r > b).

I(r) =w(r? —a?)j =

2003

The direction of the magnetic field of a long straight wire carrying a
current is:

(a) in the direction of the current
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(b) radially outward
(c) along lines circling the current
(cCcrT)
Solution:
The answer is (c).

2004

What is the magnetic field due to a long cable carrying 30,000 amperes
at a distance of 1 meter?

(a) 3 x 1073 Tesla, (b) 6 x 10~3 Tesla, (c) 0.6 Tesla.
(ccr)
Solution:
The answer is (b).

2005

A current element idl is located at the origin; the current is in the
direction of the z-axis. What is the £ component of the field at a point
P(z,y,2)?

(a) 0, (b) —iydl/(z? + y* + 22)/2, (c) izdl/(z* + y* + 22)%/2.

(ccr)

Solution:

The answer is (b).

2006

Consider 3 straight, infinitely long, equally spaced wires (with zero
radius), each carrying a current I in the same direction.

(a) Calculate the location of the two zeros in the magnetic field.

(b) Sketch the magnetic field line pattern.

(c) If the middle wire is rigidly displaced a very small distance z (z <
d) upward while the other 2 wires are held fixed, describe qualitatively the

subsequent motion of the middle wire.
(Wisconsin)
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Solution:

(a) Assume the three wires are coplanar, then the points of zero mag-
netic field must also be located in the same plane. Let the distance of such
a point from the middle wire be z. Then the distance of this point from
the other two wires are d & z. Applying Ampére’s circuital law we obtain
for a point of zero magnetic field

pol  _ pol pol

2r(d—z) 27z  2x(d+z)’
Two solutions are possible, namely

1
=+—d,
z \/§

corresponding to two points located between the middle wire and each of
the other 2 wires, both having distance 71§d from the middle wire.

(b) The magnetic field lines are as shown in Fig. 2.2(a).

@
a—a

®

Fig. 2.2(a)

(c) When the middle wire is displaced a small distance z in the same
plane, the resultant force per unit length on the wire is

f - “012 _ “012
T 2x(d+z) 2x(d-=z)’

As z < d, this force is approximately

2
fr ol

xd?
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That is, the force is proportional but opposite to the displacement. Hence,
the motion is simple harmonic about the equilibrium position with a period
T= 21\/’;‘:';‘ 47, where m is the mass per unit length of the middle wire.

This however is only one of the normal modes of oscillation of the
middle wire. The other normal mode is obtained when the wire is displaced
asmall distance z out from and normal to the plane as shown in Fig. 2.2(b).
The resultant force on the wire is in the negative z direction, being

pol? z - Polzz
VB + 2B+ 22 A

f=-

This motion is also simple harmonic with the same period.

1’@
pe
il

Fig. 2.2(b)

2007

1 As in Fig. 2.3, an infinitely long wire carries a current 1 =1 A. It is
bent so as to have a semi-circular detour around the origin, with radius 1
cm. Calculate the magnetic field at the origin.

(UC, Berkeley)

Idl
rY /&

o I
o ~
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Solution:

The straight parts of the wire do not contribute to the magnetic field
at O since for them Idl x r = 0. We need only to consider the contribution
of the semi-circular part. The magnetic field at O produced by a current

element Idl is

p_oldlxr
47 3

dB =

As Idl and r are mutually perpendicular for the semi-circular wire, dB is
always pointing into the page. The total magnetic field of the semi-circular

wire is then I !
B= / dB = “L "o = ol
4r

With I =1 A, r = 10~2 m, the magnetic induction at O is
B=3.14x10"°T

pointing perpendicularly into the page.

2008

A semi-infinite solenoid of radius R and n turns per unit length carries

a current I. Find an expression for the radial component of the magnetic
field B, (20) near the axis at the end of the solenoid where r < Rand z = 0.
(MIT)

Solution:

We first find an expression for the magnetic induction at a point on
the axis of the solenoid. As shown in Fig. 2.4, the field at point 2o on the
axis is given by

00 2
B(z0) = Z_o/ 27 R*nldz

[’ (= )P
Let z — zo = Rtand. Then dz = Rsec? 0df and we get

po [% 2xR%nl- Rsec?0dd
B(Zo) == 3 3
4 00 R3sec30

L‘E 21rnI cos 6df = 4— 21rnIs1n0

47r -0 )
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As
Rtan6y = 2z,

we have ) 1 2

s 29 _ _ __ %

Sin 0o = 1 Ey2+1 R+’
or 2

sinfy = . B
VR + 2]

Hence

1 20 )
B(z) = zponI |1 + —— ) .
(20) 2#0 ( R 22 p
Next, we imagine a short cylinder of thickness dzy and radius r along
the 2-axis as shown in Fig. 2.5. Applying Maxwell’s equation

fB-dS:O

[B:(20 + dz) — B, (20)] - = B, (20)27rdzg .

to its surface S we obtain

z
—
(D) 8]R
Zo 4 b 4
e ——— | Zo 200d20
Fig. 24 Fig. 2.5

For r <« R, we can take B,(29) = B(z0). The above equation then gives

dB(ZQ)W

2 _ .
dza " = B,(2p) - 27r,

or
_rdB(z) _ ponIrR?
Br(z0) = 2 dzg  A(R24 2237

At the end of the solenoid, where zop = 0, the radial component of the
magnetic field is

ponlr

B.(0) = &%
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2009

A very long air-core solenoid of radius b has n turns per meter and
carries a current i = fpsinwt.

(a) Write an expression for the magnetic field B inside the solenoid as
a function of time.

(b) Write expressions for the electric field E inside and outside the
solenoid as functions of time. (Assume that B is zero outside the solenoid.)
Make a sketch showing the shape of the electric field lines and also make a
graph showing how the magnitude of E depends on the distance from the
axis of the solenoid at time t = 2%,

(Wisconsin)
Solution:

(a) Inside the solenoid the field B is uniform everywhere and is in the
axial direction, i.e.,

B(t) = poni(t)e, = ponigsin(wt)e; .

(b) Using §E -dl = — [ % - dS and the axial symmetry we can find
the electric field at points distance r from the axis inside and outside the

solenoid. For r < b, one has E - 2rr = —wr?9f = —xr? . poniow coswt,
giving
E(t) = —%niowr coswt .
For r > b, one has E - 2xr = —xb? - pyonigw coswt, giving
2
E(t) = —i;niow coswt.

In the vector form, we have

—Einipwrcos(wt)eg, (r<b)
Et)={ . .
— 37 Niow cos(wt)eg , (r>0d)
Att = %‘-,coswt = 1 and we have

E(Q_ﬂ’) _ { —Enigwrey (r<d),

w —%nioweg (r>0).

The relation between |E| and r is shown in Fig. 2.6. Up to r = b the electric
field lines are a series of concentric circles as shown in Fig. 2.7.
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ar-

Fig. 2.6 Fig. 2.7

2010

Assume that the earth’s magnetic field is caused by a small current
loop located at the center of the earth. Given that the field near the pole
is 0.8 gauss, that the radius of the earth is R = 6 x 10 m, and that
po = 47 x 10~7 H/m, use the Biot-Savart law to calculate the strength of
the mangnetic moment of the small current loop.

(Wisconsin)
Solution:

Assume that the axis of the current loop, of small radius a, coincides
with the axis of rotation of the earth, which is taken to be the 2-axis as
shown in Fig. 2.8. The contribution of a current element Idl to the magnetic
induction B at an axial point z is, according to the Biot-Savart law,

&Idlxr
4¢r 3

dB is in the plane containing the z-axis and r and is perpendicular to
r. Summing up the contributions of all current elements of the loop, by
symmetry the resultant B will be along the z-axis, i.e.,

dB =

B = B;e;, or

dB,=dB-2.
r

At the pole, z= R. As R> a,r =VRZ+a~ R and
—bola [y_pols
Bz—4wR3de—41rR3 2xa
= kIS
" 27 R®’

where S = 7a? is the area of the current loop.
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Fig. 2.8

The magnetic moment of the loop is m = ISe;, thus
27R3
Po
Using the given data R = 6 x 10° m, B, = 0.8 Gs, we obtain

B, .

m=
m = 8.64 x 10726 Am?.

2011

A capacitor (in vacuum) consists of two parallel circular metal plates
each of radius r separated by a small distance d. A current i charges the
capacitor. Use the Poynting vector to show that the rate at which the
electromagnetic field feeds energy into the capacitor is just the time rate of
change of the electrostatic field energy stored in the capacitor. Show that
the energy input is also given by iV, where V is the potential difference
between the plates. Assume that the electric field is uniform out to the
edges of the plates.

(Wisconsin)

i

-—r—.‘

=

+

X

Fig. 2.9
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Solution:

Use coordinates as shown in Fig. 2.9. When the positive plate carries
charge Q, the electric field between the plates is

E=—2 (-e,).

- 1l'7'2€o

As Q is changing, so is E, producing a magnetic field between the plates.
Applying

oD
H-dl= [ —.dS
fi s ot

to a loop C between the plates, of area S parallel and equal to that of the
plates, by symmetry we obtain

dQ

H . 27r = E = i,

or .

i

H= %(—eg) .
Hence the Poynting vector of the electromagnetic field is
Q i iQ
N=ExH= —e, (- = ——=e,.
x rr’eo( e:) X 21rr( €) 21rzn"€oer

Th energy flux enters the capacitor through the curved sides of the capac-
itor. The flow per unit time is then

P=N.2trd=—2 4.
wre€o

The electrostatic energy stored in the capacitor is

2 2
W, = %eoEz -wr?d = %eo( Q ) mid= 994

7rieg T 27r2eg

and the rate of increase is
aw. _ _d ,,4Q _ _iQ ,
dt ~ 27rleg dt ~ wr2eq
Thus we have

P=d—W-i.

dt
On the other hand, Q = CV = £“§'—2V, or ‘—gﬁ,—; = V. Hence P =iV also.
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2012

A parallel-plate capacitor is made of circular plates as shown in
Fig. 2.10. The voltage across the plates (supplied by long resistanceless
lead wires) has the time dependence V = Vjcoswt. Assume d € a < c/w,
so that fringing of the electric field and retardation may be ignored.

(a) Use Maxwell’s equations and symmetry arguments to determine
the electric and magnetic fields in region I as functions of time.

(b) What current flows in the lead wires and what is the current density
in the plates as a function of time?

(c) What is the magnetic field in region II? Relate the discontinuity of
B accross a plate to the surface current in the plate.

(CUSPEA)

m ] 1"
t 35

{w

Fig. 2.10

Solution:

(a) Because d < a, the electric field in region I is approximately EW =
E'Sl)e,, where

Esl) = —% coswi

at time ¢t.
Apply Maxwell’s equation

OE
B-dl= e/—-dS
fL I‘oosat

to a circle L of radius r centered at the line joining the centers of the two
plates. By symmetry, B() = Bg)e.,. Thus one has

21rng) = /,q,¢=:o1rr2 (V(?Tw sin wt) ,
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or
oV .
Bg) = E—oo—owrsmwt.

2d

(b) Let o be the surface charge density of the upper plate which is the
interface between regions I and II. We have

o= —eoE(l) = dV coswt.

Then the total charge on the plate is

2
wa‘eoV,
Q= nalo = —a#coswt.
Note that o is uniform because Eg) is uniform for any instant t. The time
variation of () shows that an alternating current I passes through the lead
wires:
_dQ _ waleoVow
T odt T d
As the charge Q on the plate changes continuously with time, there will
be surface current flowing in the plate. As shown in Fig. 2.11, this current

flows towards the center of the plate along radial directions. The total
current flowing through the shaded loop is

sinwt.

2 _ .2
—-}[w(a2 -r¥)o] = Zl’—(—a—-—-—-:‘i—)@Msinwt.

Hence, the linear current density (current per unit width) in the plate is

2 _ .2
Ji(r) = —e, = (a—rMsin(wt)er.

2dr
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(c) In Ampere’s circuital law

fB(")'tﬂ=lloI,
L

the direction of flow of I and the sense of traversing L follow the right-
handed screw rule. At time ¢, I flows along the —z-direction and by axial
symmetry

I
B(") = BS& )e¢ .

Hence )
an _ _pol _ pocodVow .
B¢ = " o 2dr nwt .
Thus
2 2
) _ p@ _ Hoto(a® —r’)Vow s
By -By = ST sin(wt)e, = roji
or

n x (BU) — BM) = .

This is just the boundary condition for the magnetic field intensity

H"W - HO = ji.

2013

A capacitor having circular disc plates of radius R and separation
d < R is filled with a material having a dielectric constant K.. A time
varying potential V = Vj coswt is applied to the capacitor.

(a) As a function of time find the electric field (magnitude and di-
rection) and free surface charge density on the capacitor plates. (Ignore
magnetic and fringe effects.)

(b) Find the magnitude and direction of the magnetic field between
the plates as a function of distance from the axis of the disc.

(c) Calculate the flux of the Poynting vector from the open edges of
the capacitor.
(Wisconsin)
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Solution:
This problem is similar to Problem 2012. The answers for (a) and (b)
are
(a) E= % cos(wt)e;, o= :l:k,eo% cos(wt),
k.copowVo
2d
(c) The Poynting vector at r = R is

(b) B=

rsin(wt)ey .

ke€0w V02 R
2d2

Thus N is radial in the cylindrical coordinates. Hence the flux of the Poynt-
ing vector from the open edges of the capacitor (i.e., the curved surface of
a cylinder of height d and radius R) is

= ”L(E X B)|r=r = — sin(wt) cos(wt)e, .
0

wkeeow Vg R? sin 2wt

¢ =27RdN = 2d

2014

A parallel plate capacitor has circular plates of radius R and separation
d € R. The potential difference V across the plates varies as V = Vpsinwt.
Assume that the electric field between the plates is uniform and neglect edge
effects and radiation.

(a) Find the direction and magnitude of the magnetic induction B at
point P which is at a distance r (r < R) from the axis of the capacitor.

(b) Suppose you wish to measure the magnetic field B at the point P
using a piece of wire and a sensitive high-impedance oscilloscope. Make a
sketch of your experimental arrangement and estimate the signal detected
by the oscilloscope.

(Wisconsin)

Solution:

(a) Referring to Problem 2012, the magnetic induction at point P is

€opoVowr

B(r,t) = ¥,

cos(wt)eg .
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(b) Figure 2.12 shows the experimental arrangement. A small square
loop of area AS made of a wire, whose two ends are connected to the
oscilloscope, is placed at P such that the plane of the loop contains the
axis of the capacitor. A sinusoidal wave will appear on the oscilloscope,
whose amplitude and frequency are measured. These correspond to the
amplitude and frequency of the electromotive force €. Then from

le] = aat_¢ = w|B|AS
we can find the amplitude of the magnetic induction B.
ZZrrrrrrrrrrna f”cm”“p‘
ZZZ777772777TD
Fig. 2.12
2015

What is the drift velocity of electrons in a 1 mm Cu wire carrying
10 A? 10-5,10~2,10%, 10° cm/sec.
(Columbia)
Solution:
It is 10~2cm/sec.

2016
What is the average random speed of electrons in a conductor?
102,104,106, 10® cm/sec.
(Columbia)
Solution:
It is 10° cm/sec.

2017

Which is the correct boundary condition in magnetostatics at a bound-
ary between two different media?
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(a) The component of B normal to the surface has the same value.
(b) The component of H normal to the surface has the same value.
(¢) The component of B parallel to the surface has the same value.

(cCT)

Solution:

The answer is (a).

2018

A system of conductors has a cross section given by the intersection of
two circles of radius b with centers separated by 2a as shown in Fig. 2.13.
The conducting portion is shown shaded, the unshaded lens-shaped region
being a vacuum. The conductor on the left carries a uniform current den-
sity J going into the page, and the conductor on the right carries a uniform
current density J coming out of the page. Assume that the magnetic per-
meability of the conductor is the same as that of the vacuum. Find the
magnetic field at all points z,y in the vacuum enclosed betwen the two
conductors.

(MIT)

Solution:

As the magnetic permeability of the conductor is the same as that of
the vacuum, we can think of the lens-shaped region as being filled with
the same conductor without affecting either the magnetic property of the
conducting system or the distribution of the magnetic field. We can then
consider this region as being traversed by two currents of densities £J,
i.e., having the same magnitude but opposite directions. Thus we have two
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cylindrical conductors, each having a uniform current distribution, and the
magnetic induction in the region is the sum of their contributions. In their
own cylindrical coordinates Ampére’s circuital law yields

B1 = —%nglem ) (1‘1 S b)

B; = %Jrgew . (r2<b)

As

) e . e,
o, = (—sinpr,conpn) () 1 ey, = (~singn,cong) (&)

we have
B, = %J(Ule: - I1ey),
B; = %J(-—yge, + z2ey).

Using the transformation
{ 9=z - 2a
Y2=4U
we have o
B; = —é—J[—yle, + (z1 — 2a)ey].

Hence the magnetic field induction in the lens-shaped region is
B=B;+B; = %O-J[(yl —y2)ez + (21 — z2 — 2a)ey] = —poaley .

This means that the field is uniform and is in the —ey direction.

2019

A cylindrical thin shell of electric charge has length ! and radius g,
where [ > a. The surface charge density on the shell is o. The shell rotates
about its axis with an angular velocity w which increases slowly with time
as w = kt, where k is a constant and ¢ > 0, as in Fig. 2.14.

Neglecting fringing effects, determine:
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(a) The magnetic field inside the cylinder.
(b) The electric field inside the cylinder.

(c) The total electric field energy and the total magnetic field energy
inside the cylinder.
(Wisconsin)

Fig. 2.14

Solution:

(a) Use cylindrical coordinates (p, ¢, z) with the 2-axis along the axis of
the cylinder. The surface current density (surface current per unit width)
on the cylindrical shell is & = owae,. It can be expressed as a volume
current density (current per unit cross-sectional area) J = owaé(p — a)e,.
By symmetry we have B = B,(p)e,. Then the equation V x B = pJ
reduces to 9B

~, = Hoowab(p—a),

which gives
B(p) = poowae,, (p<a).

(b) Apply Maxwell’s equation

fE-dl:—i/B-dS
L dt Js

to a circle of radius p in a plane perpendicular to the z-axis and with
the center at the axis. On this circle, E is tangential and has the same
magnitude, i.e., E = E(p)e,. Hence, noting that w = kt we have

oak
E(p) = -55Fe,. (p<a)

a 2 22126
()Ue=[ leoE""dV = 1501/ pooakp 2npdp = wEopgo k’a I.
2 2 0 2 16

oo a‘k’lt2

Up = f— dv = L(;zomua)2 7a’l = 2
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2020

A long, solid dielectric cylinder of radius a is permanently polarized
so that the polarization is everywhere radially outward, with a magnitude
proportional to the distance from the axis of the cylinder, i.e., P = -;—Pore,.

(a) Find the charge density in the cylinder.

(b) If the cylinder is rotated with a constant angular velocity w about
its axis without change in P, what is the magnetic field on the axis of the
cylinder at points not too near its ends?

(SUNY, Buffalo)
Solution:

(a) Using cylindrical coordinates (r,0,2), we have P = P, = Por/[2.
The bound charge density is

_ _ 19 Por\ _

(b) As w = we;, the volume current density at a point r = re, + ze;
in the cylinder is

J(r) = pv = pw x r = —Powe, X (re, + ze,) = —Powrey .

On the surface of the cylinder there is also a surface charge distribution, of

density P P
or oa

c=n-P=ze - —|=a=

2 2

This produces a surface current density of

o 2
a=av=—2-wa €g .

To find the magnetic field at a point on the axis of the cylinder not too near
its ends, as the cylinder is very long we can take this point as the origin
and regard the cylinder as infinitely long. Then the magnetic induction at
the origin is given by

_ o [iE)xr /a(ﬂ)xr’ ,
B= 41(/‘, e dV+S e ds'],

where V and S are respectively the volume and curved surface area of the
cylinder and r' = (r,0,2) is a source point. Note the minus sign arises
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because r' directs from the field point to a source point, rather than the
other way around. Consider the volume integral

i) xr ., [ —Powrey x (re, + ze;)
L —a av' = , EFwp rdrdfdz

P / r3drdfdz 3 / r2drdfdz e]
= row v (,.2_,_,_2)3/2 €s v (r2 + 22)3/2 Tl

As the cylinder can be considered infinitely long, by symmetry the second
integral vanishes. For the first integral we put z = rtan 8. We then have

0 ] 2% a 3
JXr 1 2
dV' = Pyw do rdr cos fdf e, = 2x Powa’e; .
3
v r 3 0 -z

Similary, the surface integral gives

/ a(r’)ax rldS’ _ %‘wa’e; x (:e; -:- ze')dS’
s 1 s (a? + 22)3/
P 4 d8dz .
= —Twa /s me, = —21'Powa e;.

Hence, the magnetic induction B vanishes at points of the cylindrical axis
not too near the ends.

2021

A cylinder of radius R and infinite length is made of permanently
polarized dielectric. The polarization vector P is everywhere proportional
to the radial vector r, P = ar, where a is a positve constant. The cylinder
rotates around its axis with an angular velocity w. This is a non-relativistic
problem —wR < ¢.

(a) Find the electric field E at a radius r both inside and outside the
cylinder.

(b) Find the magnetic field B at a radius r both inside and outside the
cylinder.

(c) What is the total electromagnetic energy stored per unit length of
the cylinder,

(i) before the cyliner started spinning?
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(ii) while it is spinning?
Where did the extra energy come from?
(UC, Berkeley)
Solution:

(a) Use cylindrical coordinats (r, 8, z) with the axis of the cylinder along
the z direction, the rotational angular velocity of the cylinder is w = we;.
The volume charge density inside the cylinder is

p=-V.-P=-V.(ar)=-2a.
The surface charge density on the cylinder is then
c=n-P=e, (ar)|,=r = aR.

The total charge per unit length is therefore —2a - 7R2 + 27R - aR = 0.
Thus the net total charge of the cylinder is zero. From Gauss’ flux theorem
§ E - dS = Q/eo and the axial symmetry we find that
E = { —ie,, Tr<R,
0 r>R.
(b) The volume current density is j = pv = —2awrey, and the surface
current density is @ = ov = awRZ%ey. If the cylinder is infinitely long,

by symmetry B = B(r)e,. The equation and boundary condition to be
satisfied by B are

VXB:ﬂQj, nX(Bz—BO:poa.

Here B; and B3 are the magnetic inductions inside and outside the cylinder,
respectively. The equation gives

Thus B; is a constant. As B, — 0 for r — 00, the constant is zero. The
boundary conditon at r = R,

~[B2(R) = Bi(R)] = poawR?,

yields
Bi(R) = poasz .
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Integrating the differential equation for B; from r to R, we obtain
By(r) = B)(R) — poaw(R? — r?) = poawr? .
Hence the magnetic fields inside and outside the cylinder are

B_{poawrze, , r<R,
1o , r>R.

(c) (i) Before the cylinder starts spinning, only the electric energy

exists, the total being
W, = / %"Ezdv.
00

So the energy stored per unit length of the cylinder is

dWe _ /2' do/ €0 g = TR
- 4€o ’
(ii) When the cylinder is spinning, both electric and magnetic energies

exist. The electric energy is the same as for case (i), and the magnetic
energy stored per unit length of the cylinder is

dWp, 2 2\2 npoa’w? RS
ek 2”odV / d0/ —(poawr )rdr = —e

Therefore the total energy stored per unit length is

aw _ dW. dW, _ na’R* + poTa 2w2RE

dz = dz + dz = 4eo 6
ma?R4 w2 R?
= 14 .
460 3c?

The extra energy, the magnetic energy, comes from the work done by ex-
ternal agency to initiate the rotation of the cylinder from rest.

2022

A long coaxial cable consists of a solid inner cylindrical conductor of
radius R; and a thin outer cylindrical conducting shell of radius R;. At
one end the two conductors are connected together by a resistor and at
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the other end they are connected to a battery. Hence, there is a current §
in the conductors and a potential difference V between them. Neglect the
resistance of the cable itself.

(a) Find the magnetic field B and the electric field E in the region
Ry > r > Ry, i.e., between the conductors.

(b) Find the magnetic energy and electric energy per unit length in
the region between the conductors.

(c) Assuming that the magnetic energy in the inner conductor is neg-
ligible, find the inductance per unit length L and the capacitance per unit
length C.

(Wisconsin)

Solution:

(a) Use cylindrical coordinates (r,0,z) where the z axis is along the
axis of the cable and its positive direction is the same as that of the current
in the inner conductor. From fc B - dl = pot and the axial symmetry we
have

B= ”0’

27r

From §.E-dS = % and the axial symmetry we have

A

E=
2wegr

€r,

where A is the charge per unit length of the inner conductor. The voltage

between the conductors is V = — || ;:, ' E - dr, giving
A= 21r€oV/ ln R]
Accordingly,
|4
E= y s
rln 22

(b) The magnetic energy density is wm = 22 = 42(5i-)2. Hence the
magnetic energy per unit length is

R, . 2 2
%=/w,,,ds= &(_*_) 2rrdr= P g B2
dz R, 2 4
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The electric energy density is w, = -ﬂzE— (= 5;)°. Hence the electric

2In-ﬁz-)2

energy per unit length is

2
aw. _ /w,ds _ TV
dz

In %f
(c) From 4= = 1(4£)i?, the inductance per unit length is
dL Fo 21y Ry
dz Rl
From %‘ = %( C)V?2, the capacitance per unit length is
dC _ 2meo
dz  In % '
2023

The conductors of a coaxial cable are connected to a battery and resis-
tor as shown in Fig. 2.15. Starting from first principles find, in the region
between r; and rj,

(a) the electric field in terms of V,r; and r,,

(b) the magnetic field in terms of V, R, r; and r,

(c) the Poynting vector.

(d) Show by integrating the Poynting vector that the power flow be-

tween r, and r; is V2/R.
r
”

(Wisconsin)

<
—'j
St )

Fig. 2.15
Solution:
(a), (b) Referring to Problem 2022, we have
E = 4 er, B_”Lleg.

rin ff 27r
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AsI:V/R
= PV
= 2R
BV 4 v
()N=ExH=Ex == 2" X 2mrR® ~ IR
d) P= N.dS= 1 2mrar = ¥
@ P=[ crer,N- f, 21rRln e R
2024

Suppose the magnetic field on the axis of a right circular cylinder is
given by
B = Bo(1 +vz?)e, .
Suppose the §-component of B is zero inside the cylinder.

(a) Calculate the radial component of the field B, (r, z) for points near
the axis.

(b) What current density j(r,z) is required inside the cylinder if the
field described above is valid for all radii r?

(Wisconsin)
Solution:

(a) As in Fig. 2.16, consider a small cylinder of thickness dz and radius
r at and perpendicular to the z-axis and apply Maxwell’s equation fsB
dS = 0. As r is very small, we have

B;(r,z) = B,(0,2).

Hence
[B2(0,z + dz) — B, (0, 2)]ar* + B,(r,2z)27rdz =0,
or 5
—Mdz -ar? = By(r,z) - 27rdz,
0z
giving

Br(r, Z) = _3_6_3(0_,;3)

5 9z " ———[B (14 v2®)] = —vByrz.
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-

—~ k-dz

Fig. 2.16
(b) Suppose the following are valid everywhere:

B,(r,z) = —vByrz,
B, (r,2) = Bo(1 + v2?).

For a conductor D can be neglected and Maxwell’s equation reduces to

i= ﬁV x B. Noting that By = 0, %’- = %‘3‘- =0, we have

. 1 [dB, (‘)B,] 1 4B,
i(r,2)=— - ey = —

1
Ho | 0z ar |7 T po 0z € = —l—‘-(-)-VBoreo.

This is the current density required.

2025

A toroid having an iron core of square cross section (Fig. 2.17) and
 permeability u is wound with N closely spaced turns of wire carrying a
current I. Find the magnitude of the magnetization M everywhere inside

the iron.
(Wisconsin)

/ N turns

Fig. 2.17
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Solution:
According to Ampére’s circuital law

waﬂ:NI,

N
T 2’

where r is the distance from the axis of the toroid.
The magnetization M inside the iron is

m=B_g_tH_p_p-1 N
Ko Ko po 27r
2026

A C-magnet is shown in Fig. 2.18. All dimensions are in cm. The
relative permeability of the soft Fe yoke is 3000. If a current I = 1 amp is
to produce a field of about 100 gauss in the gap, how many turns of wire
are required?

(Wisconsin)

re ]

1 T

9

20 n

I 2
I ]
i

7 -7
Fig. 2.18

Solution:

Consider a cross section of the magnet parallel to the plane of the
paper and denote its periphery, which is (including the gap) a square of
sides I = 20 cm, by L. As the normal component of B is continuous,
the magnetic intensity in the gap is B/po, while that inside the magnet
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is B/popy, where p, is the relative permeability of the iron. Ampere’s
circuital law

f H-dI=NI
L
applied to L becomes
£d+ B (4l-d)= NI,
Ho Pokir
where d = 2 cm is the width of the gap. Hence
B 1
N=—|d+ —(4- ]
pol Br ( d)
100 x 10~ 0.2 x4 -0.02
T4 x 1077 x 1 (0'02 + 3000 )
= 161 turns
are required.
2027

An electromagnet is made by wrapping a current carrying coil N times
around a C-shaped piece of iron (u > po) as shown in Fig. 2.19. If the
cross sectional area of the iron is A, the current is ¢, the width of the gap
is d, and the length of each side of the “C” is I, find the B-field in the gap.

(Columbia)

\—b
d]: <

)/

et —
Fig. 2.19
Solution:
Putting p, = p/po in the result of Problem 2026, we find

_ Nlpop
d(p — po) + 4lpo
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2028

Design a magnet (using a minimum mass of copper) to produce a field
of 10,000 gauss in a 0.1 meter gap having an area of Imx2m. Assume very
high permeability iron. Calculate the power required and the weight of the
necessary copper. (The resistivity of copper is 2 x 10~¢ ohm-cm; its density
is 8 g/cm® and its maximum current density is 1000 amp/cm?.) What is
the force of attraction between the poles of the magnet?

(Princeton)

Solution:

L is the periphery of a cross section of the magnet parallel to the plane
of the diagram as shown in Fig. 2.20. Ampére’s circuital law becomes

fH-dl:—B—z+£(L—z)=NI,
L Ho B

where z is the width of the gap. As u >> o, the second term in the middle
may be neglected. Denoting the cross section of the copper wire by S, the
current crossing S is I = jS. Together we have
Bz
HojS

N =

The power dissipated in the wire, which is the power required, is

2N(a+b)

=I’R=1*
P R P S

) B
=2jp(a +b)—z,
Ho

where p is the resistivity of copper. Using the given data, we get

P=95x10"W.

ko
O

X

OLAALA

1JJJ

I l N turns

Fig. 2.20
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Let é be the density of copper, then the necessary weight of the copper
is
IN(a +b)S6 = 2(a + b)ﬁzs =38 k.
0

The cross section of the gap is A = a - b. Hence the force of attraction
between the plates is

2
}?=3ﬂ§—==8x105N.
2p0

2029

A cylindrical soft iron rod of length L and diameter d is bent into a
circular shape of radius R leaving a gap where the two ends of the rod
almost meet. The gap spacing s is constant over the face of the ends of the
rod. Assume s € d,d € R. N turns of wire are wrapped tightly around
the iron rod and a current I is passed through the wire. The relative
permeability of the iron is u,.. Neglecting fringing, what is the magnetic
field B in the gap?

(MIT)

Solution:

As s € d € R, magnetic leakage in the gap may be neglected. The
magnetic field in the gap is then the same as that in the rod. From Ampére’s
circuital law

fHd]:NI

we obtain
prpoN1

T 2R+ —1)s

2030

The figure 2.21 shows the cross section of an infinitely long circular
cylinder of radius 3a with an infinitely long cylindrical hole of radius a
displaced so that its center is at a distance a from the center of the big
cylinder. The solid part of the cylinder carries a current I, distributed
uniformly over the cross section, and out from the plane of the paper.
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(a) Find the magnetic field at all points on the plane P containing the
axes of the cylinders.

(b) Determine the magnetic field throughout the hole; it is of a partic-
ularly simple character.

(UC, Berkeley)

Solution:

(a) According to the principle of superposition the field can be regarded
as the difference of two fields H, and H;, where H; is the field produced
by a solid (without the hole) cylinder of radius 3a and H; is that produced
by a cylinder of radius a at the position of the hole. The current in each
of these two cylinders is uniformly distributed over the cross section. The
currents I; and I in the small and large cylinders have current densities
—j and +j respectively. Then as I = I, — I} = 97a?j — wa®j = 8wa?j, we
have j = %; and

I = ma?j = é I, = 9na?j = gl.
Take the z-axis along the axis of the large cylinder with its positive direction
in the direction of I, which we assume to be upwards from the plane of
the paper. Take the z-axis crossing the axis of the small cylinder as shown
in Fig. 2.21. Then the plane P is the zz plane, i.e., the plane y = 0.
Ampere’s law gives H; and H; as follows (noting r = /z2 +y2,r =
V/(z — a)? + y?, being the distances of the field point from the cylinder
and hole respectively):

Iy _ Iz
H2e = ~ozar H2y = Tora (r < 3a)
9ly 9z
He: = T s = Tm@ryy %
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_I(z—a)

___ 1y

Hie =~ Toar Hy = —ora7 (n<a)
- Iy _ I(z —a)

the = 167[(z — a)2 + y?]’ Hyy = 167[(z — a)? + 7]’ (rn>a).

On the plane P, Hy; = Hy; = 0. Hence H; = 0, Hy = Hyy — Hyy. We
therefore have the following:
(1) Inside the hole (0 < z < 2a),
Iz I(z—a) Ia 1
1672 16ma® ~ 16ma? = 16ma’

(2) Inside the solid part (2a < z < 3a or —3a < z < 0),

Hy =

g 1z _ I(z - a) _ I(z? — az — a?)
V™ 16ma2  167[(z —a)? +y?] ~ 16ma%(z-a)

(3) Outside the cylinder (|z| > 3a),

_ 9z I(z — a) _ (8z —9a)I
T 16n(z2 +y?) 16x[(z— a)2 +y?] 167z(z —a)’

Hy

(b) The magnetic field at all points inside the hole (r; < a) is

Iy Iy

He = - 167a? = 16ma® 0,
H. = Iz I(z-a) I
V7 16ma2  16ma2 ~ 167a’

This field is uniform inside the hole and is along the positive y-direction.

2031

(a) A sphere of radius r is at a potential V' and is immersed in a
conducting medium of conductivity o. Calculate the current flowing from
the sphere to infinity.

(b) Two spheres, with potentials +V and 0, have their centers at po-
sitions z = +d, where d > r. For points equidistant from the two spheres
(ie., on the yz plane) and far away (*> d) calculate the current density J.

(c) For the same geometry as in (b), calculate the magnetic field on

the yz plane for distant points.
(UC, Berkeley)
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Solution:
(a) If the sphere carries charge Q, the potential on its surface is

__Q

- 41’601‘ !

i.e., Q@ = 4weorV. When the sphere is immersed in a conducting medium
of conductivity o, the current that starts to flow out from the sphere is

I=fJ-dS=afE-dS=aQ=4mrrV,
s s €o

where S is the spherical surface and we have assumed the medium to be
Ohmic. If the potential V is maintained, the current I is steady.

(b) As d >> r, we can regard the spheres as point charges. Suppose the
sphere with potential V carries a net charge +@Q and that with potential
0, —Q. Take the line joining the two spherical centers as the z-axis and
the mid-point of this line as the origin. Then the potential of an arbitrary
point z on the line is

Q[ 1 1
V(z) = 4mey (d—z_d+z)'

The potential difference between the two spherical surfaces is then

_Q 11 d-r
V= 47eg (d-— z d+ $>|-d+r
Q 4d-r) _ Q

~ 4re, r2d—r) ~ 2meor

as d > r. Hence
Q = 2weorV .

On the yz plane the points which are equidistant from the two spheres
will constitute a circle with center at the origin. By symmetry the magni-
tudes of the electric and magnetic fields at these points are the same, so we
need only calculate them for a point, say the intersection of the circle and
the z-axis (see Fig. 2.22). Let R be the radius of the circle, E; and E; be
the electric fields produced by +Q and —@Q respectively. The resultant of
these fields is along the —z direction:

2Q

E= —m cosae, =

- Qd e
2meg(R? + d2)3/2°°°
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x
Fig. 2.22
The current density at this point is then
J=0cE=- 7Qd e, =— Vrd er.
27eo( R? + d2)3/2 (R? + d2)3/2

As the choice of z-axis is arbitrary, the above results apply to all points of
the circle.

(c) Using a circle of radius R as the loop L, in Ampeére’s circuital law
f B.dl' = po/ J.dS', dS' =r'dr'dde,,
L s

we have

2x R
97RB = —po / de’ Vrd

o ¥ Trant

1 1
=2rpVrd| —m——--= ).
Ko ( R+& d )
For distant points, R > d and we obtain to good approximation
moVr
B = .
R

Note B is tangential to the circle R and is clockwise when viewed from the
side of positive z.

2032

Consider a thin spherical shell of dielectric which has a radius R and
rotates with an angular velocity w. A constant surface charge of density o
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is placed on the sphere, and this produces a uniform magnetic field which
is proportional to w. Suppose that the mass of the shell is negligible.

(a) Find the magnetic field inside and outside the rotating shell.

(b) A constant torque N is applied parallel to w. How long does it
take for the shell to stop?
(UC, Berkeley)

Solution:

Use coordinates with the z-axis along the rotating axis and the origin
at the center of the sphere (Fig. 2.23). The surface current density on the
spherical shell in spherical coordinates is

a = Rowsinfe,

or, expressed as a volume current density,

J = aé(r - R).

Fig. 2.23

The magnetic dipole moment of the sphere is then

m= %/r'x]dV': %e,//r~Rawsin05(r—R)
-27rsinf - rdf - dr - sin 6

¥ 4
= e,rR‘aw/ sin 0d0 = ?R‘awe, .
0
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Note that for any pair of symmetrical points on a ring as shown in Fig. 2.23
the total contribution to m is the z direction. Hence the extra sin @ in the
integral above.

The magnetization of the sphere is

Since there is no free current inside and outside the sphere, we can apply the
method of the magnetic scalar potential. The inside and outside potentials
satisfy Laplace’s equation:

Vip, = Vip; = 0.

We require that ;| is finite and ¢3|c — 0. By separating the variables
we obtain the solutions

b
1= E a,r" P, (cos8), 2= E #Pn(cosﬂ).
n n

On the spherical surface the following conditions apply:

_ Op2 Oy _
¢1 = P2lr=r, B " By b = —oRw cosé.
These give
o = oRw b = oR3%w
1= 3 ) 1 - 3 )

all other coefficients being zero. The magnetic scalar potentials are then

1 1 r
PI—EURU'I‘, (Pg—iﬂst-E.

Hence the magnetic fields inside and outside the sphere are

-1
3

2
B, = #O(Hl + M) = 5[[06&08, ’ (r < R)

Hy =-Vp; = ocRwe; ,

B, = pioHy = —Vipy = %aR’ (3(wr;r)r : 1;.;_)

-3—0%4—0w(3cos98r -e;), (r>R).
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Before the application of the constant torque N, the total magnetic
energy of the system is

2 2 2
Wo=[ Zav=[ BEavs[ B

(=< 2,‘0 Vi. 2“0 Vout 2“0

1 (2 2 4

= —2-’7(; . (gﬂoﬂm)) . §IR3
2 2
+ L(ﬂ)-R"a'l.«,:) / (1 +3cos76) o)dV,
2[10 3 Vout rs

where V;, and V,, refer respectively to the space inside and outside the
sphere. Noting

1+ 3cos?0 /°° /' /’* (1+3cos?0) . 4r
——)dv=| d dp>-""— sinf=—;
/V....( - ) |4 A r A do A P - sin @ IE’

we have
4

9

Suppose the rotation stops after time ¢ due to the action of the constant
torque N. Conservation of energy requires

Wm = poa2w2R5 .

dW,,
T =Nw.

With N constant we get

_ Wm _ 47poo’wR®

t=——=
Nw N

2033

A thin spherical shell of radius R carries a uniform surface charge
density 0. The shell is rotated at constant angular velocity w about a
diameter.

(a) Write down the boundary conditions which relate the magnetic
field just inside the shell to that just outside the shell.
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(b) The magnetic field which satisfies these conditions is uniform inside
the shell and of dipole form outside the shell. Determine the magnitude of
the inside magnetic field.

(CUSPEA)
Solution:

(a) Call the inside of the shell region 1, the outside region 2. Take the
rotating axis as the z-axis. The current density on the spherical shell is

a = oRwsinfe, .
The boundary relations on the spherical surface are as follows:

In the tangential direction: By, = Bs,

)

r=R
.. B B
In the normal direction: e, x (—11 - —l) =a,
Ho Ho/ Ir=R
or

Bag — Big|,_p = HoowRsin0.

(b) Referring to Problem 2032, we see that the magnetic fields inside
and outside the shell are

B, = gpoawRe, , (r<R) (1)
_ Mo pafdw-r)r w
B; = 3 oR (__1"" r3) , (r>R) (2)

where w = we,. Note that the magnetic field inside the sphere is a uniform
field. Also as the magnetic field produced by a magnetic dipole of moment

m can be expressed as 3[2&:}'}3 — %], Eq. (2) shows that the magnetic
field outside the shell is that of a dipole of moment

m = 4?ﬂ'tr]i"c«ve, .

From e, = cosfe, — sin feq, we can rewrite Eqs. (1) and (2) as

B, = %poawR(cos e, — sin fey) ,

;lod'h)R4 .
B, = 3,3 (2 cos fe, + sin fey) .

Clearly, these expressions satisfy the boundary conditions stated in (a).
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2034
Consider a spherical volume of radius R within which it is desired to
have a uniform magnetic field B. What current distribution on the surface
of the sphere is required to generate this field?

(UC, Berkeley)

Solution:

By analogy with a uniform polarized sphere, we deduce that the mag-
netic field inside a uniform magnetized sphere is uniform. Let M be the
magnetization, then the surface current density is as = —n x M. Take the
z-axis along M so that M = Me,. In spherical coordinates

e, = cosfe, —sinfey (n=e,),

so that
as = —e, X M(cosfe, —sinfey) = Msinle,, .

Then making use of the magnetic scalar potential, we find the magnetic
field inside the sphere: B = “£2M (refer to Problem 2033.) Hence

as = Eg-sinae
S_2I‘o ¢

2035

As in Fig. 2.24, a thin spherical shell of radius R has a fixed charge +¢
distributed uniformly over its surface.

(a) A small circular section (radius r < R) of charge is removed from
the surface. Find the electric fields just inside and just outside the sphere
at the hole.

The cut section is replaced and the sphere is set in motion rotating with
constant angular velocity w = wg about the z-axis.

(b) Calculate the line integral of the electric field along the z-axis from
—00 to +00.

(c) Calculate the line integral of the magnetic field along the same
path.
Now the sphere’s angular velocity increases linearly with time:

w=wp+ kt.
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(d) Calculate the line integral of the electric field around the circular
path P (shown in Fig. 2.25) located at the center of the sphere. Assume
that the normal to the plane containing the path is along the +z axis and
that its radius is rp < R.

(Chicago)

Fig. 2.24 Fig. 2.25

Solution:

(a) Before the small circular section of charge is removed, the electric
field inside the sphere is zero, while the field outside the sphere is E =
4—"’“7;. Referring to Problem 1021, the electric field produced by this
small circular section is ;= = 5,—";”;. Therefore, after the small section
is removed the electric fields just inside and just outside the sphere at the

hole are both 275
(b) By symmetry, [% Edz =0.
(c) Ampére’s law gives

00
fB-dl:/ Bdz = pol .
—-00

As the electric current is I = 432, we have

/ Bdz = 1£2°
-0 2%

(d) Consider a ring of width Rdf as shown in Fig. 2.25. The surface
current density on the ring is ;%5 - wRsind. The contributions of a pair
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of symmetrical points on the ring to the magnetic field at the center of
the sphere will sum up to a resultant in the z-direction. Thus the total
contribution of the ring to the magnetic field is given by the Biot-Savart
law as

o 2n R
dB, = 4—/¢_o4 szRsmB B —= sin 0 Rd0 - Rsin 6dp

— Pogv
36do.
= Bk ———sin

Hence
_ Boqw o3 Hoqw
s =R J, 00 ="5TR

As rp, < R, the magnetic induction can be taken to be uniform in the
circular loop P. The magnetic flux crossing P is then

porpwq _ pogrp(wo + kt)

— 2 p_
¢=mpB="Sp = 6R
Hence d¢ ke
I‘O BokTpq
jii;‘ﬂ Tdt - 6R
2036

An isolated conducting sphere of radius R is charged to potential V
and rotated about a diameter at angular speed w.

(a) Find the magnetic induction B at the center of the sphere.
(b) What is the magnetic dipole moment of the rotating sphere?
(UC, Berkeley)
Solution:

(a) Using the answer to Problem 2035, the magnetic field at the spher-
ical center is
#owQ
= 6rR °
where Q is the total charge of the sphere and e, is a unit vector along the
axis of rotation. From V = quo_ﬁ' we get Q = 4weo RV . Hence

2
B = §€opowv .
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(b) Referring to Problem 2032, the magnetic dipole moment of the
sphere is

m= 4?ﬂ’Rﬂme, ,

where o is the surface charge density

o= 2 &Y
T 47R2T R
Hence 4
m= sweoR"’wVe, .
2037

A charge @ is uniformly distributed over the surface of a sphere of
radius ro. The material inside and outside the sphere has the properties of
the vacuum.

(a) Calculate the electrostatic energy in all space.

(b) Calculate the force per unit area on the surface of the sphere due
to the presence of the charge. For Q = 1 coulomb and ro = 1 cm, give a
numerical answer.

(c) The sphere rotates around an axis through a diameter with constant
angular velocity w. Calculate the magnetic field at the center of the sphere.
(UC, Berkeley)

Solution:

41!’50 8#601’0.

Q 2 ro00 QZ
(a) W= [ jeoE%dV = (_) / = 4xridr =
To

(b) The surface charge density is o = z;q;, and the electric field outside
]
the sphere is

= —e,.
4megrd

Using the answer to Problem 1021, the electric force per unit area on the

outer surface is
f= B = @ e
- 2 lr=ro - 321!’2501'3 i
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With the given data, we have
f=36x10"2N/em®.
(c) Using the answer to Problem 2035, we have
_ Poqw
B= 61‘1‘0
where e, is a unit vector along the axis of rotation.

e;

2038
A long hollow right circular cylinder made of iron of permeability s
is placed with its axis perpendicular to an initially uniform magnetic flux
density B. Assume that By is small enough so that it does not saturate
the iron, and that the permeability u is a constant in the field range of our
interest.

(a) Sketch the magnetic field lines in the entire region before and after
the cylinder is placed in the field.

(b) Let the inner and outer radii of the cylinder be b and a respec-

tively. Derive an expression for B inside the cylinder. Note: In cylindrical
coordinates we have

V2= li(ri) +i_az_+ _ai
ror\ Or r2902 * 922
(Columbia)
Solution:
(a) The magnetic field is uniform before the cylinder is introduced and
the field lines are as shown in Fig. 2.26. After the cylinder is placed in the

field, the magnetic field will be distorted and the field lines are as shown in
Fig. 2.27.

S~
P Y ——Y
S ——— - S~

Fig. 2.26 Fig. 2.27
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(b) We introduce a magnetic scalar potential ¢ which satisfies H =
—Vé. As there is no free current we have V2¢ = 0. In cylindrical co-
ordinates (r,8,z), where the z-axis is along the axis of the cylinder, the
potential satisfies

19/ 0 1 82 o2
o)+ mam+ gafe=0. )
Because of axial symmetry we have %;# =0. Let
é(r,6) = R(r)S(0).

The equation can be written as

1(,d°R  _dR\ _ 1d?S _ _ 4
R(r _&;_2.+rdr)_—sm_const.a.nt_m )

say, since varying r does not affect the expression involving S. This leads
to the general solution

[ °]
é= Z(cmr"‘ + dmr™™)(gm cos ml + hp, sinmf) . (2)

m=1

By symmetry ¢(r,0) = ¢(r, —0), so that the sine functions are to be elim-
inated by putting h,, = 0. Divide the space into three parts as shown in
Fig. 2.28 and write the general solutions for them as

00
¢ = Z(c,-mr"' + dimr ™) cosmb, (i=1,2,3)

m=1

At large distances from the cylinder, :T,-fi = Hg, or ¢3 = —Hpz =
-%r cosd. Comparing the coefficients of cos m@ we have

B
031=-7‘02, Cam=dam =0 (m#1).



192 Problems € Solutions on Eleciromagnetism

Hence

¢3 = —(m - i1—31) cosf.
Ho r

We also require ¢, to be finite for r — 0. Hence dy,,, = 0 for all m and

[o o]
¢ = Z Cimr™ cosmé .

m=1

Next consider the boundary conditions at » = a and b. We have

-

}‘o%= %
or or r=a,
#o%=#%
or or lr=p’
043 _ 04,
80 ~ 00 lr=a’
04, _ 94,
a0 - a0 r=b'

These together give ¢1; = c2m = d2m = 0 for m # 1 and the simultaneous

equations P ‘
Bo + B2 = (- o + ),

—Bo + ’L'ads“ = po(en + %),
ﬂ(czl - %’é‘) = Mocn1,
c21 + %’a‘ =c1.
Solving for ¢;; we have
47a?B,
" Bk — o) — @ (u+ po)?

c11
giving
¢1 =c1r cosf.
The magnetic field intensity inside the cylinder is
041 10¢

Y T
= —cy1(cos fe, — sin fey)

H, =-Vé¢, =

= —c€e;

4pa?

= @2(u+ po)? — b2(p — po)?

By .
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If > po, the magnetic field becomes
_4_B
W T-(F

Obviously, the greater the value of p, the stronger is the magnetic shielding.

1

2. ELECTROMAGNETIC INDUCTION (2039-2063)

2039
A uniform cylindrical coil in vacuum has r; =1 m, {; = 1 m and 100
turns. Coaxial and at the center of this coil is a smaller coil of r, = 10 c¢m,
I3 =10 cm and 10 turns. Calculate the mutual inductance of the two coils.

(Columbia)

Solution:

Suppose current I; passes through the outer coil, then the magnetic
induction produced by it is
N I,

L

As r, € 11,1l € 1}, we may consider the magnetic field B; as uniform
across the inner coil. Thus the magnetic flux crossing the inner coil is

NN, I
12 = N2 B, Sz = I‘o;ll'g—lﬂ"‘%,

which gives the mutual inductance of the two coils as

M= Y12 = uowm'% ~ 39.5 uH.
I L

By = po

2040

A circular wire loop of radius R is rotating uniformly with angular
velocity w about a diameter PQ as shown in Fig. 2.29. At its center, and
lying along this diameter, is a small magnet of total magnetic moment M.
What is the induced emf between the point P (or @) and a point on the
loop mid-way between P and Q7

(Columbia)
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z
w
(g v
c
Q
Fig. 2.29

Solution:

At a point distance r from the spherical center the magnetic field es-
tablished by the small magnet is

B= ;_12[3(M-r)r_

M
4r r8 .1:3—]’ M= Me, .

Let C be the mid-point of arc PAQ. The velocity of a point on arc FC is
v = wRsinfe,. The induced emf between the points P and C along arc

FQ is given by

C
€pc=/ (vxB)-dl, with dl= Rdfey.
P

As e, = cosfe, —sinfey, e, X e, = eg,e, X g = —e, , We have
powRM sin @ )
vxB= W@ cos feg + sin fe,)
and .
_ poMw [7 . _ boMw
Epc = AR /; 2cosf@sin0dl = R

2041

Two infinite parallel wires separated by a distance d carry equal cur-
rents I in opposite directions, with I increasing at the rate %' A square
loop of wire of length d on a side lies in the plane of the wires at a distance
d from one of the parallel wires, as illustrated in Fig. 2.30.
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(a) Find the emf induced in the square loop.

(b) Is the induced current clockwise or counterclockwise? Justify your
answer.
(Wisconsin)

Fig. 2.30

Solution:

(a) The magnetic field produced by an infinite straight wire carrying
current I at a point distance r from the wire is given by Ampere’s circuital
law as
pol
277’
its direction being perpendicular to the wire. Thus the magnetic flux cross-
ing the loop due to the wire farther away from the loop is

3d
¢1=/ I‘ofdd pold 3
2

B =

g 2ar " 2x "2

directing into the page. The other wire, which is nearer the loop, gives rise
to the magnetic flux

2d
— pold . pold
2 -—/d 2y dr = o In2

pointing out from the page. Hence the total flux is

pold né

b=¢2—1 = 27 b3

pointing out from the page. The emf induced in the square loop is therefore

dg _ _pod, (5) dI

€__-(.17=—21r "\3) @’
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(b) The magnetic field produced by the induced current tends to oppose
the change of the magnetic flux, so that this field will direct into the page.
Then by the right-hand rule the induced current is clockwise as seen from
the above.

2042

In Fig. 2.31 two conductors of infinite length carry a current I. They
are parallel and separated by a distance 2a. A circular conducting ring
of radius a in the plane of the parallel wires lies between the two straight
conductors and is insulated from them. Find the coefficient of mutual
inductance between the circular conductor and the two straight conductors.

(UC, Berkeley)

‘.._I_Zq—-

11X

Solution:

The magnetic field at a point between the two conductors at distance
r from one conductor is

Cml (1, 1
B(r) = 27 (r+ 2a—r)eo'

So the magnetic flux crossing the area of the ring is given by

¢=/B-dS=2/aB(r)-2ydr

0

a

ol (1 1
= —| - -2\/a? — (a—r)%dr.
2./0 27 (r+2a—r) a* —(a—r)idr

Let z = a — r and integrate:
a
¢=2/ ﬂl(;_,_ 1 ),/az_zzdz
o ™ \a—z a+z

4pola

. z|e
arcsm-l =2pola.
alo
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Hence the coefficient of mutual inductance is

M=%=2poa.

2043

As shown in Fig. 2.32, an infinite wire carries a current I in the +2
direction. A rectangular loop of wire of side ! is conneted to a voltmeter
and moves with velocity u radially away from the wire. Indicate which
terminal (a or b) of the voltmeter is positive. Calculate the reading on the
voltmeter in terms of the distances r,,r, and l.

(Wisconsin)

i[9
{
1 b
S
.

Fig. 2.32

Solution:

The magnetic field at a point of radial distance r is

pol
B = —
27r’

and its direction is perpendicular to and pointing into the paper. The
induced emf in the rectangular loop (i.e. reading of the voltmeter) is

_ s telul(1 1
V_f(uxn) a= Lk (n rz)

if we integrate in the clockwise sense. Note that ux B is in the +2 direction.
As V > 0, terminal a is positive.
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2044

A long uniform but laminated cylindrical iron core of radius = 0.1 m
is uniformly wound with wire which excites a uniform flux density in it of
magnitude B(t) = 1 sin(400t) Wb/m?.

(a) What is the voltage per turn on the wire coil?

(b) What is the vector potential due to this core, A(r), at points where
r>0.1m?

(c) What is B(r,t) due to this core for points where r > 0.1 m?

(d) What is A(r,t) due to this core for r < 0.1 m?

(Wisconsin)

Solution:

(a) The voltage per turi on the wire coil must just balance the induced
emf, i.e.,

__d¢ zdB
V=-€= o =7R

= 400R? cos(400t) = 4 cos(400t) V.

(b) Consider a circular path C of radius r > 0.1 m with axis along the
axis of the iron core. By symmetry we see that the magnitude of A(r) is
the same everywhere on the circle and its direction is always tangential (in
the same direction as the current). Using V x A = B in Stokes’ theorem

we have
fA-dl:/B-dS.
c s

As B vanishes outside a long solenoid and is uniform inside, the right-hand
side is

/ B -dS = B - xR? = 0.01sin(400t) .
S

Stokes’ theorem then reduces to 2xrA(r,t) = 0.01sin(400t), giving
A(t,r) = 1 50— #in(400t) Wb/m.

(c) The magnetic field due to the core is zero for » > 0.1 m. (Strictly
speaking, there is a very small magnetlc field outside the solenoid tangential
to the circle in (b) of magnitude 4% 2", I being the current in the core. This
is however usually negligible.)
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(d) For r < 0.1 m, Stokes’ theorem

2xrA(r,t) = xr’B = xr?. %sin(«tOOt)

gives

A(r,t) = %sin(400t) Wb/m.

2045

An iron ring of radius 10 cm and of cross sectional area 12 cm? is
evenly wound with 1200 turns of insulated wire. There is an air gap in the
ring of length 1 mm. The permeability of the iron is 700 and is assumed
independent of the field; the phenomenon of hysteresis is ignored.

(a) Calculate the magnetic field in the gap when a current of 1 amp
passes through the coil.

(b) Calculate the self-inductance of the coil (with this core).

(UC, Berkeley)

Solution:
Using the results of Problem 2029 we have
moNI
() L= B_Aﬂ = L4 H.

2046
Two single-turn circular loops are mounted as shown in Fig. 2.33. Find
the mutual inductance between the two coils assuming b < a.
(Wisconsin)
Solution:

As b € a, the magnetic field at the small loop created by the large
loop can be considered approximately as the magnetic field on the axis of
the large loop, namely
poazl

B= 2(a? + ¢2)3/2°
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where [ is the current in the large loop. Hence the magnetic flux crossing
the small loop is

poa®l

2
2(a? + 2y Ll

Y12 =

and the mutual inductance is

M ¢12 wpoa’h?
12= 2(a2 + 22’

7
@i

Fig. 2.33

2047

A closely wound search coil has an area of 4 cm?, 160 turns and a resis-
tance of 50 2. It is connected to a ballistic galvanometer whose resistance
is 30 . When the coil rotates quickly from a position parallel to a uniform
magpnetic field to one perpendicular, the galvanometer indicates a charge of
4 x 1075 C. What is the flux density of the magnetic field?

(Wisconsin)

Solution:

Suppose the coil rotates from a position parallel to the uniform mag-
netic field to one perpendicular in time At. Since At is very short, we

have
A¢ -
T At

As ¢ = iAt, the increase of the magnetic flux is

i(R+71).

A¢ =q(R+r)= BAN,
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since the coil is now perpendicular to the field. Hence the magnetic flux
density is

_(R+r)g _ (50 +30) x (4 x 10~5)
- AN T 4 x 10-4 x 160
=0.05 T=50Gs.

B

2048

Two coaxial circular turns of wire of radii a and b are separated by a
distance z and carry currents i, and i, respectively. Assume a > b.

(a) What is the mutual inductance?
(b) What is the force between the currents?
(Wisconsin)
Solution:
(a) As in Problem 2046, the mutual inductance is

2p2
Tpoa®b
Myg= —20"
27 9(a? + 22)3/

(b) Consider the small coil b as a magnetic dipole of moment my =
#b%iy. The force on it is given by

0B,
Oz

_ wpoalb?isiy 3z

Femi =2 @repr

If the currents in the two coils are in the same direction, the force will be
an attraction. If the directions of the currents are opposite, the force will
be a repulsion.

2049

A d.c. electromagnet is to be constructed by winding a coil of N turns
tightly on an iron yoke shaped like a doughnut with a small slab sliced out
to form the gap as in Fig. 2.34. The radii for the doughnut are a and b and
the width of the gap is W. The permeability u for the iron can be assumed
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constant and large. A wire of radius r and resistivity p is to be used for
the coil. The completed magnet will be operated by placing the coil across
a d.c. power supply of voltage V. For simplicity, assume that b/a >» 1 and
a/r 3» 1. Derive expressions for the following quantities:

(a) The steady state value for the magnetic field in the gap.
(b) The steady state value for the power consumed in the coil.

(c) The time constant governing the response of the current in the coil
to an abrupt change in V.
(UC, Berkeley)

<
€

Fig. 2.34

Solution:

(a) In the steady state, as V - B = 0 and the cross section of the iron
yoke'is the same everywhere, B must be a constant in the yoke. Applying
§ H-dl = NI to the doughnut, we have

2(216— W)+ B—W =NI,
H Ho

giving
_ Nlpop o __Nlpop
po(2xb — W) + uW " po2xb+ uW '

As
1% 1% Vr?
the steady state value for the magnetic field in the gap is

_ HopVr?
= 2ap(27buo + W)

(b) The steady state value for the power consumed in the coil is

Vz,.z
P=1V = 2apN °
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(c) The self-inductance of the coil is

_ NBwa? _ N?popuma®

L I 7 pe2mb+uW'’

so the time constant governing the response of the current in the coil to an
abrupt change in V is

N2popwa® [pN2xa _  Npopaxr?
po2mb+puW/  wr2 T 2p(uo2xb+ W)’

r=Z=
....R_.

2050
A very long solenoid of n turns per unit length carries a current which
increases uniformly with time, ¢ = Kt.

(a) Calculate the magnetic field inside the solenoid at time t (neglect
retardation).

(b) Calculate the electric field inside the solenoid.

(c) Consider a cylinder of length ! and radius equal to that of the
solenoid and coaxial with the solenoid. Find the rate at which energy
flows into the volume enclosed by this cylinder and show that it is equal to

4 (11Li%), where L is the self-inductance per unit length of the solenoid.
(UC, Berkeley)

Solution:

Use cylindrical coordinates (r,8,z) with the z-axis along the axis of
the solenoid.

(a) Applying Ampére’s circuital law § H-dl = i to a rectangle with the
long sides parallel to the z-axis, one inside and one outside the solenoid, we
obtain H = ni, or

B = pyonKte, .

(b) Maxwell’s equation V x E = —B gives

1[{d 0E, | _
- [E(TEO) - _aI] = —ponK .

Noting that by symmetry E does not depend on # and integrating, we have

E= ——-—-——#or;Kreo .
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(c) The Poynting vector is
pon’K?
2

So energy flows into the cylinder along the radial directions. The energy
flowing in per unit time is then

dw 21,2

a =27riN = poVn*K*t,
where V is the volume of the cylinder. The self-inductance per unit length
of the solenoid is

N=ExH=-

rte, .

2
L= nBar = ponwr?.
Hence d/1 o
C(2:2) = 2p2 - IV
o (21L1 ) pmVn°K*t 7
2051

Consider a rectangular loop of wire, of width a and length b, rotating
with an angular velocity w about the axis PQ and lying in a uniform, time
dependent magnetic field B = By sinwt perpendicular to the plane of the
loop at t = 0 (see Fig. 2.35). Find the emf induced in the loop, and show

w

that it alternates at twice the frequency f = 3-.

(Columbia)

Solution:
The magnetic flux crossing the loop is

¢ = B .S = Boabsin(wt) cos(wt) = %Boabsin(%t) .
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So the induced emf is

€= —Z—‘f = —Boabw cos(2wt) .

Its alternating frequency is 22 = 2 - £ = 2f.

2052
A rectangular coil of dimensions a and b and resistance R moves with
constant velocity v into a magnetic field B as shown in Fig. 2.36. Derive an
expression for the vector force on the coil in terms of the given parameters.
(Wisconsin)

-—b——q
a
x x|x x x x] jx x
xxxx‘xx xx B
xx x x'x x xx
Fig. 2.36

Solution:

As it starts to cut across the magnetic field lines, an emf is induced in
the coil of magnitude

e=—/va-dl=-—-Bvb

and produces a current of

€ Bvb

=== ——

R R

The minus sign indicates that the current flows counterclockwise. The force
b2 Bz
=nB=-2"—.

on the coil is
IdlxB
/ 8 R

The direction of this force is opposite to v. That is, the force opposes the
motion which tends to increase the cutting of the magnetic field lines.

F =
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2053

A constant force F is applied to a sliding wire of mass m. The wire
starts from rest. The wire moves through a region of constant magnetic
field B. Assume that the sliding contacts are frictionless and that the
self-inductance of the loop can be ignored.

(a) Calculate the velocity of the wire as a function of time.

(b) Calculate the current through the resistor R as a function of time.
What is the direction of the current?
(Wisconsin)
Solution:
(a) As the wire moves through the uniform magnetic field an emf ¢ =
Blv will be induced in it, where [ is the length of the wire in the field
and v is its speed. This causes a current to flow in the wire of magnitude
I = €/R, R being the resistance of the wire, because of which a magnetic

force |Idl x B| = IIB acts on the wire. This force opposes the motion of
the wire. Thus the equation of the motion of the wire is

L dv B2?
ma=F-R

v.

Solving it we have

RF B
v(t) = 3212 +Cexp (— m—Rt) .

Asv:Oatt:O,weﬁndC:—:f.Hence

FR B2
v(t) = 32—12[1 — exp (— mt)] .

(b) The current is

I(t) = Blv(t) =B [l — exp (— %:gt)] .

2054

A rectangle of perfectly conducting wire having sides a and b, mass
M, and self-inductance L, moves with an initial velocity vp in its plane,
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directed along its longest side, from a region of zero magnetic field into a

region with a field By which is uniform and perpendicular to the plane of

the rectangle. Describe the motion of the rectangle as a function of time.
(Columbia)

Solution:
Taking b > a, the rectangle will move along side b and the equation of
the motion is d
v

md—t = —Bpal ,

where I is the current induced in the conducting wire given by
dI

LE = Boav .

The above two differential equations combine to give

F +wv = 0
. - B . . . . .
with w = 7#."7 Solving this equation, we obtain the velocity of the rect-
angle
v = C)sinwt + Cs coswt .

AMv=yatt=0weget C: =vp;andas I =0 att =0, weget Cy =0.

Hence
v = vg coswt.

The displacement of the rectangle of wire (with s =0 att =0) is

Yo .
s= —sinwt.
w

2055

A rectangular loop of wire with dimensions [ and w is released at t = 0
from rest just above a region in which the magnetic field is By as shown
in Fig. 2.37. The loop has resistance R, self-inductance L, and mass m.
Consider the loop during the time that it has its upper edge in the zero
field region.

(a) Assume that the self-inductance can be ignored but not the resis-
tance, and find the current and velocity of the loop as functions of time.
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(b) Assume that the resistance can be ignored but not the self
inductance, and find the current and velocity of the loop as functions of
time.

(MIT)

B=0 w

X XX X XX X X

XXXXXXXX‘
g9

X X XXX X XX
B:Bo

Fig. 2.37

Solution:
During the time stated above, we have

€= Blv,
dI
e-—L-&-t——IR,
F = — BIl = dv
=myg =mo.

(a) Using the results of Problem 2053, we have

_ mgR B2
o= 1= (- 2g))
212

1=l e (- 22

(b) R = 0. We have L3l = mlv and the equation of the motion is

migzmg—BII.

dt
These give
dz_v +wiv=0
dt -
where w? = f:f. The general solution is

v = ¢; coswt + casinwt.
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Asv=0,I=0att=0, wefind ¢ =0,c = £. Hence

v= isinwt,
w

=9 _
I= Bl(l coswt),

with w = 7%%.

2056

As in Fig. 2.38 a long straight wire pointing in the y direction lies in
a uniform magnetic field Be,. The mass per unit length and resistance
per unit length of the wire are p and A respectively. The wire may be
considered to extend to the edges of the field, where the ends are connected
to one another by a massless perfect conductor which lies outside the field.
Fringing effects can be neglected. If the wire is allowed to fall under the
influence of gravity (g = —ge,), what is its terminal velocity as it falls
through the magnetic field?
(MIT)

7 )
L

x l 9
Fig. 2.38

Solution:

As the wire cuts across the lines of induction an emf is induced and
produces current. Suppose the length of the wire is [ and the terminal

velocity is v = —ve,. The current so induced is given by
—/va-dl:iAl.
1
Thus
vBl vB

AL A
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flowing in the —y direction. The magnetic force acting on the wire is

2
F=/id1xB=iBIe,=”§ L, .

When the terminal velocity is reached this force is in equilibrium with the
gravitation. Hence the terminal velocity of the wire is given by

vB2l
= plg,
ie., \
_Pg
v= Fz—
or \
=,
2057

As in Fig. 2.39, what is the direction of the current in the resistor r
(from A to B or from B to A) when the following operations are performed?
In each case give a brief explanation of your reasoning?

(a) The switch S is closed.

(b) Coil 2 is moved closer to coil 1.

(c) The resistance R is decreased.
(Wisconsin)

Fig. 2.39

Solution:

In all the three cases the magnetic field produced by coil 1 at coil 2 is
increased. Lenz’s law requires the magnetic field produced by the induced
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current in coil 2 to be such that as to prevent the increase of the magnetic
field crossing coil 2. Applying the right-hand rule we see that the direction
of the current in resistor r is from B to A.

2058

A piece of copper foil is bent into the shape as illustrated in Fig. 2.40.
Assume R=2cm, [ =10 cm, a = 2 cm, d = 0.4 cm. Estimate the lowest
resonant frequency of this structure and the inductance measured between
points A and B, when the inductance is measured at a frequency much

lower than the resonant frequency.
(UC, Berkeley)

Solution:

Consider the current in the copper foil. As d € R, we can consider
the currents in two sides of the cylinder to have same phase. That is to say,
the current enters from one side and leaves from the other with the same
magnitude. Accordingly, the maximum wavelength is 2xR. Along the axial
direction, the current densities are zero at both ends of the cylinder so that
the maximum half-wavelength is I, or the maximum wavelength is 2I. As
2> 2xR, the maximum wavelength is 2! = 20 cm, or the lowest resonant
frequency is

¢ 3x10° 9
fo— 21_—2T-——I5><10 Hz.

When the frequency is much lower than fy, we can consider the current
as uniformly distributed over the cylindrical surface and varying slowly with
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time. As a result, we are essentially dealing with a static situation. Ignoring
edge effects, the magnetic induction inside the structure is

The magnetic flux crossing a cross section of the structure is
I
¢=BS= ”—-7—(1rR2 +ad),

giving an inductance

L= (—;‘- #—(WR2+ad)
- 2
47rx10 x(wxg(lﬂ + 0.02 x 0.004) — 168 x 10-° H.

2059

A magnetized uncharged spherical conductor of radius R has an inter-
nal magnetic field given by

B(r) = Ar3 K,

where A is a constant, K is a constant unit vector through the center of
the sphere and r, is the distance of the point r to the K axis. (Ina
Cartesian coordinate system as in Fig. 2.41, K is in the z-direction, the -
sphere’s center is at the origin, and r3 = z2 + y2.) The sphere is now spun
(non-relativistically) about its z-axis with angular frequency w.

(a) What electric field (in the “laboratory frame”) exists in the interiot
of the spinning sphere?

(b) What is the electric charge distribution? (Do not calculate any
surface charge.)

(c) What potential drop is measured by a stationary voltmeter
(Fig. 2.42), one of whose ends is at the pole of the spinning sphere and
whose other end brushes the sphere’s moving equator?

(CUSPEA)
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Fig. 2.41

Solution:

(a) At the point P of radius vector r the magnetic field is B = Arle,.
The velocity of P is
V=wXr=we, Xr.

For a free charge ¢ to remain stationary inside the sphere, the total force

onit, f = ¢(E + v x B), must vanish. Thus the electric field intensity at
Pis

E(r) = ~vx B =—Awri(e, xr)x e,
= —Aw(2® + y*)(ze; + yey) .

(b) By V-E = £, we can get the volume charge density inside the

sphere,

2
p=EV-E=-—4A‘:rJ',

where ¢ is the permittivity of the conductor.
(¢) To find V we integrate from N to M along a great circle of radius

R (see Fig. 2.42):
N
V= -/ E.dl.
M

In spherical coordinates dl = Rdfey, and for a point (z,y,2),ry = rsinf,
ze; + ye, = r (sinfe, + cosfey). Thus the electric field on the surface is

E = —AwR?sin® 0(sin fe, + cos Oey),

giving
V= Awm/’ sin3 0 cos 0d6 = A“;Ra .
0




214 Problems & Solutions on Electromagnetism

2060

Consider a square loop of wire, of side length [, lying in the z,y plane
as shown in Fig. 2.43. Suppose a particle of charge ¢ is moving with a
constant velocity v, where v < ¢, in the zz-plane at a constant distance
zo from the zy-plane. (Assume the particle is moving in the positive z
direction.) Suppose the particle crosses the z-axis at ¢ = 0. Give the
induced emf in the loop as a function of time.

(Columbias)

Solution:

At time t, the position of ¢ is (vt,0, zp). The radius vector r from ¢ to
a field point (z,y,2) is (z — vt,y,20). As v K ¢, the electromagnetic field
due to the uniformly moving charge is

- (=
41re r3 4meor3

B(rt)—— xE= "”q (=i +yk),

E(r,t) = - vt)i + yj + 2k],

with
r=[(z-vt)> +y*+ (2 — 20)%}.

The induced emf in the loop is given by the integral

JB
€= — 6t -dS
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where S is the area of the loop and dS = dzdyk. Thus

1 1
Hogu 8 y
4r ./o dzat ./ dy[(z - vt)2 + 42 + (2 — 20)?P/?

I‘qu

8t [\/(z- vt)? + (2 — 20)?
__;_.]
(z—vt)2 + 12+ (z — 20)

poqv / [ — vt
= + G = 777

z -t
TE-w (z - zo)=13/=]
1

- o
- { \/v’t’ + (z - 29) 7 V(= vt)? + (2 — z)?
1
\/(l —vt)? + l2 + (2 — 20)? + Vit + B+ (2 - zo)’} '

2061

A very long insulating cylinder (dielectric constant €) of length L and
radius R(L » R) has a charge Q uniformly distributed over its outside
surface. An external uniform electric field is applied perpendicular to the
cylinder’s axis: E = Ege;, (see Fig. 2.44). Ignore edge effects.

(a) Calculate the electric potential everywhere (i.e. inside and outside
the cylinder).

Now the electric field Ey is removed and the cylinder is made to rotate with
angular velocity w.

(b) Find the magnetic field (magnitude and direction) inside the cylin-
der.

(c) A single-turn coil of radius 2R and resistance p is wrapped around
the cylinder as shown in Fig. 2.45, and the rotation of the cylinder is slowed
down linearly (w(t) = wo(l — t/to)) as a function of time. What is the
magnitude of the induced current in the coil? In what direction does the
current flow?
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(d) Instead of the coil of part (c), a one-turn coil is placed through the
cylinder as shown in Fig. 2.46, and the cylinder is slowed down as before,
How much current will now flow?

(Princeton)

Solution:

(a) By the superposition principle the electric potential can be treated
as the superposition of the potentials due to Q and E. The potential due
to Qis

r<R,

m={"
# - —ﬁ‘-’tln‘k, r>R.

Here the potential is taken to be zero at the cylinder’s center.

—t—
11T

4

Fig. 2.44

Let o2 be the potential due to the uniform field E. Then V3p; =0
(r # R), or in cylindrical coordinates

16(%)_'_182%

rorlUor )T =0

We separate the variables and obtain the general solution

E[r"(ancosnd + by sin nb) + X (ca cosnb +dpsinnf)], r<R
— n
v = { %[r"(e,. cosnf + fpsinnb) + (gn cosnd + h,sinnd)], r>R.
From the boundary condition 2 = —Egrcosf for r — oo we get ¢ =

—Ey, 1 =0, e, = fn = 0 for n # 1. From the condition ¢z = 0 for r =0
we get ¢, = d, = 0 for all n. For r = R, we have boundary conditions

63502 _ Oy
r=R+’  Or lr=R- 0 Or lr=nR+’

p2 = g2

r=R-
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which give the simultaneous equations

§R"(a,. cos nf + b, sin nf) = —RFEgcosf
Eg=(gn cosnd + hy sinnf),
eEnR"" (ancos@ + b sinnf) = —eoEqcosd

—eogl—t:";f(g,, cosnl + h, sinnf).

These have the solution

2E - 2
= ——2 . g = (e —€0)R"Eo  by=hy =0,
E+¢€p [ )
ap=by=g,=ha=0 for n#1l.
Thus
o —tz—ﬁﬂ-rcoso r<R
2:
-—Eorcosﬂ+"——:f|_)::’i, r>R.
Hence the total electric potential is
2E
o= o1 4= —mlrcoso r<R
—'2_7-%,_141 —Eorcosﬂ+:"?ﬂ-TE“cos0 r>R.

i removed and the cylinder rotating about its axis with an-
b) With E d and the cylind tating about its axis with
gular velocity w, a surface current of density 2—,35 ‘wR= 2%% is generated.
By Ampére’s circuital law we find

_ HoQuw
= oxL &

for the interior of the cylinder.
(c) The magnetic flux passing through the single-turn coil shown in
Fig. 245 is
HoQu R?
2L’

as there is no flux outside the cylinder. The induced emf is therefore

_d¢ _ poQR? ( dw) _ poQR?wo

dt ~ 2L \ dt 2Lt,

é=7R’B=
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and the induced current is

By Lenz’s law the direction of i is that of rotation.

(d) There is no magnetic flux crossing the coil shown in Fig. 2.46, so
no current is induced in the coil.

2R , ,
CL
Fig. 2.45 Fig. 2.46

2062

Consider a closed circuit of wire formed into a coil of N turns with
radius a, resistance R, and self-inductance L. The coil rotates in a uniform
magnetic field B about a diameter perpendicular to the field.

(a) Find the current in the coil as a function of @ for rotation at a
constant angular velocity w. Here 6(t) = wt is the angle between the plane
of the coil and B.

(b) Find the externally applied torque required to maintain this uni-
form rotation. (In both parts you should assume that all transient effects
have died away.)

(CUSPEA)

Solution:
(a) The emf induced in the coil is given by

d
E——'ﬁ‘/sB-ds.

Noting that, as the vector dS is normal to the plane of the coil, B - dS =
Bcos(% — 0)dS, we have, with 6 = wt,

_d . _ d oo .
e=-g /; Bsin(wt)dS = —E[wa N Bsin(wt))

= —xa’wN B cos(wt)
= —Re [#a’wN B exp(iwt)] .
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The current in the circuit is given by

dI
LE+IR-€.

Let I = Iy exp(iwt). The above gives

-#xa’oNB _ wa’wNB —i(5+e)
wL+R ~ VIL2+ R? '

where ¢ = arctan(%§).

Io:

— B

Fig. 2.47

Thus we have

It) = ra’wNB cos [t L4
SVl R o\ 7?7
_ wa’wNB . ¢
T Ve R T\ T¥)
(b) The magnetic dipole moment of the coil is
m = Ixa’Nn,

where n is a unit vector normal to the coil. At time ¢ the external torque
on the coil 7 = m x B has magnitude

_ (ma®NB)%w
T VRZ+ L2%W?

7= |m x B| = I7a’?N Bsin (—;— - 0) cos(wt) sin(wt — ).

2063

You are equipped with current sources and a machine shop for con-
structing simple linear electric components such as coils, inductors, capac-
itors, and resistors. You have instruments to measure mechanical forces
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but no electrical meters. Devise an experiment to measure the ampere
given the above equipment and your knowledge of the basic equations of
electricity and magnetism.

(Chicago)
Solution:

Make two identical circular coils and arrange them co-axially under a
pan of a balance to construct an Ampére’s balance, as shown schematically
in Fig. 2.48. The mutual inductance between the coils is Mj3(z). The coils
are connected to the same current source. With standard weights on the
pans the force Fj5 between the two coils can be measured. The mutual
inductance part of the magnetic energy stored in the two coils is

Wiz = Myl I = My 2,

as the coils are connected to the same source. Hence the interacting force
is

anz _ IzaMlz(Z)
0z 0z

Fp =

coil 1

" R
Fig. 2.48

Using the value of the force measured with the Ampeére’s balance and cal-
culating -ola‘-:—(ﬂ, I can be determined.

Using the MKSA unit system the value of the current so determined
is in amperes.

3. ACTION OF ELECTROMAGNETIC FIELD ON CURRENT-
CARRYING CONDUCTORS AND CHARGED
PARTICLES (2064-2090)

2064
Two parallel wires carry currents #; and ¢z going in the same direction.
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The wires:
(a) attract each other
(b) repel each other
(c) have no force on each other.
(CCT)
Solution:
The answer is (a).

2065

Two matually perpendicular long wires are separated a distance a and
carry currents I; and I. Consider a symmetrically located segment (—-, 2)
of I of length | < a as shown in Fig. 2.49.

(a) What are the net force and net torque on this segment?

(b) If the wires are free to rotate about the connecting line a, what
configuration will they assume? Does this correspond to a maximum or a
minimum in the energy stored in the magnetic field?

(Wisconsin)
Solution:
(a) The magnetic field at a point (0, @, z) produced by I, is

poly z a
B = ————— | ——¢, - ——e;],
27va2 + 22 [\/a2+z2 Vo Val+ 22 ']

so that a small current element (2, z + dz) on I, will experience a force

_ _ poly
dF3 = Idze; x By = Ide2w\/a2 s \/(12 T 22( ez)
_ [JoI]Izzdz ( )
~ 2n(a? + 22)
b4 ]2
1, .
2
0 y
a -4
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Thus the force acting on the small segment (—%, %) is

1/2
Fa1 = dF2; =0
—1y2

as the integrand is an odd function of z, and the torque on it is

12 2 2
T :/ ze, x dFy = —”01112/ 2 dz (e: x e;)

-1/2 2r J_ypa?+2?
o _fohila 1 g2 —pohilyg
27a2 3 l-iy2 24xa?

We can conclude from this that if the current I, is free to rotate about the
connecting line a then it will finally settle in parallel with the current I;
such that the directions of both currents I; and I; are the same. Obviously,
this position corresponds to a minimum energy stored in the magnetic field.

2066

A uniform sheet of surface current of strength A (ampéres per meter
in the y direction) flows eastward (in z direction) on a horizontal plane
(z = 0), as shown in Fig. 2.50. What are the magnitude and direction of
the force on:

(a) A horizontal segment of a wire of length I, above the sheet by a
distance R, carrying a current i (amperes) in a northward direction?

upP (2)
North (y)
A
0 East (x)
Fig. 2.50

(b) The same segment but oriented so as to carry a current in the
westward direction?

(c) A loop of wire of radius r, with center above the sheet by a distance
R(r < R), carrying a current i whose magnetic moment is eastward?

(d) The same loop but with its magnetic moment northward?
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(e) The same loop but with its magnetic moment upward?
State briefly the reason for each of your answers.
(Wisconsin)

Solution:

The sheet of surface current can be divided into narrow strips of width
dy and each strip regarded as a current dI = Ady. Consider a point P
at (0,0, R). According to Ampére’s circuital law two current strips dI;
and dI, located symmetrically on two sides of the point 0 will give rise to
magnetic inductions dB; and dB2 which combine to a resultant dB in the
—y direction (see Fig. 2.51):

2p0Ady
dB = —mll—z COSs 0e,, )
- R
where cos 0 = m.
z
dBy p
dB —_
daB, [1
(:)
diy Oly-day
Fig. 2.51

Let 2L be the width of the current sheet. The total magnetic field at the
point P is

- __#o'\R/L dy . __md L
B-/dB- A y2+R2e"— . arctan )

(a) The current element at P is idl = iley so the force on it is

F=ile,xB=0.

(b) The current element idl = —ile, and the force on it is

HotlA L polid L
F = 1'_ arctan (E)e, X ey = e arctan ] e;.
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(c) The loop of wire carrying current i has magnetic dipole moment
= wr?ie;. The force exerted by the magnetic field B on the loop is

F=V(m: B) =V(mBe; -¢,) =0

(d) m = wr?iey, and the force acting on it is
0 L porr?iR?
F= V(mB) —[lo/\r zaR(arctan E)e; = —We,
(e) m = nriie, and the force acting on it is

F =V(mBe, -¢,) =0

2067

A circular wire of radius R carries a current i electromagnetic units.
A sphere of radius a (a <€ R) made of paramagnetic material with perme-
ability p is placed with its center at the center of the circuit (see Fig. 2.52)

Determine the magnetic dipole moment of the sphere resulting from the

magnetic field of the current. Determine the force per unit area on the

sphere.
(UC, Berkeley)
T\
3 7By 4
R
Fig. 2.52
Solution:

Take the center of the circular wire as the origin and its axis as the

z-axis. The magnetic field at the origin generated by a current i in the wire
is

Hot
Bo = 9R®



Magnetostatic Field and Quasi-Stationary Electromagnetic Field 225

As the radius of the small sphere a < R, we may think of the sphere as
being in a uniform magnetic field By and make use of the magnetic scalar
potential . Let ¢; and o2 be the potentials outside and inside the sphere
respectively. They satisfy the equations V2, = V2p; = 0 since the inside
and outside magnetizations are both uniform. We require

By
1~ g = ——rcosl
Ko

for r — oo and ¢, finite for r — 0. Furthermore, at r = R we have the
boundary conditions

$1=¥2, llo—a-;=#—a'r—-

Solving the Laplace’s equations by separation of variables and following the
procedure for solving Problem 1062 we are led to

3By
p2=— rcosf.

B+ 2p0

The magnetic induction inside the sphere is then

3p
B+ 2p0

B =—uVp; =

Let the magnetization of the small sphere be M. Then as B = po (H+M) =
p#H by definition we have

M:(l l)B— 3(s — po) B. = 3(pu — po)i

—_— - = e; .
Bo p po(n+2p0) ° 2(m+2w0)R "

The magnetic dipole moment of the sphere is then

— 3
e drasn o A= p)rei
3 B+ 2p0

The surface current density on the sphere is given by the boundary condi-
tion

am =nx (Hz—Hl).
As

leP-l-, szﬁ—M, nx(B;-B;)=0
Ho B2
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we have 3 )i
_ _ OB — o)t .
ay =Mxn= —2(“+2“0)Rsm0 e,.
Finally, the force per unit area on the sphere is
_ _ 3(p—po)i . , poi
f=ay xBy= 2(”_'_2”0)Rsm0 2R(e¢ X e;)
_ 3po(p — po)i?

= 4(a 7 2u)R sin @(cos fey + sin fe,) .

2068

A current loop has magnetic moment m. The torque N in a magnetic
field B is given by:

(a) N=mxB, (b)) N=m-B, (c) N=0.
(cer)
Solution:

The answer is (a).

2069
A bar magnet in the earth’s field will
(a) move toward the North pole
(b) move toward the South pole
(c) experience a torque.
(ccr)
Solution:

The answer is (c).

2070

A copper penny is placed on edge in a vertical magnetic field B = 20
kGs. It is given a slight push to start it falling. Estimate how long it takes
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to fall. (Hint: The conductivity and density of Cu are 6 x 10°Qcm™~! and
9 gem=3.))
(Princeton)

Solution:

Because Cu is a good conductor, the potential energy of the copper
penny will be converted mainly into heat when it is falling in such a strong
magnetic field. We may assume that in the falling process the magnetic
torque is always in equilibrium with the gravitational torque. Let 6 be the
angle between the plane of the copper penny and the vertical axis. When
we are considering a ring of radii r and r + dr, the magnetic flux crossing
the area of the ring is ¢(6) = #r?Bsin 6. The induced emf in the ring is

€= % = xr?Bf cos

and the induced current is

die & 7r2B0 cosf
" R” R ’

where R is the resistance of the ring. Let h be the thickness of the penny.
We then have

_ 2mr
" ohdr’
Thus .
di = Br cosGahdr
= 3 .
The magnetic moment of the ring is
dm = xrldi xr3B0 cos Gohdr
= = 5 ,
and the magnetic torque is
xr2B20 cos? Oohdr
drm = |dm x B| = 2

Let the radius of the penny be rp, then the magnetic torque on the whole
copper penny is

To 29 2 4024 N
Tm =/d‘r,,, =/ wrsdr= wryB 0;08 Oa'h.
0



228 Problems € Solutions on Electromagnetism
The gravitational torque on the other hand is
Ty = mgrosing = araphgsin@ .
From 7, = 74, we get

B?rqo  cos?6

=30 sng

Suppose the penny starts falling at § = 6y, then the falling time will
be

*/2 B2.00 cos?0
T=/dt=£u 89p 'sinedo
3201‘0 1
= - /] =1

Sap [ cos b + 5 n(

l+cos0o)
1—cosfy/]|"

Using the given data and taking ro = 0.01 m, @ = 0.1 rad., we have the
estimate
T~68s.

We can conclude from this that the potential energy converts mainly into
heat since the time required for falling in a stong magnetic field is much
longer than that when no magnetic field is present.

2071
Suppose that inside a material the following equations are valid:

¢V x A\j=—-H, (X constant)
d,..

rather than Ohm’s law j = oE. (These are known as London’s equations.)
Consider an infinite slab of this material of thickness 2d(—d < z < d)
outside of which is a constant magnetic field parallel to the surface, H; =
H, =0,Hy = Hy for 2 < —d and Hy = Hy for z > d with E=D =0
everywhere, as shown in Fig. 2.53. Assume that no surface currents or
surface charges are present.

(a) Find H inside the slab.
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(b) Find j inside the slab.
(c) Find the force per unit area on the surface of the slab.

(Princeton)
Yy
-7 -7
Hy H,
z

R g

-d +d
Fig. 2.53

Solution:

We use Gaussian units for this problem. In superconducting electro-
dynamics there are two descriptive methods. Here we shall take the current
approach, rather than treating the material as a magnetic medium. The
relevant Maxwell’s equations are

VxH:%{j, V-H=0.

Since E = 0,j is a constant current and the magnetic field is stationary.
The first Maxwell’s equation gives

Vx(VxH)=2Vxj,

V(V-H)—V2H=4%V xj.

Using V- H = 0 and London’s equations in the above we find for the
material

47
2 -
VH—WH_O.

From the symmetry we can assume that H = H(z) and has only y-
component, i.e., H = Hy(z)e,. The above then becomes

d2H,, 4z

a2 e =0.
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The general solution is H, = Ae~** 4+ Be*?. Using the given boundary
conditions we have

{ Hy(d) = Ae~*¢ + Be*d = H,,
Hy(—d) = Ae*d + Be~* = H,,
giving

Hlekd _ Hze—kd Hzekd _ Hle—kd

A= =
o2kd _ g—2kd ’ o2kd _ g—2kd

(a) Inside the slab only the y-component is present. It is

Hy(z) = Ae™* + Be**
Hz sinh[k(z + d)] — H; sinh[k(z — d)]
sinh(2kd)

(b) From Maxwell’s equation j = =V x H and H = H,(z)e, we have
J = jzey with
__cOH, ¢ k{H;cosh[k(z+d)] — Hi coshk(z— d)]}
=" 0z T 4 sinh(2kd)

(c) The force on the slab is
1f.

_e; O0H,
=— (—41)3 HydzdS .

Hence the force per unit area on the surface is

/H,aH” dz = —:—;/H,,dﬂ,

= —8_,‘(”2 - H?)e, .

2072

A long thin wire carrying a current I lies parallel to and at a distance
d from a semi-infinite slab of iron, as shown in Fig. 2.54. Assuming the
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iron to have infinite permeability, determine the magnitude and direction
of the force per unit length on the wire.

y
p=o
% I
/0 x
II

(UC, Berkeley)

d~-d -]
Fig. 2.54
Solution:
Use the method of images. The image current is I’, located at z = —d

and opposite in direction to I with magnitude

I'=MI.
B+ po

With 4 — oo, I’ = I. The magnetic field at the position z = d produced
by I is given by Ampére’s circuital law as B = ﬁ%e,. Therefore the force
per unit length on the wire is

. I?
F=1dle=IBeyxe,=l;°7e,.

2073

An uncharged metal block has the form of a rectangular parallelepiped
with sides a,b,c. The block moves with velocity v in a magnetic field of
intensity H as shown in Fig. 2.55. What is the electric field intensity in the
block and what is the electric charge density in and on the block?

(Wisconsin)
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Fig. 2.55

Solution:

In equilibrium no force acts on the electrons of the metal block, i.e.,
—eE — ev x B = 0. Hence

E=-vxB=—puvxH=-pyovHe,.

In the block the chal'ge denSlty 1S
é y

Hence there is no charge inside the block. The surface charge density o is
given by the boundary condition

oc==xD, = t¢FE,.

As E is in the y-direction, & occurs only for the surfaces formed by the
sides a,b and has the magnitude

g = :l:eoE = :l:€o[lovH )

and the sign as shown in Fig. 2.55.

2074

In Fig. 2.56 an iron needle 1 cm long and 0.1 cm in diameter is placed
in a uniform magnetic field of Hy = 1000 Gs with its long axis along the
field direction. Give an approximate formula for H(r) valid for distances
r > 1 cm. Here r is measured from the center of the needle as origin.

(Chicago)
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Fig. 2.56

(Note: the saturation value of B in iron is approximately 2000 Gs.)

Solution:

For distances r > 1 cm the iron needle can be treated as a magnetic
dipole with moment m. Take the z-axis along the axis of the needle. Write

Hext = Hoe;, m = me,.

In Gaussian units the magnetic field at position r is approximately

H(")=H0—V(%)=Ho_%+&é_5ﬂ‘

As the magnetic field due to the iron needle is much weaker than
the external field Ho,m/r® < Hy. As the tangential component of H is
continuous at the boundary, the magnetic field within the iron needle may
be taken as approximately

Hin = Ho .

The magnetization of the needle is then
M= i(Bi,, - Hin).
4r
With the volume of the needle equal to
V = (0.05)*x cm®,

Bin = 2 x 10 Gs, Hiy, =~ Hp = 10% Gs, the magnetic moment of the needle

18
2
m=vM=(°'3$x(2—o.1)x104=11.9cs-cm3.
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In polar coordinates the magnetic field at distances r 3» 1 cm has compo-
nents

H, = Hocos8 +2m =22 = (1000 + 22 cost Gs,
- "
msin 0 11.9\ .
Hy = —Hgcos0 + 3 _(—1000+—F)sm0Gs
2075

A charged metal sphere of mass 5 kg, radius 10 cm is moving in vacuum
at 2400 m/sec. You would like to alter the direction of motion by acting
on the sphere either electrostatically or magnetically within a region 1 m
x 1 m x 100 m.

(a) If limited by the total stored energy (electric or magnetic) in the
volume of 100 m?, will you obtain a greater force by acting on the sphere
with a magnetic field B or an electric field E?

(b) For a maximum electric field (due to its charge) of 10 kV/cm at
the sphere’s surface find the transverse velocity of the sphere at the end of
the 100 m flight path as a function of the applied field (B or E)?

(Princeton)
Solution:
(a) The electric energy density is w, = 360E?, and the magnetic energy

density is w,, = %’;. To estimate order of magnitude, we may assume the
field intensity to be the same everywhere in the region under consideration.

For the same energy density, %CoEz = %, we have % = W%?: = c and
Je _gE ¢
fm "Byl

This shows that the force exerted on the metal sphere by an electric field
is much greater than that by a magnetic field for the same stored energy.

(b) The maximum electric field on the metal sphere’s surfaces of Ey =
10 kV/cm limits the maximum charge Q,, carried by the sphere as well as
the magnitude of the applied field (E or B). If an external electric field E
is applied the surface charge density is (see Problem 1065)

o =09+ 3eoE cosb
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where the polar axis has been taken along the direction of E, and oy is the
surface charge density due to the charge Q carried by the sphere, i.e.,

Q

T 4xp2’

r being the radius of the sphere. The electric field on the sphere’s surface

is given by £ = Z and the maximum electric field, Eo, occurs at 8 = 0.

€
Hence

(4]

Eo= 2 43E,
€o
and the total charge of the sphere is
Q = 4nrlag = dneor?(Ey - 3E), (E < %Eo) .

The time taken for the sphere to travel a distance ! is At = % The

transverse acceleration is % if we assume E; = E. Then the transverse
velocity at the end of At is

2 — .
=C£n_E t=41reor (Eo — 3E) EI, (E(%Eo).

mug

vy

If an external magnetic field is applied instead, the above needs to be mod-
ified only by substituting vy B for E, the result being

_ 4xegr?(Ey — 3vgB)Bl , (B < ﬂ) ‘

m 3vg

vy

If E > %Eo or B > 3%‘}’-, the charge of the metal sphere is zero and the
transverse velocity is also zero. From the above results we can also show
that the transverse velocity is maximum for E = Ey/9 or B = Eg/9V), as
the case may be. It follows that

8reor?ERl 8 x 182 x 0.12 x 10°%2 x 100
Uim = =

2Tmve 27 x 5 x 2400
=6.86 x 10”* m/s

and the maximum transverse displacement of the sphere is

v Ag Uml _ 6.86x10~% x 100
ImEA =y T 2400

which is negligible in comparison with the transverse size (1 m) of the space.

=2.86x107° m,
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2076

Show that the force between two magnetic dipoles varies as the inverse
fourth power of the distance between their centers, whatever their relative
orientation in space is. Assume that the dipoles are small compared with
the separation between them.

(Columbia)

Solution:
Let the magnetic moments of the two dipoles be m; and mj. The
potential produced by m; at the location of m, is
_1lmy-r
b= s

where r is directed from m; to m;. Because the magnetic field is B =
—poVpm, the force on m,, is

Fm = V(m, - B) = V[m, - (—poVm))

=<2 [ o (257)]

= —f;—°v[m, i (m_: _ 3"(“152 'l‘))]

As both terms in the expression for the gradient are proportional to ;‘,, F
will be proportional to ;.

2077

A magnetic dipole m is moved from infinitely far away to a point on the
axis of a fixed perfectly conducting (zero resistance) circular loop of radius
b and self-inductance L. In its final position the dipole is oriented along
the loop axis and is at a distance z from the center of the loop. Initially,
when the dipole is very far away, the current in the loop is zero (Fig. 2.57).

(a) Calculate the current in the loop when the dipole is in its final
position.

(b) Calculate for the same positions the force between the dipole and
the loop.
(UC, Berkeley)
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r
Vl‘ > .

J

Fig. 2.57

Solution:
(a) The induced emf of the loop is given by

dI 0
LE——E/B-dS.

Integrating over time we have

™
|

L) - 16) = [B() - B() - as.
Initially, when the dipole is far away,

I(i)=0, B(i)=0

Writing for the final position I = I(f), B = B(f), we have

LI:/B-dS.

Consider a point P in the plane of the loop. Use cylindrical coordinates
(p,0,z) such that P has radius vector pe,. Then the radius vector from m
to P is r = pe, — ze,. The magnetic induction at P due to m is

=ﬂ[M-g],

4r rd

where m = me,. As dS = pdpdfe, we have

/ .ds =0 / / (3("' r)(r - e:) m:‘)pdpdo

— Ko — m
- 52 a0 G5 o
= B [07 +20) 7 - 207+ 27)7H,
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and the induced current in the loop is
1=E2[0+ 24 - 20 + )Y

By Lenz’s law the direction of flow is clockwise when looking from the
location of m positioned as shown in Fig. 2.57.

(b) For the loop, with the current I as above, the magnetic field at a
point on its axis is
pol b? uim b

= e, == ¢, .
B'=-= 62 + 2232 " 4L 02+ 223 °

The energy of the magnetic dipole m in the field B’ is
W=m.B
and the force between the dipole and the loop is

Fe _OW _ 3ufm?iz
=% T A+

2078

The force on a small electric current loop of magnetic moment g in a
magnetic field B(r) is given by

F=(pupxV)xB.
On the other hand, the force on a magnetic charge dipole u is given by

F=(u-V)B.

(a) Using vector analysis and expanding the expression for the force
on a current loop, discuss in terms of local sources of the magnetic field the
conditions under which the forces would be different.

(b) Propose an experiment using external electric or magnetic fields
that could in principle determine whether the magnetic moment of a nucleus
arises from electric current or from magnetic charge.

(UC, Berkeley)
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Solution:
(a) We expand the expression for the force on a current loop:

F=(uxV)xB=V(u -B)—uV-B).

The external magnetic field B(r) satisfies V - B = 0 so the above equation
can be written as

F=V(p-B)=(p:V)B+ux(VxB).

Compared with the expression for the force on a magnetic dipole, it has
an additional term g x (V x B). Thus the two forces are different unless
V x B = 0 in the loop case which would mean J = D = 0 in the region of
the loop.

(b) Take the z-axis along the direction of the magnetic moment of the
nucleus and apply a magnetic field B = B(z)e; in this direction. According
to F = (s x V) x B, the magnetic force is zero. But according to F =
(1 - V)B, the force is not zero. So whether the magnetic moment arises
from magnetic charge or from electric current depends on whether or not
the nucleus suffers a magnetic force.

2079

A particle with charge ¢ is traveling with velocity v parallel to a wire
with a uniform linear charge distribution A per unit length. The wire also
carries a current I as shown in Fig. 2.58. What must the velocity be for the
particle to travel in a straight line parallel to the wire, a distance r away?

(Wisconsin)

Fig. 2.58
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Solution:

Consider a long cylinder of radius r with the axis along the wire. De-
note its curved surface for unit length by S and the periphery of its cross
section by C. Using Gauss’ flux theorem and Ampeére’s circuital law

fE'dS=/\/€o, fB'dl=[lol,
) C

by the axial symmetry we find

_ A _ ol
E(r) = 2meor " B(r) = onr !

in cylindrical coordinates (r,8, z) with origin 0 at the wire.
The total force acting on the particle which has velocity v = ve; is

F=F.+F,=¢qE+qvxB

__9 gpol
= Smeor ¥ 2mr v(=er).-

For the particle to maintain the motion along the z direction, this radial
force must vanish, i.e.,

gA qpol

2weor  27r

v=0,

giving
A Ac?

U el T T

2080

The Lorentz force law for a particle of mass m and charge ¢ is
F=g (E + Y ’Z B) .

(a) Show that if the particle moves in a time-independent electric field
E = —V¢(z,y, z) and any magnetic field, then the energy %mv2 +qpisa
constant.
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(b) Suppose the particle moves along the z-axis in the electric field
E = Ae~*/"e,, where A and 7 are both constants. Suppose the magnetic
field is zero along z axis and z(0) = £(0) = 0. Find z(t).
(c) In (b) is gmv? — gzAe~*/T a constant (indicate briefly your rea-
soning)?
(UC, Berkeley)

Solution:
(a) As
F=m\'r=q(E+v:B)
we have B
. v X
(mv —qE) = ¢——.

It follows that
v-(mv—gE)=v-(vx B)% =0.

Consider

di1 5 _ . d$ .
dt[?mv +q¢] —mv-v+th =mv-v+4gqv-Vé

=v-(mv+qVg)=v-(mv—-qE)=0,

where we have made use of

d¢ _0¢dz  0¢dy 0Odz _
d —ocdt Ty taa -V

Hence

-;—mv2 + gq¢ = Const.

(b) The magnetic force F,,, = ql"?g is perpendicular to v so that if
the particle moves in the z direction the magnetic force will not affect the
z-component of the motion. With E in the z direction the particle’s motion
will be confined in that direction. Newton’s second law gives

mi = qF = qAe”Y"
ie.,
mdv = gAe*"dt,
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with
v(0)=0, mv= —qAre~t" 4 qAT,
or dt
dz = gAr(1 — e~ Y7)—.
z=qAr(l1—e )m
With z(0) = 0, this gives
gAT? ot _ gAT?
m m

z(t) = qAT-t- +

_ sy LTl — )4 7e1].

2
(c) %mv2 —gzAe~tT = [qAT(l - e'/')]

- qA [(t —1)+re~tT)e YT,

As
d

= l 2 _ -t/
= (2mv qzAe #0

the expression is not a constant.

2081

A point particle of mass m and magnetic dipole moment M moves in
a circular orbit of radius R about a fixed magnetic dipole, moment My,
located at the center of the circle. The vectors My and M are antiparallel
to each other and perpendicular to the plane of the orbit.

(a) Compute the velocity v of the orbiting dipole.

(b) Is the orbit stable against small perturbations? Explain. (Consider
only the motion in the plane.)

(CUSPEA)

Solution:

(a) The magnetic field produced at a point of radius vector r from the
center of the circle by the dipole of moment Mj is
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This exerts a force on the particle moving in the circular orbit of
F=V(M-B)|,x.
Noting M - My = —MMy,Mg-r =M -r =0, we have

3uoM My

F=- 47 R4

This force acts towards the center and gives rise to the circular motion of
the particle. Balancing the force with the centrifugal force,

2 3poM M,

mo_ = 2Ho ¥ Mo
R~ 4xR* °’

gives the particle velocity as

v = 3uoM M,
=V 4rmR3 -

(b) The energy of the particle is

2 2
po (&) Mo L ()

dt 4773 2 dt
with MM 12
Ko 0
u(r) = 47r3 2mr?’

where L is the conserved angular momentum and the first term is the
potential energy of M in the magnetic field B, —M - B, for a circular orbit

. 2 .
of radius r. We note that (42),=r = 0 and (4%),=r < 0, so that U(R) is
a maximum and the orbit is not stable against small perturbations in r.

2082
A long solenoid of radius b and length ! is wound so that the axial

magnetic field is
Boe, , r< b ,
B=
{ 0, r>b.

A particle of charge ¢ is emitted with velocity v perpendicular to a central
rod of radius a (see Fig. 2.59). The electric force on the particle is given
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by ¢E = f(r)e,, where e, - e, = 0. We assume v is sufficiently large so
that the particle passes out of the solenoid and does so without hitting the
solenoid.

(a) Find the angular momentum of the particle about the axis of the
solenoid, for r > b.

(b) If the electric field inside the solenoid is zero before the particle
leaves the rod and after the particle has gone far way, it becomes

—_
E= { 21r¢olre"’ r>a,
0, r<a,

calculate the electromagnetic field angular momentum and discuss the final
state of the solenoid if the solenoid can rotate freely about its axis. Neglect
end effects.

(Wisconsin)

v
1%
i
a T
1% )
< 1
Fig. 2.59
Solution:
(a) As v is very large, we can consider any deviation from a straight

line path to be quite small in the emitting process. Let v, be the transverse
velocity of the particle. We have

1
&L _ vxB.
e T

Asv 1 B,dv, = LByvdt = L Bodr and
*q q
v_|_(b) =./¢ ;Bod?’: ;Bo(b—a).

At r = b the angular momentum of the particle about the axis of the
solenoid has magnitude

[r x mvy (8)|r=s = mbvy (b) = ¢Bob(b - a).
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and direction —e,. Thus the angular momentum is
JP = —qBob(b - a)e, .

For r > b,B = 0 and J, is considered. So J, is the angular momentum of
the particle about the axis for r > b.

(b) After the particle has gone far away from the solenoid, the mo-
mentum density of the electromagnetic field at a point within the solenoid

18
ExH
g= 2 =¢EXxB,

and the angular momentum density is

Bog
2nl
which is uniform. As there is no field outside the solenoid and inside the
central rod the total angular momentum of the electromagnetic field is

qBo(b2 - 62) e
2 *
Initially, E = 0,vy = 0 and the solenoid is at rest, so the total angular mo-

mentum of the system is zero. The final angular momentum of the solenoid
can be obtained from the conservation of the total angular momentum:

9Bo
2
This signifies that the solenoid in the final state rotates with a constant

angular speed about its central axis, the sense of rotation being related to
the direction e, by the right-hand screw rule.

J=rxg=¢corx (ExB)= e;,

JEM = 1l'(b2 - az)lj =

Js=-Jem—-Jp, = (b—a)ze,.

2083

Suppose a bending magnet with poles at z = +z( has a field in the
median plane that depends only on 2, B, = B;(z), where the origin is
chosen at the center of the magnet gap. What component must exist outside
the median plane? If a particle with charge e and momentum P is incident
down the z-axis in the median plane, derive integral expressions for the
bending angle @ and the displacement y as a function of z within the magnet.
Do not evaluate the integrals.

(Wisconsin)
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Solution:
Since there is no current between the magnet poles, V x B = 0, or

0B 9B, _ 0

0z oz

This implies that as B; depends on z, B, # 0, i.e. there is a z-component
outside the median plane.

The kinetic energy of a charged particle moving in a magnetic field is

conserved. Hence the magnitude of its velocity is a constant. Let 6 be the
bending angle, then

vy =vsinf, v, =vcosh.

The equation of the motion of the particle in the y direction, since vy =0,
is

dv

m—d-tl =eBv,;,

or d
mvd—t(sin 0) = eB;vcosf.
This gives
do = eB’dt: eB,. dz ,

m m vcosf

or

cos0df = %B,dz .

Suppose at t = 0 the particle is at the origin and its velocity is along
the +z direction. Then 6(z)|,=0 = 0 and we have

[} e z ,
cos€d0=—/ B.d?',
J o= [ 5.

4
= sin™! [i/ B dz'] .
PJy *
The displacement y is given by
t 2z dzl
= dt’ = i
y /o vy /o vsmovcosﬂ

z 2 P o
= / tanfdz’ = / P f(:l B:(2")dz i
° o 1-(3 fo B.(z")dz")?)/2

or
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2084

An infinitely long wire lies along the z-axis (i.e., at z = 0,y = 0)
and carries a current i in the +2 direction. A beam of hydrogen atoms is
injected at the point z = 0,y = b,z = 0 with a velocity v = voe;. The
hydrogen atoms were polarized such that their magnetic moments uy are
all pointing in the +z direction, i.e., g = pye,.

(a) What are the force and torque on these hydrogen atoms due to the
magnetic field of the wire?

(b) How would your answer change if the hydrogen atoms were polar-
ized in such a way that initially their magnetic moments point in the +2
direction, i.e. p = pye;.

(c) In which of the above two cases do the hydrogen atoms undergo
Larmor precession? Describe the direction of the precession and calculate
the precession frequency.

(Columbia)

Solution:

The hydrogen atoms are moving in the yz plane. In this plane the
magnetic field produced by the infinitely long wire at a point distance y
from the wire is

= ——e;.

2%y

(a) With ¢ = puye,, the energy of such a hydrogen atom in the field
Bis

_ . .n . _ Mopui
W=up-B= _21y .

Thus the magnetic force on the atom is

i
F =YW =B e,

and the torque on the atom is
L=uxB=0.

(b) With ¢ = pye,, the energy is W = u-B = 0. So the force exerted
is F = 0 and the torque is

_ Bopnt

L=pxBly= =-S5 =ey.
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(c) In case (b), because the atom is exerted by a torque, Larmor pre-
cession will take place. The angular momentum of the atom, M, and its
magnetic moment are related by

e
I‘H—y2—mM,

where g is the Landé factor. The rate of change of the angular momentum
is equal to the torque acting on the atom,

dM

— =1L.
dt

The magnitude of M does not change, but L will give rise to a precession

of M about B, called the Larmor precession, of frequency w given by

dM
|_dt— =Mw,

or
_ L _ popui _ egpoi

T M 2xbM T 4xbm

The precession is anti-clockwise if viewed from the side of positive z.

2085

A uniformly magnetized iron sphere of radius R is suspended from the
ceiling of a large evacuated metal chamber by an insulating thread. The
north pole of the magnet is up and south pole is down. The sphere is
charged to a potential of 3,000 volts relative to the walls of the chamber.

(a) Does this static system have angular momentum?

(b) Electrons are injected radially into the chamber along a polar axis
and partially neutralize the charge on the sphere. What happens to the
sphere?

(UC, Berkeley)

Solution:

Use coordinates as shown in Fig. 2.60.
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(a) This system has an angular momentum.

Fig. 2.60

(b) Let m be the magnetic moment of the sphere. The magnetic field
at a point r outside the sphere is

_po[3(m-r)r m
T An s Bl

Suppose the sphere carries a charge (). As the sphere is a conductor, the
electric field inside is zero and the electric field outside is

Q

= r
4eor3

Therefore the electromagnetic momentum density in the space outside the
sphere, as m = me, = m(cosfe, — sin feg) in spherical coordinates, is

Quomsinf

g=cExB= 162275 ¢

and the angular momentum density is

pom@sin 0

j=rxg=- 16724

ey .
Because of symmetry the total angular momentum has only the z-
component, which is obtained by the integration of the z component

of j:
2%
pom@sin® 0 pomQ  2mV
J/// 1622dd0d—6R—3c2’

where V is the voltage of the sphere. As the electrons are being injected
radially on the sphere, the charge Q decreases, causing the electromagnetic
angular momentum to decrease also. However, because of the conservation
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of total angular momentum, the sphere will rotate about the polar axis,
with the sense of rotation determined by the right-handed screw rule.
The rotating angular velocity is

_AI pomAQ _ 2mAV

YETTT TTT6xRI 32’

where I is the rotational inertia of the sphere about the polar axis, and
AQ, AV are the changes of its charge and potential respectively, which are
both negative.

2086

A cylinder of length L and radius R carries a uniform current I parallel
to its axis, as in Fig. 2.61.

£
particle beam —= .

——

Fig. 2.61

(a) Find the direction and magnitude of the magnetic field everywhere
inside the cylinder. (Ignore end effects.)

(b) A beam of particles, each with momentum P parallel to the cylinder
axis and each with positive charge ¢, impinges on its end from the left. Show
that after passing through the cylinder the particle beam is focused to a
point. (Make a “thin lens” approximation by assuming that the cylinder is
much shorter than the focal length. Neglect the slowing down and scattering
of the beam particles by the material of the cylinder.) Compute the focal
length.

(CUSPEA)

Solution:

(a) Use cylindrical coordinates (r, ¢, z) with the z-axis along the cylin-
drical axis. The magnetic field at a point distance r from the axis is given
by Ampeére’s circuital law to be

_ holr
B=gxmic
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(b) The magnetic force acting on a particle of the beam is
F =qv x B = —¢qvBe,.

On account of this force the particle will receive a radial momentum towards
the axis after traversing the cylinder of

quBL _ poglL
— 2*R2 7.

P,-=q/det=

If we neglect the slowing down of the beam particles through the cylinder
and use thin lens approximation, the axial momentum of a beam particle
is still P after it comes out of the cylinder. The combination of P and P,
will make the particle cross the cylindrical axis at a point M, as shown in
Fig. 2.62. From the diagram we find the relation

Lid
P

Ul

°Fs
v
q\‘b
X

Fig. 2.62
Thus the focal length is
d= Pr _ 27 R?P
T P, pell

and is independent of r. Hence all the particles will be focused at the point
M.

2087

A dipole electromagnet has rectangular pole faces in horizontal planes
with length ! and width w. The main component of the magnetic field B
is vertical. A parallel beam of particles, each with velocity v, mass m, and
charge g, enters the magnet with the velocity v parallel to the horizontal
plane but at an angle ¢ with the center line of the magnet. The vertical size
of the beam is comparable to the gap of the magnet. The particles leave
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the magnet at an angle —p with the center line of the magnet, having been
bent an angle of 2¢ (see Fig. 2.63 and Fig. 2.64). Show that the fringe field
of the magnet will have a vertically focusing effect on the beam. Calculate
the approximate focal length.

(Columbia)

Solution:

As the pole area of the dipole electromagnet is limited, the magnetic
field has fringe lines as shown in Fig. 2.63. If the y-component of the fringe
field is neglected, the fringe field will only have z- and z-components. From
V x B =0, we have

a_qi _ 0B,
0z 0z
Side View
Top View
y
== 1 —
I R
l—l x%(‘;—’:h,s% v
Fig. 2.63 Fig. 2.64

Suppose the extent of the fringe field is b. At the entrance of the elec-
tromagnet B, increases from 0 to B in a distance b. To first approxi-
mation the above relation gives B;;n = %’-z Whereas at the exit B,
decreases from B to 0 and one has B; oy = —-—b-z The velocities of the
particles at the entrance and the exit are v = vcospe, + vsinpe, and
v = v cos pe, — vsin pey respectively. Thus at both the entrance and the
exit the particles will be acted on by a force, which is along the z direction
and near the center line of the magnet, of

quBzsingp
-

This force gives a vertical momentum to the particles. The time taken for
the particles to pass through the fringe width b is

b

veosp

F, =-

At =

Hence, the vertical momentum is approximately

P, = -F,At = —qBztanep.
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As P, is negative for +z and positive for —z, it will have a vertical focusing
effect on the particles. The momentum of the particles in the zy plane is
P = mv. Letting the focal length be f (from the extrance), we have

2P| _ |2l

|2
P _f°

giving

. my

" 2qBtang’

The equation of the motion of a particle between the poles of the magnet
is

f

dvy
m—- = qu-B
or
do _4B
i m’

as v; = VCOSp N v,Uy = vsinp X vp. If the deflecting angle ¢ is small, we
can take the time elapse in traversing the distance % to be

=3/v,

and have approximately

g¢Bl

PR omv-

Substituting it in the expression for focal length and taking tan ¢ = ¢, we
have
m?y?

1= e

2088

A dipole magnet with rectangular pole faces, magnetic field By and
dimensions as shown in Fig. 2.65 and 2.66 has been constructed. We in-
troduce a coordinate system with z-axis parallel to the magnetic field and
y- and z-axes parallel to the edges of the pole faces. Choose the z = 0
plane so that it lies midway between the pole faces. Suppose that a par-
ticle of charge ¢ and momentum P parallel to the z-axis is projected into
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the magnet, entering the region between the pole faces at a height z above
the z = 0 mid-plane.

(a) What is the approximate angular deflection 6y in the yz plane after
passing through the magnet? (Assume P 3 ¢BL.)

(b) Show that the angular deflection in the zz plane after passing
through the magnet is given approximately by 0, = 03::/L, where 0, is the
deflection found in (a). (Hint: This deflection is caused by the fringe field
acting on the particle as it exits the magnet.)

(c) Is the effect found in (b) to focus or defocus off-axis particles?

(Columbia)
Side View Top View
L 7 q _@% T
o LT
f° ]D_.*:] :
oj ¢ ®%
L L

Fig. 2.65 Fig. 2.66

Solution:
The magnetic force acting on the particle has components
Fz = —q(vyB; — v; By),
Fy = —q(v.B; — v B;),
Fz = —q(v:By —v,By).
Note that as indicated in Figs. 2.65 and 2.66, a left-handed coordinate
system is used here.
(a) As B = Bge, and is uniform between the pole faces, the equation
of the transverse motion of the particle is
dvy
m? = —qu; Bo .
Since the speed v does not change in a magnetic field, we have v, =
—vsinf,,v, = vcost;, where 6, is the deflecting angle in yz plane. As
vy & —vb1,v; = v, and P = mv =constant, the above becomes

a0, _ gvBo

dt P
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or
quByg quBo
do, = dt =
1 P t Pv, dz ,
ie.,
cosﬂldﬂl = %d! .
Integratin
gr g /‘y 0 db L 9B,
cos = —dz
() h /o P
find
- sin 6, qBoL
v=7Pp
As P >» qByL, we have approximately
~ qBoL
0y ~ P

(b) To take account of the fringe effect, we can assume By ~ 0 and a
small B, in addition to the main field Bge,. The equation of the vertical
motion of the particle is

dv
mj = —qu, B, .
As vy & —vly,v; & —v03,v; = v,dz = vdt, the above equation becomes
dé; _ qub,
@ =" p B

From (a) we have P =~ 1—‘7’?’—‘. Thus

do _—_B ¥4
2 LB td )

and the angular deflection in zz plane is

0s
0, = dé, = ——/ B.dz.
o ' LB,

At the exit of the magnet, B, ~ By. We choose the closed path ABCD
shown in Fig. 2.65 for the integral

fB-dl:O.
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Integrating segment by segment:

B 00 C
/ B,dz = / B.dz, / B,dz =0,
A 20 B

D A
/ B,dz=0, / B.dz = zB,.
C D

Note that we have taken the points B, C at infinity and used the fact that
B; = 0 for the mid-plane. Hence

00
/ B,dz = —:L'Bo ,
20

and 02
0, = —If—::.

(c) As 8, 2 0 for z 2 0, the particle will always deflect to the middle
of the magnet. Hence the effect found in (b) focuses the particles, the focal
length being
z L P?

6, 62 ¢BIL’

2089

When a dilute suspension of diamagnetically anisotropic cylindrical
particles is placed on a uniform magnetic field H, it is observed that the
particles align with their long axes parallel to the field lines. The particles
are cylindrically symmetric and they have magnetic susceptibility tensor
components characterized by

Xz =Xy < X: <0.

Assume that the suspending fluid has a negligible magnetic susceptibility.
(a) The z-axis of the particle initially makes an angle of @ with the
magnetic field. What is the magnetic energy of orientation?
(b) What is the torque on the particle in part (a)?

(c) The tendency toward alignment will be counteracted by Brownian
motion. When the particle rotates in the fluid it experiences a viscous
torque of magnitude (6 where

¢=10"1" gem?sec™! .
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The moment of inertia of a particle is I = 10~!5gecm?. If the particles are
initially aligned by the magnetic field, estimate the root-mean-square angle
Ab;ms by which the molecular axes will have deviated from the alignment
direction in a time ¢t = 10sec after the magnetic field has been turned off.
The temperature of the suspension is T' = 300 K.

(Princeton)
Solution:

(a) In the Cartesian coordinates (z,y, z) attached to a particle, the
magnetic field can be expressed as

B = Bsin# cos pe; + Bsinf#sin pey + B cosfe; .

As |xzl, Ixy| and |x:| are generally much smaller than 1, the magnetic field
inside the particle (a small cylinder) may be taken to be B also. The
magnetization is given by

B
M=x-H=x-—.
X X Ho

Let the volume of the small cylinder be V, then the energy of orientation
is

E=m-B=B-(x-EV)
Ho

174 Xz B;
= —(Bz, By, B;) Xy B,
Ho Xz B,

1%
= l—‘;(szﬁ + xy B2 + x:B?)

|4
= #—OIXz(Bi + B}) + x.B?]

= I‘K[x,Bz sin? 0 + z, B? cos? 4] .
0
(b) The torque on the particle is

T=——= —K[x, -2sin 0 cos 8 + x; - 2 cos §(— sin 0)] B2
06 Ho
B2y .
= —(xz — Xz)sin20.
Ho
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(c) The rotation of the particle satisfies the equation

d%0 do
Id_t2 = _CE-*- F(t),
where F(t) is the random force acting on the particle. Noting that
d?¢? 9
yTel = 26% + 206,
we have | &26? &0
—_—— 92 - - —
(A28 ) = o or,
o 1 d2%6? 1,d6?
- —— .2 = e——
2 I 10 C + 0F(t).
Averaging over the particles, §F(t) = 0, and we have
1 d292 1,02
02 =
2 dt’ ( 102 =0.
The principle of equipartition of energy gives
1 = 1
~162 = =
2 10 2 kT,

so the above becomes

d2g2 (d#? 2T

e YT T

This has solution

where C is a constant to be determined. Note that, as @ is not restricted
to the zone [0, 7], we must take the number of turns rotated by the particle
about the magnetic field into consideration.

To estimate Afms, let 62 = 0 at t = 0, then C = 0. Hence 62 = 2—'22t
at time . Numerically

= _ 2x 1.38 x 10~ x 300 -
02 = T0-T7 x 10 =8.28 x 1073,

or

Abme = VO = 0.091 rad. = 5.2 deg.
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2090

An electron is introduced in a region of uniform electric and magnetic
fields at right angles to each other (let us say E = Fe.,B = Be;).

(a) For what initial velocity will the electron move with constant ve-
locity (both the direction and the magnitude of velocity are constant)?

(b) Consider a beam of electrons of arbitrary velocity distribution si-
multaneously injected into a plane normal to the electric field. Is there a
time at which all the electrons are in this plane again?

(Columbia)

Solution:

(a) If the electron moves with constant velocity, the total force acting
on it must be zero, i.e.,

Fp=—-Fg = —ceFe;.

AsFp = —ev x B = —eBv X e;, we have

()

(b) Suppose all electrons are in the YOZ plane at t = 0. Consider an
electron with initial position (0,yo, z0) and initial velocity (vos,voy, vos)-
The equations of its motion are then

m& = _¢(E+ By), (1)

mTﬂ— = CU,B, (2)

dv,
Let vy = vz + ivy, then Egs. (1) and (2) combine to give
dv .
md—: = —eFE + ieBvy

with solution

vy =cet —i—

B

where w = %. The intial conditions give

c=voy +i|v +£
= Yoz 0y B/
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Hence

vy = [vo, coswt — (voy + %) sin wt]

+ i[vo,sinwt + (voy + g—) coswt — %7] ,

from which we obtain

E\ .
vz (t) = voz coswt — (voy + —) sinwt

B
vy (t) = voz sinwt + (voy + %) coswt — %’

v;(t) = vo; .

Integrating the above expressions we have
_ Yoz . 1 E 1 E
z(t) = Tg—smwt + ;(voy + E) coswt — ;(voy + E) ,

_ Vozr 1 E . E Voz
y(t) = — coswt + ;(voy + —5) sinwt — Et + - + Y%,

2(t) = 20 + vost.

For z(t) = 0 we require that t = X2 (n = 1,2,...). Hence all the electrons
will be in the YOZ plane again at times 2X%,

4. MISCELLANEOUS APPLICATIONS (2091-2119)

2091
Figure 2.67 shows a simplified electron lens consisting of a circular loop

(of radius a) of wire carrying current I. For p < a the vector potential is
approximately given by

Ao = xla®p
0= @+ 2307
(a) Write down the Lagrangian in cylindrical coordinates (p, 8, z) and
the Hamiltonian for a particle of charge ¢ moving in this field.
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(b) Show that the canonical momentum pg vanishes for the orbit shown
and find an expression for 8.

In parts (c) and (d) it is useful to make a simplifying approximation
that the magnetic force is most important when the particle is in the vicinity
of the lens (impulse approximation). Since p is small we can assume that
p~ b and z = u are nearly constant in the interaction region.

(c) Calculate the impulsive change in the radial momentum as the
particle passes through the lens. Then show that the loop acts like a thin
lens

+

f= 8_a(muc)2
T 3x\mql)

(d) Show that the image rotates by an angle § = —4 3";—", in passing

)

ol

5|~
=

where

through the lens.
(Wisconsin)

object ﬁ%’\imoge 2
F—1o -—@7’— 1, —

Fig. 2.67

Solution:

(a) The Lagrangian of a charge ¢ in an electromagnetic field is

_ _1 2 V'A
L=T V_2mv q(<p p ),

where v is the velocity of the charge of mass m, ¢ is the scalar potential,
and A is the vector potential. As

v = pe, + pleg + ze,
Iwa%p

" @ o0



262 Problems & Solutions on Electromagnetism

we have Imalap?
L= %(p’ +0%0% + %) + R—ﬂ—%é.
Hence the components of the canonical momentum:
he o
2.2
Py = % = mp?é ;(:::——%,
P, = %f— =mz

The Hamiltonian is then

H=Pp+Pl0+Pz:i—-1L

1., 1 Ixagp? 2  _,
T 2m [P" + p_z(Po " c(a? + z3)3/2) +h|

(b) Using Hamilton’s canonical equation Py = —%, we obtain Py = 0,
ie.,

Ixa%qp?
c(a? + 22)3/?
Initially when the particle was far away from the lens it was traveling along

the axis of the circular loop (p = 0) with vy = 0. Since Py is a constant of
the motion, we have Py = 0, giving

Py = mpzé + = const .

_ Ixa®q
~ me(a? + 22)3/2°

(c) Another Hamilton’s canonical equation B, = —%—’:, with Py = 0,
gives
P _ 121204(]2 p
P77 mc(a? + 22)3°

or

PPx%ate?p is
mc?(a? +22)3z
Since p ~ b and z ~ u are nearly constant in the interaction region, the
change in the radial momentum is

xla%q®b [® 1 o 3xb (ﬂ:)z
me2u  J_o, (a2+22)P3 "~ 8mau\ ¢ /) °

dP, = —

AP, ~ —
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Consider the orbit shown in Fig. 2.67. We have &4 f; at the object point
and f-'- = - - at the image point of the lens. Hence

aF, _3nb(Ior)’

1
lo + 1 ;(Po —h)=- mu 8a \ muc

with

(d) The expression for 8 can be written as

Ixa%qdz
df = ——————.
mc(a2 + 22)3/2u

Hence passing through the lens the image will have rotated with respect to
the object by an angle

Iwa q 1 _2=q 2a
Af = dz = -—
mcu /oo (a2 + 22)3/2 mcu 4 3xf°

2092

In Fig. 2.68 a block of semiconductor (conductivity = o) has its bottom
face (z = 0) attached to a metal plate (its conductivity ¢ — oo) which is
held at potential ¢ = 0. A wire carrying current J is attached to the center
of the top face (2 = c). The sides (z = 0,z = a,y = 0,y = b) are insulated
and the top is insulated except for the wire. Assume that the charge density
is p=0and € = g = 1 inside the block.

(a) Write down the equations satisfied by the potential inside the box
and the general solution for the potential.

(b) Write down the boundary conditions for all faces and express the
arbitrary constants in the solution from (a) in terms of the given quantities.
(Princeton)
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Fig. 2.68

Solution:
(a) Inside the box ¢(z,y, 2) satisfies Laplace’s equation

V24(z,y,2) = 0.
Separate the variables by writing
é(z,9,2) = X(2)Y (y)2(2) .
Laplace’s equations then becomes
1d’2X 14y 1d°Z
Xd? Tvap Tza " @

Each of the three terms on the left-hand side depends on one variable only
and must thus be equal to a constant:

Ld"’X _ 2

X dz2 ~ )

._l_ﬂ =-p2

Y dy? ’

1ez_

Zdzz 1
where 72 = a? + #2. The solutions of these equations are

X = Acosaz + Bsinaz,
Y = Ccos By + Dsin By,
Z = Ee"* + Fe™*,
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where A, B,C, D, E, F are constants. Hence
#(z,y,2) = (Acosaz + Bsinaz)(C cos By + Dsin fy)

-[Eexp(Va? + B22) + F exp(—Va? + 22)].

(b) The boundary condition E; = 0 for the four vertical surfaces gives

¢ _ 0¢ _
Oz z=0,a - 6y y=0,b - (1)
For the top face (z = c), Ohm’s law gives
a¢ J a b
8ol =B =55(s=59-3). @
The bottom face (z = 0) has zero potential, thus
¢(z,y, 0) =0. (3)

The conditions (1) require

B=D=0,

mw nmw m,2 n,2
azam’—'T,ﬂ=ﬂn=T:7=7mn=7r\/(;) +(3)%

where m,n are positive integers. (Negative integers only repeat the solu-
tion). Equation (3) requires F' = —E. Thus for a given set of integers m,n
we have

dmn(Z,¥,2) = Amn cos(amz) cos(fBny) sinh(ymnz) .

Hence the general solution is

00

¢(x:y:z)= E ¢mn(z:y:z)

m,n=1

= i Apmn cos(amz) cos(Bny) sinh(ymnz) .

mn=1

Substituting this in (2) we have

o o]
Z Amn cos(amz) cos(Bny)Ymn cosh(ymnc)

m,n=1

(2 ,_°
=7 ¥~ 3)
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Multiplying both sides by cos(ymz) cos(Bny) and integrating over the top
surface we have

4J a b a b
Amn = aboymn cosh(Ymnc) ./o dz/o 6(:: - E’y - 5)

- cos(amz) cos(Bny)dy
4J cos mnx cos nr
aboymn cosh(ymnc) 2 2

Note that A,,, # 0 only for m and n both being positive even numbers.

2093

A magnetic dipole of moment m is placed in a magnetic lens whose
field components are given by

B: = a(z® - y?), By = —2azy, B, =0,
where z is the axis of the lens and « is a constant. (This is called a sextupole
field.)

(a) What are the components of the force on the dipole?

(b) Could one or more such lenses be used to focus a beam of neutral
particles possessing a magnetic dipole moment? Give the reasons for your
answer.

(UC, Berkeley)
Solution:

(a) As m is a constant vector, the force exerted by the external mag-
netic field on m is
F=V(m-B).

Thus we have

F; =2a(mzz — myy),
Fy = =2a(m;y + myz),
F,=0,

where we have written m = m.e; + myey + m;e,.

(b) If m = mey, we have

Fy = -2amy, F,=-2amz.
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This force is opposite to the displacement of the dipole from the axis. Hence
we can use the sextupole lens to focus a beam of neutral particles with
magnetic moment. If m = me,, we have

F; =2amz, F,=-2amy.

Then the lens is diverging in z-direction but converging in y-direction.
Hence to focus the beam, we need a pair of sextupole lenses, with the
phase angles of the sextupole fields differing by =, i.e., the field of the
second sextupole is

B; = —a(z® —y?), By =2azy.
The force exerted by the second sextupole is
F; = -2amz, F,=2amy,

so that a converging power is obtained in z-direction as well.

2094

A charged particle enters a uniform static magnetic field B moving
with a nonrelativistic velocity vy which is inclined at an angle a to the
direction of B.

(a) What is the rate of emission of radiation?

(b) What is the condition on vg that the radiation be dominantly of
one multipolarity?

(c) If a uniform static electric field E is added parallel to B, how large
must it be to double the previous rate of radiation?
(Wisconsin)
Solution:

(a) The radiation emitted per unit time by an accelerating nonrela-
tivistic particle of charge ¢ with velocity v < ¢ is approximately

2‘12-2
33

in Gaussian units. The equation of the motion of the particle in the mag-
netic field B is

P=

mo\'!o = %(Vo X B),
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giving
2
62 q
%" m2¢2

v2B%sin’ «,

where « is the angle between vo and B. The rate of emission of radiation
1s then o
P= 2q 2

= Imic aergfs.

B?vsin

(b) The radiation emitted by a charged particle moving in a magnetic
field B is known as cyclotron radiation and has the form of the radiation of
a Hertzian dipole. The particle executes Larmor precession perpendicular
to B with angular frequency wy = ;7’.%. Actually there are also weaker
radiations of higher harmonic frequencies 2wg, 3w, .... However, if vp < ¢
is satisfied, the dipole radiation is the main component and the others may
be neglected.

(c) When a uniform static field E is added parallel to B, the equation
of the particle’s motion becomes

mov = %(Vo X B) +4qE,

or
v=vy +Vv,= —q—(voxB)+—q—E,
mocC myo

v, and v, being components of the particle’s acceleration perpendicular
and parallel to the electric field respectively. To double the radiation power
in (a) v? is to be doubled. Writing the above equation as

2 2 @ op2a '
=03 +02 = 33 voB sin“a+ 2E2
mge m}

since as E is parallel to B, E is perpendicular to vo x B, we see that to
obtain 92 = 202 we require

Vo .
EF=—Bsha.
c

2095

A circular loop of wire, radius r, weighing m kilograms, carries a steady
current ] amperes. It is constrained to have its axis perpendicular to a large
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planar sheet of a perfect conductor. It is free to move vertically, and its
instantaneous height is z meters. It is moving at a speed v in the y direction
with v € ec.

(a) What is the boundary condition on the magnetic field B at the
planar conducting sheet?

(b) Draw and describe algebraically a single image current that, com-
bined with the real current, exactly reproduces the magnetic field in the
region above the plane.

(c) Find the approximate equilibrium height z and frequency of small
vertical oscillations for a value of the current such that z < r.
(Princeton)
Solution:

(a) The normal component of B, which is continuous across a bound-
ary, is zero on the conducting surface: B, = 0.

(b) As shown in Fig. 2.69, the image of the current is a current loop
symmetric with respect to the surface of the conducting plane, but with an
opposite direction of flow. The magnetic field above the planar conductor
is the superposition of the magnetic fields produced by the two currents
which satisfies the boundary condition B,, = 0.

y
r O
777+777777!77m

X

L O

I's-1
Fig. 2.69
(c) Consider a current element Idl of the real current loop. As z K r,

we may consider the image current as an infinite straight line current. Then
the current element Idl! will experience an upward force of magnitude

dl#o(—f) _ pol?dl
2x(2z) |~ 4wz

dF:IldleI:II

The force on the entire current loop is

2 12
Fzﬁ.g,,,.:"_o__:_
T 2 z
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At the equilibrium height this force equals the downward gravity:

pol®r
2: = mg)

giving
g = bol’r
2mg
Suppose the loop is displaced a small distance § vertically from the equi-

librium height z, i.e., z — 2+ §, § € z. The equation of the motion of the
loop in the vertical direction is

s pol?r o pol?r )
—mé =myg 2(z+6)_mg 2z ! z)’

Noting that mg = l‘-%’:—', we get

. “012’-

6+ 2mz'*’6=0'

This shows that the vertical motion is harmonic with angular frequency

_ /#012" _9 [2m
“=Vomzz T TV por

2096

We assume the existence of magnetic charge related to the magnetic
field by the local reaction

V'B=I“OPM'

(a) Using the divergence theorem, obtain the magnetic field of a point
magnetic charge at the origin.

(b) In the absence of magnetic charge, the curl of the electric field is
given by Faraday’s law

B
VXE——Et—.
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Show that this law is incompatible with a magnetic charge density that is
a function of time.

(c) Assuming that magnetic charge is conserved, derive the local re-
lation between the magnetic charge current density J,, and the magnetic
density pp,.

(d) Modify Faraday’s law as given in part (b) to obtain a law consistent
with the presence of a magnetic charge density that is a function of position
and time. Demonstrate the consistency of the modified law.

(UC, Berkeley)

Solution:

(a) Consider a spherical surface S of radius r at the origin. As V-B =
Hopm the divergence theorem gives

/ V- -BdV = f B-dS = 41rrzB(1') = podm -
v S

Hence B Hodm
(r) = 4xr2
®) (/] B
EV-B:V-y:—V-(VXE):O,
since V - (V x E) = 0 identically. On the other hand,
%V -B= pogg-tﬂ .

Thus Faraday’s law is incompatible with a time-varying magnetic charge
density.

(c) The conservation of magnetic charge can be expressed as

0

= p,,.dv=—f.l,,.-ds=—/v-.l,,.dv.
ot Jy s v

As V is arbitrary we must have

9pm _
StV In=0.

This is the continuity equation for magnetic charge.
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(d) If we modify Faraday’s law to

VxE:—poJm—%tB—

and take divergence on both sides, we shall obtain

—#OV'Jm-(%V-B=—ﬂo(V-Jm+%"-) 0.

Hence
(4 Opm

EV.B=_”OV'JM=PO‘OT’

consistent with the second equation of (b).

2097

(a) Suppose that isolated magnetic charges (magnetic monopoles) ex-
ist. Rewrite Maxwell’s equations including contributions from a magnetic
charge density p,, and a magnetic current density j,,. Assume that, except
for the sources, the fields are in vacuum.

(b) Alvarez and colleagues looked for magnetic monopoles in matter
by making pieces of matter go a number of successive times through a coil
of n turns. If the coil has a resistance R, and we assume that the magnetic
charges are moved slowly enough to make the effect of its inductance small,
calculate how much charge @ flows through the coil after N circuits of a
monopole g, .

(c) Suppose that the coil is made superconducting so that its resistance
is zero, and only its inductance L limits the current induced in it. Assuming
that initially the current in the coil is zero, calculate how much current it
carries after N circuits of the monopole.

(CUSPEA)

Solution:

(a) Use the analysis of Problem 2096. When electric charge density p,
electric current density j, magnetic charge density p,,, and magnetic current
density j,, are all present in vacuum, Maxwell’s equations (in Gaussian
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units) are
V-E = 4mp, \
VB = 4mpy,,
VxE = 1 -t
VxB = %8—?+4—?, J

where c is the velocity of light in vacuum.

(b) As shown in Fig. 2.70, we take one of the turns as the closed loop
l in Stokes’ theorem and let the area surrounded by [ be S. Then, using
Stokes’ theorem and the third equation above, we have

10 iz [ .
‘f;Edl—./SVXEdS—-—EE/SBdS—T Sjm-ds.

Letting I, be the magnetic current in the coil, we have

Imz/jm-ds.
S

Letting V' be the potential across the coil and I the electric current flowing
through it, we have

fE-dl:V:IR.
1

The magnetic flux crossing the coil is ¢ = [ B - dS, and the induced emf
in the coil is
_19¢
T et
Combining the above we have the circuit equation

4
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If the inductance can be neglected, e = 0 and

IR = —4—'Im.
c

From I = %?-, Im = %;l, this reduces to

49 _ _4rdim
d¢ = ¢ dt’
Integrating leads to
_ 4ngm
Q= RC

After g,, goes N times through the coil of n turns, the total charge flowing
through the coil is

_ _4xNngm
= RC
(c) If the resistance is negligible, i.e., R = 0, while the inductance L is
not, we have ¢ = —L-‘:—f. The circuit equation now gives
dl  4x _ dqnm
ta =N
Integrating we get
I 4xNng,,
- LC
2098

In Fig. 2.71, the cylindrical cavity is symmetric about its long axis.
For the purposes of this problem, it can be approximated as a coaxial cable
(which has inductance and capacitance) shorted at one end and connected
to a parallel plate disk capacitor at the other.

(a) Derive an expression for the lowest resonant frequency of the cavity.
Neglect end and edge effects (h > ry,d < 1y).

(b) Find the direction and radial-dependence of the Poynting vector
N in the regions near points A and B.
(Princeton)
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SLOOSOS SN SSNSSN N
Do
OIS SN

Solution:

(a) To find the inductance and capacitance per unit length of the coax-
ial cable, we suppose that the inside and outside conductors respectively
carry currents I and —I and uniform linear charges A and —\. Use cylin-
drical coordinates (r,0,2) with the z-axis along the axis of the cable. Let
the direction of flow of the current in the inner conductor be along the +2-
direction. From Problem 2022 the inductance and capacitance per unit
length of the coaxial cable are

L= [loh r9 _ 21l'€0h
DY 2 - In22 ’

The capacitance of the parallel-plate condenser connected to the coaxial
cable is

2
Co =
°T 7 d
Hence the lowest resonant angular frequency of the cavity is
1 2dc?

“TLC+Co)  hdh+rinD@)
(b) At point A,ry < r < r3,E(r) ~ &, B(r) ~ 2,50 N ~ Le,. At
point B, 0 < r < r,E(r) ~ —e,,B(r) ~ reg, so N ~ re,.

2099

An electromagnetic wave can propagate between two long parallel
metal plates with E and B perpendicular to each other and to the direc-
tion of propagation. Show that the characteristic impedance Zo = \/L/C
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€ w?
length, s is the plate separation, and w is the plate width. Use the long
wavelength approximation.

is ‘/"—9- -2 where L and C are the inductance and capacitance per unit

(Wisconsin)
Solution:

In the long wavelength approximation, A > w,A > s, and we can
consider the electric and magnetic fields between the two metal plates as
approximately stationary. Use the coordinate system as shown in Fig. 2.72
with the z-axis along the direction of propagation. Since the electric and
magnetic fields are perpendicular to the z-axis and are zero in the metal
plates, the continuity of E; gives Ey = 0, while the continuity of B, gives
B, =0.

=
J/ sl T—
y

Fig. 2.72

Suppose the two plates carry currents +¢ and —i. The magnetic field
between the plates is given by the boundary condition n x H = I;, where
I, is the current per unit width of the conductor, to be

B = K%
w

The inductance per unit length of the plates is obtained by considering the
flux crossing a rectangle of unit length and width s parallel to the z-axis to
be
L= —Bﬁ = Ho$ .
i w
Let the surface charge density of the two metal plates be o and —o.
The electric field between the plates is

o
E=—e; )
€o
and the potential difference between the plates is

V=Es=£.
€0
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Hence the capacitance per unit length is

Therefore the characteristic impedance per unit length of the plates is

L Po8 ,EoW Ko 8
Z=\/—= /=, ==
C w' s Veow

2100
Reluctance in a magnetic circuit is analogous to:
(a) resistance in a direct current circuit
(b) volume of water in a hydraulic circuit
(c) voltage in an alternating current circuit.
(ccr)
Solution:
The answer is (a).

2101
The permeability of a paramagnetic substance is:
(a) slightly less than that of vacuum
(b) slightly more than that of vacuum
(c) much more than that of vacuum
(CCT)
Solution:
The answer is (b).

2102
Magnetic field is increasing through a copper plate. The eddy currents:
(a) help the field increase
(b) slow down the increase
(c) do nothing
(ccr)
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Solution:
The answer is (b).

2103

A golden ring is placed on edge between the poles of a large magnet.
The bottom of the ring is prevented from slipping by two fixed pins. It is
disturbed from the vertical by 0.1 rad and begins to fall over. The magnetic
field is 10* gauss, the major and minor radii of the ring are 1 cm and 1 mm
respectively (see Fig. 2.73), the conductivity of gold is 4 x 10!7 s=! and the
density of gold is 19.3 g/cm3.

(a) Does the potential energy released by the fall go mainly into kinetic
energy or into raising the temperature of the ring? Show your reasoning
(order of magnitude analysis only for this part).

(b) Neglecting the smaller effect calculate the time of the fall. (Hint:

x 2
01 co:n'n,c“ = 2.00)

(MIT)

LLLLLLLI'LLLLLLLLL

(:) AL\~ | mm
(g

]+

Fig. 2.73

Solution:

(a) Let the time of the fall be T". In the process of falling, potential
energy is converted into thermal energy W; and kinetic energy W} given
by an order of magnitude analysis to be roughly (in Gaussian units)

2 2(p2)2

~IPRT~ (-2_ - Bi(=ri)*

W; ~ I’RT = (CTR) RT = ——
mB?(xr})? mr? oB?

= 2T - (253%) - (p- 277y - 713) =T 3’

aﬂ'r,
1., 13 (= 2_3wzmr¥
Wi 2Iw ~ mrl(2T) =672

2°2
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where
r1,r2 = major and minor radii of the ring respectively,
¢ = magnetic flux crossing the ring ~ Bxr?,
p = density of gold,
o = conductivity of gold,
R = resistance of the ring = -3’;”—:2,
m = mass of the ring = p2xr - xr3,
¢ = velocity of light in vacuum,
w = angular velocity of fall ~ .
Putting

= /ﬂ_‘/L_ -2
Ty =7 =\gg =32% 107,

_4pct _ 4x19.3 x 9x10%°

T = B1 = —4x 1017 x 10°

=174x103s,

we can write the above as

T? 32 (T,\?
W;~mgr1-T.‘TB, W,,~mgr1-—l-6-(—7-_,’-) .

The energy balance gives

mgry = Wy + W,

T2 _ (T})T_ 3*27'2 —

or
Ts 6!
Solving for T we have

2 2
r-% g G|

As (%’;)2 > §:—’,Tz ;.z—. Hence

2

Wi ~mgry, Wip~mgr,- :-,156- (%) <€ mgr; .
It follows that the potential energy released by the fall goes mainly into
raising the temperature of the ring.
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(b) We neglect the kinetic energy of the ring. That is, we assume
that the potential energy is changed entirely into thermal energy. Then
the gravitational torque and magnetic torque on the ring approximately
balance each other.

The magnetic flux crossing the ring is

#(0) = Barisind.
The induced emf is

=1
_C

dé

2l = %Bwrf cos 0,

giving the induced electric current as

= Bnrlcosf - 2

cR

1=

R

and the magnetic moment of the ring as

_inr? _ B(wr})?cos 00

c c¢2R

Thus the magnetic torque on the ring is

(Bri cos )20
2R '

The gravitational torque on the ring is 7, = mgr; sin . Therefore

™m=|mxB|=

Tm = Ty,
or ) iy
—(Bwrlc:;sa) 0 = mgr;sin@,
giving
dt = o B?%r; cos? 0df
~ 4pgc?sind

Integrating we find

oB%r, /"f' cos?0d6 _ oB’r

= 4pgc? Jo, sin@  4pgc?
T? 2 x 10~2)2
mols o gy B2XIT) 0,

Ts 1.74 x 10-3
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2104

A particle with given charge, mass and angular momentum moves in
a circular orbit.

(a) Starting from the fundamental laws of electrodynamics, find the
static part of the magnetic field generated at distances large compared
with the size of the loop.

(b) What magnetic charge distribution would generate the same field?
(UC, Berkeley)

Solution:

(a) Let the charge, mass and angular momentum of the particle be
g,m, L respectively. Use cylindrical coordinates (R, 0, z) with the z-axis
along the axis of the circular orbit and the origin at its center. As we are
interested in the steady component of the field, we can consider the charge
orbiting the circle as a steady current loop. The vector potential at a point
of radius vector R from the origin is

AR)= / f@dv',

where r = |R — r’'|. For large distances take the approximation r = R(1 —
%{-) and write J(r')dV’ = Idy. Then

1 R-r
A(R)zi‘:—- (1+ = +...)dr',

integrating over the circular orbit. Write

(R-r')dr’' = —;-[(R -r')dr’ — (R - dr')r']
+ -;—[(R -r)dr’ + (R - dr')r'].

The symmetric part gives rise to an electric quadrupole field and will not
be considered. The antisymmetric part can be written as

%(r’ xdr') x R.
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Hence, considering only the magnetic dipole field we have

A(R) = [}{ xdr] =
Ho

R
7111‘ e,xﬁ—“_Mx-Rg,

where M = Ixr?e, is the magnetic dipole moment of the loop.
B =V x A we have

R3
poqL (3cos0 e, ) _ poglL

_ Bo R Ho R
_—Vx(Mx ) E(M-V)—3

~ 8xm R3 eR R 8r*mR3 (3cosber —e),

where we have used
_dg_ded _ qv
T dt T dldt T 2&r

and
_gqr _ qL

M—I‘l’ 2 2—m

From

(b) A magnetic dipole layer can generate the same field if we consider
distances far away from the source. Let the magnetic dipole moment be

Pm, then the scalar magnetic potential far away is

- l pm ¢ R
‘Pm - 41 R3 ’
giving
‘R _

which is the same as the expression for B in (a) with p,, = M.

2105

A conducting loop of area A and total resistance R is suspended by
a torsion spring of constant k in a uniform magnetic field B = Be,. The
loop is in the yz plane at equilibrium and can rotate about the z-axis with
moment of inertia I as shown in Fig. 2.74(a). The loop is displaced by a
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small angle 6 from equilibrium and released. Assume the torsion spring is
non-conducting and neglect self-inductance of the loop.

(a) What is the equation of motion for the loop in terms of the given
parameters?

(b) Sketch the motion and label all relevant time scales for the case
when R is large.
(MIT)

Fig. 2.74(a)

Solution:

(a) when the angle between the plane of the loop and the magnetic
field is o, the magnetic flux passing through the loop is = BAsina. The
induced emf and current are given by

dé . . € BAa cosa
e——E-—BAcosaa, i=p=——p—-
The magnetic moment of the loop is
BA%cosa .

Thus the magnetic torque on the loop is

B2A2cos? o .
—_rc

Tm =|mxB|=- R

Besides, the torsion spring also provides a twisting torque ka. Both torques
will resist the rotation of the loop. Thus one has

2 42 2
Ta+ 5A+°‘9-6+ka=o.
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As a < 0 and @ is itself small, we have cos? a = 1 and

2 42
R

Ia+ a+ka=0.

Let a = ¢€* and obtain the characteristic equation

B2A?

2
IC+R

C+k=0.

The solution is

B?4A? B24?)2
-2\ (FF) — 41k 242 2422
c=_R V(R) ——BA:t'é—(BA).

= 21 =~"72IrR &’ 2IR
Defining
B2A? \/ B2A2\2 k k
= — =14/- —=1\/=-B%+ =
B=3tr 7 (2IR)+I A+

we have two solutions
Ci=-B+jv, Co=-B-jv.

The general solution of the equation of motion is therefore
a = e PYA; cosyt + Azsint].

Since ali=0 = 0, &|t=0 = 0, we find

A =90, A2=£A1=§9.

”

Hence the rotational oscillation of the loop is described by
— ge-Pt B
aft) = Ge cos vt + ;sm 7t| .

Note that for the motion to be oscillatory, we require that k > $21, which
was assumed to be the case.
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(b) If R is large, § < v and we have
a(t) ~ 0e=P* cosyt .

The motion is harmonic with exponentially attenuating amplitude, as
shown in Fig. 2.74(b).

0
oL\ /4\%%%/‘\% M\
\/ N ¢

Fig. 2.74(b)

2106

Figure 2.75 shows two long parallel wires carrying equal and opposite
steady currents I and separated by a distance 2a.

(a) Find an expression for the magnetic field strength at a point in the
median plane (i.e. zz plane in Fig. 2.75) lying a distance z from the plane
containing the wires.

(b) Find the ratio of the field gradient dB,/dz to the field strength B.

(c) Show qualitatively that the above “two-wire field” may be produced
by cylindrical pole pieces of circular cross sections which coincide with
the appropriate equipotentials. Further, give arguments to show that the
analogous electric field and field gradient may be produced by equivalent
circular pipes with the current I being replaced by ¢, the charge per unit
length on the pipes.

(d) Consult the diagram 2.76 which gives specific dimensions and which
represents two long pipes of circular cross section carrying equal and op-
posite charges ¢ (per cm). Given that the field is £ = 8000 V/cm at the
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position z = a = 0.5 cm, calculate the value of ¢ and the potential difference

between the two pipes.
(UC, Berkeley)

+Q
PR
’
y i, Q-v
[ |
i .
\

=— 05
-x 08
Fig. 2.75 Fig. 2.76
Solution:

(a) Suppose the long wires carrying currents +I and —1I cross the y-
axis at +a and —a respectively. Consider an arbitrary point P and without
loss of generality we can take the yz plane to contain P. Let the distances
of P from the y- and z-axes be z and y respectively, and its distances from
the wires be r; and r; as shown in Fig. 2.77. Ampére’s circuital law gives
the magnetic inductions B; and B, at P due to +1 and —1I respectively
with magnitudes

_ ol B, = pol

1= 2=
2‘!’1‘1 ’ 21’1‘2 ’

where r; = [22+(a—y)?)? and r; = [22+(a+y)?]?, and directions as shown
in Fig. 2.77. The total induction at P, B = B, + B, then has components

B: =0,
BV = —B;sin6, + B3sinf,
pol z oz 2polayz
- (-5+3) -y
B, = —Bl cos01 - Bz 00802

rn r
If(a- a
- _#L(:-_v + _ﬂ) ,

2 2
2x ri r3

’
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Fig. 2.77

For a point in the zz plane and distance z from the y-axis, i.e., at
coordinates (0,0, z), the above reduces to

pol a
B=- T M

(b) Equation (1) gives

dB, _ 2pol az
dz = 7 (22+a?)?’

dB, 2z
dz /B, T 224a?

(c) The magnetic lines of force are parallel to the yz plane and are
given by

Hence

dy _dz

B, B,
They have mirror symmetry with respect to the zz plane, as shown by the
dashed curves in Fig. 2.78. If we define the scalar magnetic potential ¢,
by H = —V¢,,, then the equipotentials are cylindrical surfaces everywhere
perpendicular to the lines of force. Their intercepts in the yz plane are
shown as solid curves in the figure. Hence if the two wires carrying currents
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were replaced by a cylindrical permanent magnet piece with the two side
surfaces (+2 and —z) coinciding with the equipotential surfaces, the same
magnetic lines of force would be obtained, since for an iron magnet of
4 — oo the magnetic lines of force are approximately perpendicular to the
surface of the magnetic poles.

Fig. 2.78
Carrying the idea of magnetic charges further, we have
V-H=-V¢n =pm,

where p,, is the magnetic charge density. Then applying the divergence

theorem we have
fH-dS:/ V- -HdV = ¢n
s v

where ¢y, is the magnetic charge enclosed by S, showing that H is analogous
to D in electrostatics. Applying the integral to a uniform cylinder, we have

fH-dl:z\m,
C

where C is the circumference of a cross section of the cylinder and ),, is
the magnetic charge per unit length. Comparing with Ampére’s circuital
law, fc H - dl = I, we have the equivalence

I e A,

Proceeding further the analogy between electric and magnetic fields we
suppose that a metal pipe of the same cross section is used, instead of the
cylindrical magnet piece, with charges £\ per length on the side surfaces
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Fz. Then an electrostatic field distribution is produced similar to the lines
of force of B above. With the substitution H — D, I — ), the relations in
(a) and (b) are still valid.

(d) By analogy, Eq. (1) gives

q a

47eg (22 +a?)
With e = z=5x 10"3m, E, = 8 x 10° V/m, we have
g=8.90x10"7C.

The potential difference between the two cylindrical sides carrying opposite
charges ¢ per unit length is

— qa %3 dz _ q i Z3 _ 3
AV = 47eq /"l 22+a?  47e, arctan (a) =27Tx10°V

21

z =

with 2, =4x1073m, 220 =8 x 1073 m.

2107
In a measurement of e/m for electron using a Thomson type apparatus,
i.e., crossed electric and magnetic fields in a cathode-ray tube, it is noted
that if the accelerating potential difference is sufficiently large, the ratio e/m
becomes one-half as large as the accepted value. Take e/mg = 1.8 x 101!
C/kg.
(a) Draw a simple sketch of the apparatus used and give a brief expla-
nation of how 1t is supposed to function.

(b) Find the accelerating potential difference V which causes e/m to
be one-half its accepted value. Take ¢ = 3 x 10® m/sec.
(SUNY, Buffalo)

Solution:

(a) A Thomson type apparatus is shown schematically in Fig. 2.79,
where Vj is the accelerating voltage and V; is the deflecting voltage.

(an BO ’E—‘\_D’—ﬂo

— yz
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With the addition of a magnetic field B as shown, the electromagnetic field
has the action of a velocity-filter. With given values of V; and V3, we adjust
the magnitude of B so that the electrons strike the center O of the screen.
At this time the velocity of the electron is v = E/B (since eE = evB).
Afterward the magnetic field B is turned off and the displacement y; of the
electrons on the screen is measured. The ratio e/m is calculated as follows:

D+& eE (L? e dB?(L?
neBitn= 25 (5 410) -5 4 (§ 000).

giving v
2Y2
efm= ———g—m—m—,
/ dB*(& + LD)

(b) When the accelerating voltage is very large, relativistic effects must
be considered. From energy conversation

eVi + moc? = me?,
we find
Vi = (ﬂ _ ﬂ) 2
e e
As & = %—‘—o, the accelerating voltage is
2 16
_moc® _ 9x10° 5
n= = axiom -0V
2108

The betatron accelerates particles through the emf induced by an in-
creasing magnetic field within the particle’s orbit. Let B; be the average
field within the particle orbit of radius R, and let B; be the field at the
orbit (see Fig. 2.80).

(a) What must be the relationship between B, and B, if the particle
is to remain in the orbit at radius R independent of its energy?

(b) Does the above relationship hold at relativistic energies? Explain.
(MIT)
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z
B, Bl B2
l__
~-beam y
; % )
—r—l
x er
Fig. 2.80

Solution:

(a) Suppose the magnetlc field i is orlented in the z direction, i.e., B =
Bse;. From V x E = m , where 28 a: > 0, we see that the electric ﬁeld is
along the —ey direction and has axial symmetry. Then from

fE-dl:-/B-ds
C S

27RE = —g/B; ds.

we have

The average magnetic field is

_ _fBl-dS

B, = R
Hence RdB
—_=&

E = T

If the effect of radiation damping is negligible the equation of the motion
of the particle is
d(mv)
dt

In cylindrical coordinates, this is equivalent to two equations:

=gE+¢qv x B,.

mv?

&= quB, in e, direction,
d(mv) _ gRdB; . .
T qF = TR in ey direction.
The last equation can be integrated to give mv = qRBl assuming v =

0,B; =0att=0. Thus B; = 'I';—;', B, = 2""’ . Hence we require B; = B, /2.
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(b) For the relativistic case, the equation of motion for the particle is

i(_"'l__)._.,mqvxa.

AW e

By a similar analysis, we again get the relationship B, = B, /2.

2109

(a) Calculate the electric polarization vector P and also the surface
and volume bound charge densities in a long dielectric cylinder spinning at
an angular velocity w about its axis in a uniform magnetic field B which is
parallel to the axis.

(b) A doughnut-shaped solenoid winding has dimensions R = 1 meter,
diameter of the loop = 10 cm, and the number of windings = 1000. If a
current of 10 amperes runs through the wire, what is the magnitude and
the direction of the force on one loop?

(c) Find the radiation pressure on a mirror 1 meter away from a 70
watt bulb. Assume normal incidence.

(d) A plane electromagnetic wave is normally incident on a perfect
conductor (superconductor). Find the reflected E and B fields, the surface
charge and current densities in terms of the incoming fields.

(e) Two charges ¢ and —gq are brought from infinity to a distance d
from a conducting plane and a distance r from each other. Find the work
done in the process by the external force which moved the charges. Give
both magnitude and sign.

(UC, Berkeley)

Solution:

(a) The constitutive equation for electric fields in a dielectric medium
moving with velocity v in a magnetic field B is

D =kegE+eo(k—1)vx B,

where k is its relative dielectric constant. For a point distance r from the
axis of rotation, v=wxrand vx B = (w-B)r— (r-B)w =wBrasr
is perpendicular to B. As there are no free charges, Gauss’ flux theorem
§D-dS =0 gives D = 0. Then from D = &E + P we get

P= —eoE = 60(1 - %)wBr.
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Hence the volume bound charge density is

pP=-V-P= —%%(rﬂ-) = —2¢ (1 - %)wB

and the surface bound charge density is
, 1
o'=P =¢ l—z wBa,

as r = a for the cylinder’s surface.

(b) By symmetry and using Ampére’s circuital law, we obtain the
magnetic induction in a doughnut-shaped solenoid:

B = uoNI

27r

where r is the distance from the center of the doughnut. Consider a small
section of length dl of the solenoid. This section contains -%t:dl turns of the
winding, where R is the radius of the doughnut. Take as current element
a segment of this section which subtends an angle df at the axis of the

solenoid: Nidl

Al = m—pdﬂ,
where 0 is the angle made by the radius from the axis to the segment and
the line from the axis to center of the doughnut and p is the radius of a
loop of winding. The magnetic force on the current element is in the radial
direction and has magnitude

_ B _Nlp

dF = Al 7 = 4ﬂ_RBdﬂdl
_ BoN?I%p
= “gr2gr 204l

where B/2 is used, instead of B, because the magnetic field established by
the current element itself has to be taken out from the total field. Note that
dF is perpendicular to the surface of the solenoid and only its component
dF - cos 0 along the line from the axis to the center of the doughnut is not
canceled out with another element at 27 — 4. As

r=R+ pcosh,
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we have the total force on the doughnut

F= /cosOdF
_ Ilosz Q‘I‘R 2% pcoso _peost .
872R o R+ pcost

2712
=“°NI/ 1-—P2  a
4 R+ pcosf

272 p2x -1
°NI/ [l— l+—coso ]d0

(- -

_ 47 x 1077 x 10002 x 10? [ 1 ]
- 2 V1-0.052

= -0.079 N

Hence, the force on one loop is

F 0079 _

—_— -5
N~ 1000 T9x 107N

and points to the center of the doughnut.

(c) The electromagnetlc field momentum incident on the mirror per
unit time per unit area is -7,- where W is the wattage of the bulb and
d is the distance of the mirror from the bulb. Suppose the mirror reflects
totally. The change of momentum occurring on the mirror per unit time
per unit area is the pressure

2w 2x170

—_ — -8 2
P= e~ Trx P x3x108 = 57 107" N/m".

(d) Let Eq and Bg be incoming electromagnetic field vectors and let
E’ and B’ be the reflected fields. Applying the boundary relation n x
(E2 — E1) = 0 to the surface of the conductor we obtain E’' + Eq = 0, or
E' = —E,, since Eq and E’ are both tangential to the boundary. For a
plane electromagnetic wave we have

B = i—k’ xE' = 5(-1:0) x (~Eq) = Bo
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For the conductor the surface charge density is ¢ = 0 and the surface
current density is

i=nx (H’+Ho) =2nx Hy = —2(ko X H)/ko
= 2€oono/ko = 2€och .

(e) The work done by the external force can be considered in three
steps:

1. Point charge ¢ is brought from infinity to a distance d from the
conducting plane. When the distance between ¢ and the conducting plane
is 2, the (attractive) force on g is given by the method of images to be

_ '

" 4xeg(22)?

In this step the external force does work

d qz
- Fdz = - .
/,,o # = T 16xeod

Note that the first minus sign applies because F' and dz are in opposite
directions.

2. Point charge —q is brought from infinity to a distance d from the
conducting plane, but far away from charge q. The work done in this
process by the external force is exactly the same as in step 1:

s
W2 =W =~ foreed
3. The charge —¢ is moved to a distance r from g keeping its distance
from the conducting plane constant at d. When the charge —q is at distance
z from g, the horizontal component of the (attractive) force on —q is given
by the method of images to be
__ g’z
47xeoz? 4150(::2 +4d?)3/2°

In this step the work done by the external force is

r 2
= 9z
Wa= / Fdz = / 41r€oz"’ / 4xeo(2? +4d2)3/2dz

41r€or 411'&:0(r2 +4d2)1/2°
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Hence the total work done by the external force is
W=W,+W,+W;
@i, 11
dmeo |r  2d  (r?2+4d2)V/2)°
We can also solve the problem by considering the electrostatic energy of
the system. The potential at the position of ¢ is
q 1 1 1
L= —=— 5t /=
4meg r 2 r?44d?

and that at —q is

_a (1,11
L dmeo \r  2d /ri+4d2)’
again using the method of images. The electrostatic energy of the system

is given by W, = %qu:. Taking the potential on the conducting surface to
be zero, we find the work done by the external force to be

Wew.=_C (1,1 ___ 1
TUCT dmgo\r 2 rit+4dZ)’

2110

A Hall probe with dimensions as shown in Fig. 2.81 has conductivity o
and carries charge density p. The probe is placed in an unknown magnetic
field B oriented along the +y direction. An external potential V. is applied
to two ends producing an electric field in the +2z direction. Between which
pair of ends is the equilibrium Hall voltage Vi observed? Derive an
expression for B in terms of Vi, Vext, 7, p and the dimensions of the probe.

(Wisconsin)

2 T

Fig. 2.81
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Solution:

The Hall voltage is between the planes z = 0 and z = h. For equilib-
rium we have

qEqan = ¢Bv.
As Vi E V.
o o
Epan = Hall’ v=:7_= ext _ 7 ext’
h P P p 1
the above gives
Via _ g7 Vess
A~ Tp 17
o Vaan  pl
Hall P
B= Vext oh )
2111

A uniform magnetic field is applied perpendicular to the flow of a
current in a conductor as shown in Fig. 2.82. The Lorentz force on the
charged carriers will deflect the carriers across the sample to develop a
potential, the Hall voltage, which is perpendicular to both the directions of
the current I, and magnetic field B,. Thus the total electric field can be
expressed as

_Jd_ p
_0+RH_|xB,

where Ry is the Hall coefficient, o the conductivity, and j the current
density.

(a) For the case of a single type of carrier, show that Ry gives the sign
of the charge of the carrier and the carrier density.

(b) Describe an experimental method determining Ry for a sample at
room temperature. Draw a diagram based on Fig. 2.82 which shows all the
electrical connections (and contacts with the sample) which are required,
including circuits and measuring instruments to determine the true Hall
voltage (its magnitude and polarity).

(c) Prepare a table of all the parameters which must be measured with
the B-field on or off. State the units in which each parameter is measured.

(d) How do you compensate experimentally for rectifying effects which
may exist at the electrical contacts with the sample?
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(e) The sample (a semiconductor) is found to have a negative value for
Ry at room temperature. Describe the charged carriers.

(f) At liquid nitrogen temperature the Ry of this sample reverses to
become positive. How do you explain the results for room and low temper-
atures under the simplifying assumptions that: (1) all the charged carriers
of one type have the same drift velocity, and (2) we neglect the fact that
most semiconductors have two distinct overlapping bands?

(Chicago)

*x

Solution:

(a) Let the charge of a carrier be ¢ and its drift velocity be v, then in
equilibrium
qE;, +qvxB=0.

As j = nqv, n being the carrier density, we have

E, = —Lj xB.
qn
But we also have
E, = RHj x B )
hence 1
Ry=-—.
qn

Thus Ry gives the sign of the charge and the charge density of the carriers.
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(b) An experimental arrangement for determining Ry is shown in
Fig. 2.82. The magnitude and polarity of the Hall voltage V can be mea-
sured using a voltmeter with high internal resistance. The Hall electric field
is given by E; = V/w. Accordingly

I, can be measured with an ammeter, B, can be determined using a sample
of known Hall coefficient.

(c) All the parameters to be measured are listed below:

Parameter : B, I, tV
Unit : T A m V

(d) Repeat the experiment for two different sets of I, and B,. We have

Ry = (Vi — Vo)t - (Vo — W)t
Iyl le IVQBZQ ’

where Vj is the contact potential difference caused by rectifying effects and
can be determined from the above expressions to be
Vo = Vthle - Vll!hBla .
I!h Bll - Iv: BZ:

Once 1 is determined, it can be compensated for.

(e) As Ry is negative the carriers of the sample have positive charge.
Hence the sample is a p type semiconductor.

(f) At liquid nitrogen temperature the concentration of the holes re-
lating to the main atoms is greatly reduced mainly because of the eigen
electrons and holes. The concentrations of the eigen electrons and holes are
equal, but because of the greater mobility of the electrons their Hall effect
exceeds that of the holes. As a result, the Ry of the sample reverses sign
to become positive.

2112
The Hall effect has to do with:

(a) the deflections of equipotential lines in a material carrying a current
in a magnetic field,
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(b) rotation of the plane of polarization of light going through a trans-
parent solid,

(c) the space charge in electron flow in a vacuum.
(ccr)
Solution:
The answer is (a).

2113

(a) Prove that in a stationary plasma of ohmic conductivity o and
permeability 4 = 1 the magnetic field B satisfies the equation

F): S
- =DV'B,

where D = ¢?/470.
(b) If the plasma is in motion with velocity v, prove that the above
equation is replaced by

%:Vx(va)+DV2B.

(c) At t = 0 a stationary plasma contains a magnetic field

B = B(z)e;,
By, |.‘L’| <L
B =
(=) { 0, |zI>L,

where By is a constant. Determine the time evolution of the field assuming
that the plasma remains stationary.

(d) The average conductivity of the earth is roughly equal to that of
copper, i.e., 0 ~ 10'®s~!. Can the earth’s magnetic field be a primordial
field which has survived since the formation of the solar system, about
5 x 10° years?

(MIT)

Solution:

(a) If a plasma is stationary and its displacement current can be ne-
glected, the electromagnetic field inside the plasma satisfies the following
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Maxwell’s equations (on Gaussian units)

V-D = 4npy, VxE——l%B,
4r
V-B=0, Vsz?jf,

and if the plasma is ohmic we have also

Jjy=oE.
Thus
VxB= %aE,
Vx(VxB)=V(V-B)-V’B=-V’B= 477"an E=—4:20%?
or o8
o =DV'B (1)
with D = 3%-. The equation (1) is a diffusion equation.

(b) If the velocity of the plasma is not zero, we have
. 1
Jjy=oc{E+ ;v xB]).
In the nonrelativistic approximation v < ¢, use of the above Maxwell’s

equation gives
VxB= 4’"’(E+ va)
c

Taking curl of both sides gives

%:DVZB+Vx(va). (2)

(c) For a stationary plasma the magnetic field is determined by (1).
From the initial condition we see that (1) can be reduced to the one-dimen-
sional diffusion equation

0B, (z,t) Dasz(z, t)
ot 9z2
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We separate the variables by letting B.(z,t) = X(z)T'(t) and obtain

Ldar_1dX __
DT dt ~ X de?

with solutions . )
T(t) = Ae~v' Pt X(z) = Ce™*.

Hence o
B,(z,t,w) = A(w)e~¥ Dteiws

As w is arbitrary the general solution is
0o R .
B;(z,t) = / A(w)e™ Dieiweqy,
—-00
For t = 0, the above reduces to
oo I3
B,(z) = / Aw)e“*dw,
—00
and by Fourier transform we obtain

Aw =5 [ Z B,(€)e "t ds

Hence

B,(z,t) = /: B. (&) [2_11F /-: e—w’DteiU(&'—f)dw]df ,

where the definite integral inside the brackets can be evaluated,
* -w?Dt giw(z—§) T _—(z-¢)?
e ew(= dw = e )°/4Dt
—o0 Dt ’

and B(§) is given by the initial condition

Bo, for K|<L

B.(©) = { 0, for [|>L.

Therefore, the time evolution of the field is given by

__Bo [t ey
B,(z,t)-\/h—m/_*e d¢.

©)
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(d) It is not possible that the earth’s magnetic field is a primordial field
which has survived the formation of the solar system, about 5 x 10° years
ago, as By would have fast disappeared by diffusion. A semi-quantitative
proof is given below.

As the conductivity of the earth is approximately o ~ 10'% s~!, the
diffusion coefficient of the earth’s magnetic field is

D= _cf__ ~ 10° cm?/s
~ 4xo

»

and Dt = 102 for t = 5 x 10° years = 1.5 x 10'7s. The linear dimension of
the earth is L ~ 10° cm. Thus the exponent in (3) is approximately

— £)2 2
(z 6) ~_I_’___~10—4,

4Dt ~ 4Dt

giving
e—(=—€%)/4Dt o,
and
Y o2
/ c"'mq'df ~L.
-§

Hence

LB,
VvaxDt

This shows that the present earth’s magnetic field would be only 10-4B,
if it has arisen from the primordial field By. With the present earth’s mag-
netic field of ~ 1 Gs, the primordial field would have been By ~ 10* Gs.
This value is much higher than the magnetic fields in the plasmas of the
various celestial bodies.

B,(z,t) = ~ 1074B,.

2114

A model for an electron consists of a shell of charge distributed uni-
formly on the surface of a sphere of radius a. The electron moves with
velocity v < ¢ (see Fig. 2.83).

(a) What are E and B at a point (r,) outside the sphere?

(b) Find the value of a such that the total momentum carried by the
field is just equal to the mechanical momentum mv, v being the electron’s
speed.
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(c) Use the value of a to calculate the energy in the field of the moving
charge and compare it with the rest-mass energy and kinetic energy.
(Wisconsin)

r

a (-
Zz
= y<<C

Fig. 2.83

Solution:

(a) In the rest frame X’ of the electron, the electromagnetic field at a
point of radius vector r’ from it is, in Gaussian units,

er

r3?

E = B'=0.

In the laboratory frame X, by Lorentz transformation (with v < ¢) the
field is

E:E—%xE=EG
B=B'+-xE=2xE.
c [

The field point has coordinates (r,8) in X as shown in Fig. 2.83. As v < ¢,
we have ' =~ r and

er' er
E=E'= ;.E >~ 3 ,
N 213
c c r
with magnitudes
e evsin @
E=—, B= .
r2’ er?
(b) The momentum density of the field is
N 1
=—=—(ExB).
E=2 41rc( x B)

Substituting in E and B yields
_ e rx(vxr) €
E= Tne? r6 ~ 4mc2rs

(vr —vrcosf).
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Hence the momentum of the electromagnetic field of the electron is

2% - 2
P= ///gdv_e,/ d¢/ d0/ d”(: ;‘f 9 26in 0

2e v
= 323" 3c2
Note that in the integrand above the component of g perpendicular to v
will cancel out on integration; only the component parallel to v needs to
be considered.
If the electromagnetic field momentum of the electron is equal to its
mechanical momentum, mv, i.e., %;—v = mv, then

2¢2 2

L _Z -5 — -5
3507 =3 X282x107°A =188 x107°A.

a=

(c) The energy of the field of the electron is

W= ///—(E’+B2)dv /// [ “’c;’fj‘ G]dv
2%
=E-/ d<p/ do/ rzsino[l—?L—?’T‘"u]dr
T 0 a r

e? 2v 3mc? 2421 3 , 1,
-27(‘+3cz)—7[‘+§c—z =gmetem

It follows that for v < ¢, imv? K W < mc?.

2115

A beam of Na atoms (ground state 251/2), polarized in the +z direc-
tion, is sent in the z direction through a region in which there is a magnetic
field in the +y direction. Describe the form of the beam downstream from
the magnetic field region (both its spatial structure and polarization), as-
suming the field has a large gradient in the y-direction.

(Wisconsin)

Solution:

Na atoms polarized in the +z direction have the probabilities of one-
half in eigenstate Sy = +% and one-half in eigenstate S, = —%. Under
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the action of a magnetic field B = Be, with % > 0, the Na atoms of
Sy = +% will deflect to the —y direction, while those of S, = —% will
deflect to the +y direction. Thus, going through the magnetic field, the Na
atoms will split into two beams with directions of polarization —y and +y.
(Since AE = —m -B = —%,(-S)-B = ;£5,B, and %;1 > 0, Na atoms of

me
Sy = % deflect to the —y direction and Na atoms of S, = —2 deflect to the

+y direction.)

2116
In a frame S there is a uniform electromagnetic field

E =3Ae;, B =5Ae,

(in Gaussian units). An ion of rest mass mo and charge ¢ is released from
rest at (0,b,0). What time elapses before it returns to the y-axis?
(SUNY, Buffalo)

Solution:
The Lorentz force equation

mi":q(E-i-%i'xB)

has component equations

moi = 3Aq + 344y, (1)
mof] = —ielé ) (2)

Integrating (3) and noting z|;=¢ = 0, z|¢t=0 = 0, we have z = 0. Integrating
(2) and using z|;—o = 0, Y|¢=0 = 0, we find

. 5Aq
y=— o @

54¢\*(  3mec?\ _
+ (moc) (z— 25Aq =0.

Use of (4) in (1) gives
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With z|¢=0 = 0 we get

_ 3myc?

¥ = 9544

(1 - coswt),

where
|

moc
Note that z =0 at t = 2—"",1 Let n =1, then

2x _ 2xmgc

w 5Aq

t

This is the time that elapses before the ion returns to the y-axis.

2117

A magnetic field can suppress the flow of current in a diode. Consider
a uniform magnetic field B = (0,0, By) filling the gap between two infinite
conductors in the yz plane. The cathode is located at z = 0 and the anode
at z = d. A positive potential Vj is applied to the anode.

Electrons leave the cathode with zero initial velocity and their charge
density causes the electric field to be non-uniform:

-(_9
E-= (— 62’0’0)'

(a) Under steady state conditions what quantities are constants of the
electron’s motion?

(b) Determine the strength of the magnetic field required to reflect the
electrons before they reach the anode.

(MIT)
Solution:

When gravity is neglected, the motion of an electron is described by
(assuming v < ¢)

m&%s = —e(— ¢ +v,Bo), (1
m%’{- =ev. By, (2)

méa = 0. (3)
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(a) Integrating (3) we have

v;(t) =v,(t=0)=0,
z(t) = z(t = 0) = const.

Hence the coordinate and speed of the electron in the z direction are the
constants of the motion, in particular v, = 0.

(b) The work done by the electric field in moving an electron from
cathode to anode is

d
W=/ —e-(—a—¢)dz=e%,
0 Oz

since the magnetic field does no work. When the electron reaches the anode,
the magnitude of its velocity vy = vy;i+ vy, j can be obtained by equating
the kinetic energy of the electron to the work done by the electric field:

%mvf:eVo,
giving

vy = 2¢eVo

1=\ T

If the electrons are not to reach the anode, we require that

2CVO
vz =0, vpy= el
Writing (2) as
dv, dz
ma =B

and integrating both sides, noting vy = 0,z = 0, at ¢ = 0 we obtain

mw 26Vo = eBod,
m
_ 2mVo
By = \/ Pyl

Therefore the induction of the magnetic field must be greater than %‘,’n
for the electrons to reflect back before reaching the anode.

giving
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2118

Specialized bacteria can be found living in quite unattractive places,
such as oil and sewage disposal plants. A bacterium that lives in an abso-
lutely dark and essentially homogeneous soup faces a serious navigational
problem if he must sometimes rise for oxygen and then descend for an
important part of his dinner. Which way is up?

One class of bacteria has solved the problem by incorporating an iron
oxide magnet inside its cell. Discuss the following questions quantitatively
making clear the nature of the necessarily rough approximations used.

(a) Why not sense the pressure gradient in the fluid instead of using a
magnet?

(b) Estimate the minimum magnetic moment that could be used to
line up the bacterium.

(c) Asssuming 10~* cm for the length of the magnetic needle, estimate
its minimum diameter.

(d) Why is a needle better than a spherical magnet?
(Princeton)

Solution:

(a) The pressure gradient in a fluid (buoyancy) can cause a baterium
to rise or descend, depending on its specific weight relative to the fluid. On
the other hand, a magnet inside a bacterium can cause it to rise or fall,
depending on the relative orientation between the magnetic moment and
geomagnetic field. Because of the random thermal motion (Brownian move-
ment) this relative orientation is randomly changed so that a bacterium can
both rise for oxygen and descend for food. Actually such small magnets of
the bacteria string together to form large magnets of moment m. In the
inhomogeneous geomagnetic field the force causing such a magnet to rise

or fall is given by

JB
F-m—a—;

where B is the earth’s magnetic mductlon If we represent the height above
the earth’s surface by 2z, then Z|B| is negative as we go up. F, can be

pointing up or down depending on the orientation of m relative t.o

(b) In Gaussian units the interaction energy between two magnetic
dipoles of moments m; and m; is

[mz 3(m2 r)

where r is the radius vector from m, to m;,.
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For the magnets inside two adjacent bacteria which line up end to end,
my =my =m,my//ma,r =d=10"* cm, and the interaction energy is

2m?
W — —F .

The energy of the Brownian movement of bacteria is ~ kT, where k is
Boltzmann’s constant and T is the absolute temperature. This movement
tends to destroy the ordering arrangement of the bacteria. Hence for the
linear arrangement of the magnets of the bacteria to be possible we require

that om?
m
—_— D
B kT,

giving the minimum magnetic moment inside a bacterium as

(c) Let r, M and d be the radius of the cross-section, the magnetization
and the length of the magnetic needle respectively, then its magnetic dipole
moment is

m=xr’dM.

Combining with the result in (b), we get

]
r 2> ( kTH) .
~ ™
Take T to be the room temperature, T ~ 300 K. The saturation magne-

tization of a ferromagnet at this temperature is M ~ 1.7 x 103 Gs. The
above equation then gives

r~06x10"%cm.

(d) Needle-shaped magnets are better than spherical ones because they
can be more easily lined up.

2119

As a model to describe the electrodynamical properties of a pulsar we
consider a sphere of radius R which rotates like a rigid body with angular
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velocity w about a fixed axis. The charge and current distributions are
thus symmetric with respect to this axis (and with respect to the normal
midplane of the pulsar). The net charge of the sphere is zero. In the vacuum
outside the pulsar the magnetic field is that of a magnetic dipole m parallel
to the axis of rotation. The magnetic field in the inside is consistent with
the outside field, but otherwise arbitrary.

(a) The magnitudes of the electric and magnetic forces on charged
particles inside the pulsar are very large compared with all other forces.
Since the charged particles are assumed to share in the rotational motion
of the pulsar it follows that, to a good approximation, E = —v x B, where
v = w x r is the local velocity, everywhere inside the pulsar. Imposing this
condition at points just inside the surface of the pulsar, show that at such
points

Pomw sin 6 cos §

B=—"

where 0 is the polar angle with respect to the axis.

(b) On the basis of the above result, find the electrostatic potential
everywhere outside the sphere.

(c) Show that the equation E = —(wxr)x B does not hold immediately
outside the pulsar.
(UC, Berkeley)

Solution:

(a) As shown in Fig. 2.84, at a point P just inside the surface of the
sphere (r = R), the magnetic field generated by the dipole m is

B = B,e, + Byey
_ bo mcosf +msin0
T\ R R )

So the electric field at the point P is

E=-vxB=—(wxr)x Bl|.xr
_ Mo mw sin? § 2mw cos@sin §
T 4x Rz " R? %)

with the 8-component

_ pomw sin 6 cos §

Eo = 2xR?
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Fig. 2.84

(b) Taking the potential on the equator as reference level the induced
potential at a point of latitude a = § — @ is

f-a
V= _/ EoRdf
5

_ /’5"" pomw sin fd(sin ) _ pomw sin® 9 e

= 2R 47R =
2 7
2
= o — 1) = 2o (cara - 1),

where Bp = £ is the induction of the magnetic dipole at the north pole.

(c) The equation E = —v x B does not hold outside the sphere. The
reason is as follows. This equation follows from the transformation of the
electromagnetic field (with v < ¢),

E'=E+vxB,

where E and B are the fields at a point just inside the surface of the pulsar
as measured by an observer in the rest reference frame K fixed at a distant
star, B’ is the electric field observed in the moving frame K’ fixed with
respect to the surface of the pulsar, and v = w x R is the velocity of K’
with respect to K. Since in K’ the surface layer of the pulsar is equivalent
to a stationary conductor, E' = 0 (otherwise j’ = oE’ # 0, i.e., the observer
in K’ would see a current). Thus we have E = —v x B = —(w x R) x B.
But at points just outside the surface of the pulsar the requirement E’ = 0
is not needed. Also the charge density on the surface is generally not zero,
so that the boundary condition would not give E’ = 0 on points just outside
the surface; hence E # —v x B outside the sphere.
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1. BASIC CIRCUIT ANALYSIS (3001-3026)

3001

Suppose the input voltages V;, V2, and V3 in the circuit of Fig. 3.1 can
assume values of either 0 or 1 (0 means ground). There are thus 8 possible

combinations of input voltage. Compute V,, for each of these possibilities.
(UC, Berkeley)

Fig. 3.1

Solution:
The circuit in Fig. 3.1 can be redrawn as that in Fig. 3.2.

Py
WWW/- > VOU(

X
4l
F
X
—
P
Q~. %
w
A'A'A'A 4
~N
2

Fig. 3.2

Let the currents flowing in the component circuits be as shown. By
Kirchhoft’s laws we have

V= [2(i3 - ig) + 2(i3 - i4)]R,
Va ~ V3 = [2(i2 — i1) + (12 — i4) + 2(32 — i3)]R,

315
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Vi = Vo = [2i1 + (41 — i4) + 2(i1 — i2)]R,
0= 2(14 - 13) + (14 - tz) + (i4 —11) +214 .

After solving for iy we obtain

i Vo Vs
Vouwu =204R= —+ —+ — .
out 4 3 6 12
Vout for various values of V;, V5, and V3 are shown in the table below.
Vl Vﬁ VS Vo-ﬂ Vl V2 VS Vo-t
0 0 0 0 1 0 0 1
3
0 0 1 5 1 0 1 >
0 1 0 3 1 1 0 3
0 1 1 i 1 1 1 5
3002

The current-voltage characteristic of the output terminals A, B
(Fig. 3.3) is the same as that of a battery of emf €y and internal resistance
r. Find €9 and r and the short-circuit current provided by the battery.

(Wisconsin)

v
$en

B8
Fig. 3.3

Solution:

According to Thévenin’s theorem, the equivalent emf is the potential
across AB when the output current is zero, i.z., the open-circuit voltage:

€o=VAB=24—6_*—_—6x15=3V.
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The equivalent internal resistance is the resistance when the battery is
shorted, i.e., the parallel combination of the resistances:

_6x24
T 6424

r =489Q.

Then the short-circuit current provided by the battery is

_&_3V _
I=22= e =0625 A
3003

Any linear dc network (aload R is connected between the two arbitrary
points A and B of the network) is equivalent to a series circuit consisting
of a battery of emf V' and a resistance r, as shown in Fig. 3.4.

(a) Calculate: V and r of the circuit in Fig. 3.5.

Fig. 34 Fig. 3.5
2R R 2R R R R A
2R 2R $2R$2R $2R 2R
v 7 Vo T
% 1" T Tailvh-z _T"
-= B
Fig. 3.6 Fig. 3.7

(b) Calculate V and r of the circuit in Fig. 3.6.

(c) Calculate V and r of the circuit in Fig. 3.7.
(Hint: Use mathematical induction)

(Chicago)
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Solution:
(a) We find by Thévenin’s theorem that

2R 1
=2R+2R T2
r—2RX2R—R
T 2R+2R

v Va,

(b) Using the result of (a) for the circuit in Fig. 3.6, we obtain a simpler
circuit shown in Fig. 3.8. Thévenin’s theorem then gives

BUIAY
V—2(2)+§Vn—l
1 1
= E(V"—I-'-EV")’

_2Rx2R_
"S3R+2R™ "

(c) By induction we have

1 1 1 1 1
V= §{V1+§[V2+ E(Vs-i-""i- E(Vn—l+§Vn)"‘) ]}

N —r

n-—1
=214+ 27Wo + - 4+ 27,
r=R.

3004

Four one-microfarad capacitors are connected in parallel, charged to
200 volts and discharged through a 5 mm length of fine copper wire. This
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wire has a resistance of 4 ohms per meter and a mass of about 0.045 gram
per meter. Would you expect the wire to melt? Why?
(Columbia)

Solution:

The relevant data are

total capacitance C =4 x 1 =4 uF,

energy stored in the capacitance
cvi=

E= x 4 x 10~% x 200% = 0.08J ,

[T
N —

resistance of copper wire R =4 x 5 x 1073 = 0.02 Q,

mass of copper wire m = 0.045 x 5 x 10~3 = 0.225 mg,

melting point of copper ¢t = 1356°C,

specific heat of copper ¢ = 0.091 cal/g-°C.

If the copper wire is initially at room temperature (t = 25°C), the heat
needed to bring it to melting point is

Q = cmAt = 0.091 x 0.225 x 10~3 x (1356 — 25)
=0.027 cal = 0.117J.

As Q > E the copper wire will not melt.

3005
As in Fig. 3.9, switch S is closed and a steady dc current I = V/R is
established in a simple LR series circuit. Now switch S is suddenly opened.

What happens to the energy % LI? which was stored in the circuit when
the current I was present?

(Wisconsin)

Fig. 3.9
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Solution:

When switch S is suddenly opened, the energy %LI 2 will be radiated
in the form of electromagnetic waves.

3006

(a) The capacitor in the circuit in Fig. 3.10 is made from two flat square
metal plates of length L on a side and separated by a distance d. What is
the capacitance?

(b) Show that if any electrical energy is stored in C, it is entirely
dissipated in R after the switch is closed.
(Wisconsin)

Jdl
1!
(9]
2

Fig. 3.10

Solution:

(a) The capacitor has capacitance C = £%. As € = ¢ for air, C =

€oL2/d.

(b) Let Vi be the voltage across the plates of the capacitor initially.
The energy stored is then We = 3 CV?. After the switch is closed at t = 0,
one has

Ve(t) = Voe R |

dVC(t) = ﬁ e—t/RC
dt R '
The energy dissipated in the resistance is

i(t)=-C

0o V2 00 1
Wr =/ 2(t)Rdt = % / e~ #RCq = — CVZ .
0 R 0 2

Hence
Wr=Wc,

which implies that the energy stored in the capacitor is entirely dissipated
in the resistance R.
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3007
(a) Given the following infinite network (Fig. 3.11):

Ry Ry R R

N

iRz 3Ry iRziRz

Fig. 3.11
Find the input resistance, i.e., the equivalent resistance between terminals
A and B.

(b) Figure 3.12 shows two resistors in parallel, with values R; and R,.
The current Iy divides somehow between them. Show that the condition
Io = I + I3 together with the requirement of minimum power dissipation
leads to the same current values that we would calculate by ordinary circuit

formulae.
(SUNY, Buffalo)

nh R

Jo | .
I; Ry
Fig. 3.12

Solution:

(a) Let the total resistance of the infinite network be R. After removing
the resistances of the first section, the remaining circuit is still an infinite
network which is equivalent to the original one. Its equivalent circuit is
shown in Fig. 3.13 and has total resistance

RR,
R+ Ry’

R=R; +

This gives a quadratic equation in R

R -RiR-—RiR;=0.

_ Ry vV Rlz + 4R R,
R==5+ 2

gives the equivalent resistance.

The positive root
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(b) As Iy = I + I, the power dissipation is
P= I‘2R1 + 122R2 = I12R1 +(Io — 11)2R2 .

Ry
A v

iR, 3R

Fig. 3.13
To minimize, put $f = 0, which gives 2Iy Ry — 2(Io — 1)R; = 0, or

This is the formula one usually uses.

3008

The frequency response of a single low-pass filter (RC—circuit) can be
compensated ideally:

(a) exactly only by an infinite series of RCfilters
(b) exactly only by using LCfilters
(c) exactly by a single high-pass (RC) filter.
(CCT)
Solution:
The answer is (c).

3009
A square voltage pulse (Fig. 3.15) is applied to terminal A in the circuit
shown in Fig. 3.14. What signal appears at B?
(Wisconsin)

1K

Fig. 3.14
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Solution:

The time constant of this circuit is

r=RC=1%x103x1x10=10"3s=1ms.

+5V

— 0V

1ms

Fig. 3.15
The voltages at A and B are

Va = 5u(t) — 5u(t — 1),
Ve =5e"/Tu(t) — 5e=C—D/Ty(t — 1)
= be~tu(t) — e~ Vy(t — 1) ,

where t is in ms. The time curve of Vg is shown in Fig. 3.16.

Vg(v)
sl B
4
3
?--_
1 2 3 4
3 =
Fig. 3.16
3010

Calculate the energy in the 3 ;F capacitor in Fig. 3.17.
(Wisconsin)

Solution:
The voltage across the two ends of the capacitors in series is

sl _
V=11a+qsm =08V
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14 n

6 uF

WVY ;m‘rtsnI
- ]-3MF
:-l-

Fig. 3.17

The voltage across the two ends of the 3 uF capacitor is 3_‘:_-—6 x 0.8 =
0.53 V. So the energy stored in the 3 uF capacitor is

E:%x3x10'6x0.532=0.42x10'6J.

3011

The diagram 3.18 shows a circuit of 2 capacitors and 2 ideal diodes
driven by a voltage generator. The generator produces a steady square
wave of amplitude V', symmetrical around zero potential, shown at point a
in the circuit. Sketch the waveforms and assign values to the voltage levels
at points b and c in the circuit.

1

(Wisconsin)

MMM
o gt
Fig. 3.18

Solution:

The resistance of an ideal diode is 0 in the positive direction and oo in
the negative direction. Figure 3.19 gives the equivalent circuits correspond-
ing to the positive and negative voltages at point a. We shall assume that
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the voltage generator is always working and the circuit has already entered
a steady state.

a G p c

)J-L "y' -
(a é QFQ

a G p c

I -'V'l-'- v -
(b) ¢ Cz Va

T+

Fig. 3.19

Suppose that during a negative pulse the voltage drops across C; and
C; are V; and V; respectively with the directions as shown in Fig. 3.19(b).
The points a, b and ¢ have potentials

Va=-V=--Vz,
Ww=V=-V;.

Now the potential at a jumps to +V. The voltage drop across Cj
remains at V2 as it is unable to discharge (see Fig. 3.19(a)), while that
across C) is changed to +V. We have

Va=V, VWw=0, Ve=-Vo
Then the potential at a jumps again to —V. We have
Va==-V=V-V,
giving
Vo =2V, w=-v,
and
Vo=Ve=—-Vo=-2V.

Combining the above we have
Vl = _V) V2 =2V )
Vb={0 when V, =V

-2V when V, =-V
Ve = =2V at all times.
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The waveforms at points a, b and c are shown in Fig. 3.20.

v
Va
-V J
%
-2V
Ve
-2v
Fig. 3.20
3012

In the circuit shown in Fig. 3.21, the capacitors are initially charged
to a voltage Vp. At t = 0 the switch is closed. Derive an expression for the
voltage at point A at a later time ¢.

(UC, Berkeley)

R R A
ey
-2
iy
+

Solution:

Suppose at time ¢ the voltage drops across the two capacitors are Vj,
V. and the currents in the three branches are 1,, i3, i3 as shown in Fig. 3.21.
By Kirchhoff’s laws and the capacitor equation we have

#iR+i,R— V=0, (1)

#WR-V, =0, ()
il—i2+i3=0; (3)
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dVy

ia=~C W ’ (4)
. LdW
i3=C—~. (5)
Equations (2) and (5) give
d!l
13 = RCW .
This and Eqs. (3) and (4) give
d dll
u+Cd +RCI 0. (6)
From Eqgs. (1) and (4) one has
1 dv;
h=gltCoy

Substituting it into (6), we obtain

@V 3 dvy 1
a? " RC &t T RC?

Solving this equation we have

V=0.

V, = Ae— 25 RC | p-2504/RC ,

and hence

V]—l]R V2+RC£KZ

48, ssfiuno 1=V piine.

Using the initial condition that at ¢t = 0

Vi(0) = V2(0) = Vo ,

we obtain

Va=Vo= 5 1:(31\/— -34/8ypc , S+3VO 5 + 3\/- o~ 25354/RC

~ +(1.17¢%38/RC _ 0 17,2 62!/RC)V .
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3013

A network is composed of two loops and three branches. The first
branch contains a battery (of emf ¢ and internal resistance R;) and an
open switch S. The second branch contains a resistor of resistance R; and
an uncharged capacitor of capacitance C. The third branch is only a resistor
of resistance R3 (see Fig. 3.22).

(a) The switch is closed at ¢ = 0. Calculate the charge ¢ on C as a
function of time t, for ¢t > 0.
(b) Repeat the above, but with an initial charge Qo on C.
(SUNY, Buffalo)

Solution:

Let the currents in the three branches be I, I, and I; as shown in
Fig. 3.22 and the charge on C be ¢ at a time ¢ > 0. We have by Kirchhoff’s
laws

e=IRy+ IiR3,
5=1R1+I2R2+% )
I=5L+1,.
S
N —
I )
R ! Ry
IR
1 3 Ct 9
T |
Fig. 3.22
As %% = I, the above give
dq
where
R, + R, eR3

A= , B = .
(Rl Ry + RoR3 + RaRl)C RiR; + R2R3 + R3Ry
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Solving for ¢ we have

B
— Jeo—At
qg=de + 1
with d to be determined by the init.ial conditions.

(a) If ¢(0) = 0, then d = —— , and

q—E(l—e'A')z eR3 1 — ex { Ri + Ry }
A Ri+ R; P\ ™ (RiR;: + RzsRs + RaR1)C

(b) If ¢(0) = Qo, then d = Qo — &, and

_B B - At
‘I—A+(Q0—A)e

_ _¢€Rs +(Q— eR3 )ex {_ Ri + Ry t}
“Rit+R \" Ri+R) P\ (RiR:+ RsRs+ RsR1)C J

3014

In the circuit shown in Fig. 3.23, the resistance of L is negligible and
initially the switch is open and the current is zero. Find the quantity of
heat dissipated in the resistance R; when the switch is closed and remains
closed for a long time. Also, find the heat dissipated in R, when the switch,
after being closed for a long time, is opened and remains open for a long
time. (Notice the circuit diagram and the list of values for V, R;, Rz, and
Ly.)

(UC, Berkeley)

Ry
=100V

L4 Ry=100n L R,
- Ry=1000
L=10H

Fig. 3.23
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Solution:

Consider a resistance R and an inductance L in series with a battery
of emf €. We have dl

C—in':IR,
or RdI dt
—mr-"Rp-

Integrating we have
nfe~I()R) = - + K ,

where 7 = % and K is a constant. Let 1 = I(0) at ¢t = 0 and I = I(co) for
t — o0o. Then ¢
K =Inle - I(0)R], I(°°)='ﬁ'
and the solution can be written as
1(t) = I(co) + [1(0) — I(co0))e™* .

Now consider the circuit in Fig. 3.23.
(1) When the switch is just closed, we have

14

®O= 53R

=091A.

After it remains closed for a long time, we have
I R,(OO) =0 ,

since in the steady state the entire current will pass through L which has
negligible resistance.
As the time constant of the circuit is

L

T ——
Ry||R,

=1ls,

we have

IR, (t) = Ir,(00) + [IR,(0) — Ig,(co)le~"/"
=0.91e7%% A,
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o0 00
Wg, = / I}, (t) Rydt = / 0.91%2¢~13% x 100dt
0 0
=45517 .

(2) When the switch is just opened, we have
Vv
IL(O)-}—%T—IOA.

The energy stored in the inductance L at this time will be totally dissipated
in the resistance R,. Thus the heat dissipated in R; is

WR,=%LIE(O):%x10x100=5OOJ.

3015

The switch S in Fig. 3.24 has been opened for a long time. At time

t =0, S is closed. Calculate the current Iy through the inductor as a
function of the time.

(Wisconsin)

200N
——

ll—kn

=10V 2000} 16%H le

Fig. 3.24

Solution:
Assume the inductor has negligible resistance. Then at ¢ = 0 and
t = o0,
1,(0)=0,
Ip(o0) = 10 =0.05A .
200
The equivalent resistance as seen from the ends of L is

R = 200][200 = 100 Q ,
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giving the time constant as

-5
L _107" _ 1077 s

TR 100
At time ¢, the current passing through L is
I1(t) = I1(00) + (IL(0) - I1(c0))e™*
=0.05(1—e 10t A .

3016
Refer to Fig. 3.25.

(a) The switch has been in position A for a long time. The emf’s are
dc. What are the currents (magnitude and direction) in €;, R;, Ry and L?
(b) The switch is suddenly moved to position B. Just after the switch-
ing, what are currents in €2, Ry, Rz and L?
(c) After a long time in position B, what are the currents in €2, Ry,
Ry and L?
(Wisconsin)

s
A B
S| =
> 5§ <
2Rk el T3 ®
" ~ o~ "
oW ¢ ~
R =100
Fig. 3.25

Solution:

(a) After the switch has been in position A for a long time, L corre-
sponds to a shorting. Then one finds that

IRQ_O)

€1 5
Ir, = — = — = 0.5 mA, left ;
R, R, ~ 108 0.5 mA, leftward ;

I, = Ig, = 0.5 mA, upward;
IL =1, = 0.5 mA, downward.
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(b) When the switch is suddenly moved to position B, I holds con-
stant instantaneously, namely, Ir = 0.5 mA and flows downward. Let the
currents through R; and R; be Ig, and Ig, and their directions be right-
ward and upward respectively. Now we have

IR1 4+05x10"3= IR;,
{ Ianl + IR,Rz = (I}-zl + IR,) x 10% = g9 =10.
Solving these equations we have
Ir, = 0.25 mA, rightward; Ir, = 0.75 mA, upward;
I, = 0.25 mA, downward; I = 0.5 mA, downward.

(c) Using the results of (a) but replacinge =5 V by e = =10 V, we
have

IR, = %2— =1 mA, rightward; Ir, =0;
1
Ip =1 mA, upward; I, =1 mA, downward.

3017

As shown in Fig. 3.26, the switch has been in position A for a long time.
At t = 0 it is suddenly moved to position B. Immediately after contact with
B:

(a) What is the current through the inductor L?

(b) What is the time rate of change of the current through R?

(c) What is the potential of point B (with respect to ground)?

(d) What is the time rate of change of the potential difference across
L?

(e) Between ¢t = 0 and ¢ = 0.1 s, what total energy is dissipated in R?

(Wisconsin)
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Solution:

(a) Because the current through an inductor cannot be changed sud-
denly, we still have

i(0) = %: 1A.
(b) As —L %2 = iR,
il _ _;oE- &__ .
a |, tL(O)L =1x 10° A/s .

(c) v8(0) = —iL(0)R= -1 x 10* = —10* V.
(d) As vy = vg =i R,

dvp _dig . R?
@ |, a |, O
4)2

(e) As W = 3 Li3 (1),
ir(t) =i (0)e" Bt =¢~10' A |

the total energy dissipated in R fromt=0to¢t=0.1sis
Wr Li3(0) - LzL(O 1)

= % x 1 x(l)'—%x 1x e 2X10'x01 — 53

3018

The pulsed voltage source in the circuit shown in Fig. 3.27 has negligi-
ble impedance. It outputs a one-volt pulse whose duration is 106 seconds.
The resistance in the circuit is changed from 103 ohms to 10* ohms and
to 10% ohms. You can assume the scope input is properly compensated so
that it does not load the circuit being inspected. Sketch the oscilloscope
waveforms when R = 103 ohms, 10* ohms, and 10° ohms.

(Wisconsin)
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C =100 pf

3 b

LB} t |
pulse Rg to oscilloscope

-6
pulse 10"s

Fig. 3.27

Solution:

The output of the pulsed voltage source is u(t) — u(t — 1) V, where ¢
is in ps. The step-response of the CR circuit is u(t)e~*/EC with RC in ps.
So the output of the CR circuit is

vo = u(t)e"RC _ y(t — 1)e~G-D/RC v |
The oscilloscope waveforms are as sketched in Fig. 3.28 and Fig. 3.29.
W (v)

1
0.4} 1 2

0[0.2 r t (us)
S S
037 --xm )

~oBF—-- =
B 7| B— (us)
Fig. 3.28
i(v)
1
09r=
0

-0-1["“1’ 2 tus)

Fig. 3.29
(1) R=10% Q, RC =10"ps,

vo = u(t)e % —u(t — 1)e” -V y
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(2) R=10% Q, RC =1 ps,
vo = u(t)e™t —u(t —1)e” ' V.
(3) R=10° Q, RC =10 ps,

vo = u(t)e™ %M —u(t — 1)e" -V v |

In all the above ¢ is in us.

3019
Switch S is thrown to position A as shown in Fig. 3.30.

(a) Find the magnitude and direction (“up” or “down” along page) of
the currents in R;, Ry, and Rj, after the switch has been in position A for
several seconds.

Now the switch is thrown to position B (open position).

(b) What are the magnitude and direction of the currents in R;, Rz,
and Rj just after the switch is thrown to position B?

(c) What are the magnitude and direction of the currents in R;, Ra,
and R3 one-half second after the switch is thrown from A to B?
One second after the switch is thrown from A to B, it is finally thrown from
B to C.

(d) What are the magnitude and direction of the currents in R3, R3,
R4, and Rj just after the switch is thrown from B to C?
(Wisconsin)

B
A\* C
1s Ly=5H |L2=5H
2V
G S: hf“ s { g\l
"'? :‘ " 2' i—ll
wn
© « I x «
Fig. 3.30

Solution:
Let the currents in R;, Ry, R3 be i1, i3, i3 respectively.
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(a) When the switch is thrown to position A, we have instantaneously

2 2

11(0) = i3(0) = Rt R = 352 =04A,
i3(0) = 0,
2
: =—=—F—=059A.
i1(o) Ry + Ry||R3
After the switch is in A for some tirme, we have
. Ry _
iz(00) = Rt R i1(00) =0.12 A,
. _ Ry . _
13(00) = m 11(00) =047 A .

As seen from the ends of L, the resistance in the circuit is
R=R3+ Ri||R, = 1.7 Q,

and the time constant is

5 1
T=Li/R=17=0m "

Using i(t) = i(c0) + [i(0) — i(c0)]e~*/", (see Problem 3014), we have
i1(t) = 0.59 — 0.19¢7%-34 A, the direction is upward,

ig(t) = 0.12 + 0.28¢7°34* A, the direction is downward,
i3(t) = 0.47(1 — e~ %3%") A, the direction is downward .

(b) After the switch has been in A for several seconds, we can consider
e~93 ~ 0. From the rule that the current in an inductor cannot be
changed abruptly, at the instant the switch is thrown to B we have

i3(0) = 0.47 A, downward ,
and so

i(0)=0,
12(0) = 0.47 A, upward .
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(c) As the circuit is open,
$1(0.5)=0.
For the inductor part, the time constant is

L 5

"Rt Rs 2105-2%

T

Using i(0) obtained in (b) and
11(00) = 12(00) = 23(00) =0 ,
we have
is(t) = 0.47¢=%%* A, upward;
i3(t) = 0.47e%5* A, downward .

Hencefor t =0.5s
i2(0.5) = 0.37 A, upward;

i3(0.5) = 0.37 A, downward.

(d) We denote by 1+ the instants just after and before t = 1s. We
have i3(1—) = 0.47¢%% = 0.29 A, flowing downward. As the current in an
inductor cannot be changed suddenly, we have

i5(14+) = 0, i3(14) = 0.29 A, downward.
For the rest of the circuit, we have

ig(l-}-) + i4(l+) =029 A,
2i2(1+) = 2i4(1+) .

Hence i3(14+) = i4(1+4) = 0.145 A, upward.

3020

A source of current ipsinwt, with ip a constant, is connected to the
circuit shown in Fig. 3.31. The frequency w is controllable. The inductances
L, and L, and capacitances C; and C, are all lossless. A lossless voltmeter
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reading peak sine-wave voltage is connected between A and B. The product
LoCoy > LxC].

(a) Find an approximate value for the reading V on the voltmeter when
w is very small but not zero.

(b) The same, for w very large but not infinite.

(c) Sketch qualitatively the entire curve of voltmeter reading versus w,
identifying and explaining each distinctive feature.

(d) Find an expression for the voltmeter reading valid for the entire
range of w.

(Princeton)
L2
A .I.Cl L
igsinwt 5 gH! Cz-l-
Fig. 3.31

Solution:

(a) The impedance of an inductor is jwL and the impedance of a capac-

itor is “+C For w very small, the currents passing through the capacitors

may be neglected and the equivalent circuit is as shown in Fig. 3.32.

A
igsinwt 3L
0 %B Ifi )

Fig. 3.32

We thus have
VBA =17 =jUL11 ’

where I = ipe/“!. As ac meters usually read the rms values, we have

|
Vineter = _‘IOWLI .

V2

(b) For w very large, neglect the currents passing through the inductors
and the equivalent circuit is as shown in Fig. 3.33. We have
i1
=17 = -——.
Vea =12 oG
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and .
]
Vineter = \/iw—OC .
1

- A
igsinwt B If G
Fig. 3.33

(c) Let wy = 7141171’ we = Vrlzrz As L,Cy; > L1Cy, wy > wy. The
voltmeter reading versus w is as shown in Fig. 3.34. The system is net
inductive when w is in the region (0, w2), and net capacitive when w is in the
region (w;, 00). Resonance occurs at the characteristic angular frequencies
w; and w,.

[

] S

2
Fig. 3.34

(d) The total impedance L is the combination of two impedances Ly,
L, in parallel:

_ 12,
T v+ 2y
where _iL, )
Zl=__Cl(le_w—‘-cl)’ Zz:](ng—w—C,z) .
Thus .
Z = J

1 _ 1 ’
le ‘UC] + WLQ—;U 2
Hence the voltmeter reading is

to

\/5 :l-}:._wcl_*-wl,z—l !
wt2

VBa =

Note that this reduces to the results in (a) and (b) for w very small and
very large.
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3021

For the circuit shown in Fig. 3.35, the coupling coefficient of mutual
inductance for the two coils L; and L, is unity.

(a) Find the instantaneous current i(t) the oscillator must deliver as a
function of its frequency.

(b) What is the average power supplied by the oscillator as a function
of frequency?

(c) What is the current when the oscillator frequency equals the reso-
nant frequency of the secondary circuit?

(d) What is the phase angle of the input current with respect to the
driving voltage as the oscillator frequency approaches the resonant fre-
quency of the secondary circuit?

(UC, Berkeley)

Solution:

(a) Let the currents of the primary and secondary circuits be I; and
I5 respectively. We have

V: i1R+L1i1+Mi2 ,

. N
0=h5+Mh+é.
Solving for I; ~ exp(jwt), we have
|4
11 =
R +j(wL1 + %—M-L-)
Voe'j"

?

2
Iy
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where
¢ = arctan (
R

is the phase angle of the input current with respect to the driving voltage
Applying the given conditions L; = L, = M = L, say, we have

Voe™i¥
Ve (b))

¢ = arctan _wL/R ,
1-w?LC

I

or, taking the real part,

i1(t) = 22 cos(wt = 9) ,

with -
7= \R+ (=rs)

(b)
. Vi
p(t)=V(t)i(t) = 7 cos(wt — p) coswt .

Averaging over one cycle we have

2 2
P=p=-2cos(wt — p)coswt = 2—°cos¢
R, RV

(c) When w = 7;7, Z = 400, and i,(t) = 0.

(d) When w — 1c,tm¢=w, and ¢ = J.

3022

In the electrical circuit shown in Fig. 3.36, w, R;, Rz and L are fixed;
C and M (the mutual inductance between the identical inductors L) can
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be varied. Find values of M and C which maximize the power dissipated
in resistor R;. What is the maximum power?
You may assume, if needed, R; > R;, wL/R; > 10.

(Princeton)
Ry c I
L] L]
Vpsinwt L L iRZ
I
Fig. 3.36

Solution:

Assuming that the primary and secondary currents are directed as in
Fig. 3.36, we have the circuit equations

. A I L
V=R +1, [JW_C +JWL] + jwMlIy,
0= isz +ijj2+jwMil .

The above simultaneous equations have solution

I = JwMCVy
2 — r- .
Clw?(L? = M?) — RiRs) — L+ j [sz —wLC(R: + R,)]

As P; = | L5]* Ry, when || is maximized P; is maximized also. We have

wW
|I2] = 2

({210 o (-t )}

As the numerator is fixed and the denominator is the square root of the
sum of two squared terms, when the two squared terms are minimum at
the same time |I3| will achieve its maximum. The minimum of the second
squared term is zero, for which we require

c=—_ T2
- w2L(Ri + Ry) "’
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giving
who

sz + R;Rz-l-ﬂlw’Lleg .

Minimizing the above denominator, we require

|I2| =

Rle R1
M=
Rz
Hence, for
_ [RiRy R, , _ R,
M=\y-o *®mY °“Zim+ry

P, is maximum, having the value
Vi

1
Py=|LPRy= ——— .
2 8R:(1+ 235°)

Supposing wL/R; > 10, we obtain

P2 - ‘/02 R%
8w?L2?R,

as the maximum power dissipated in R;.

3023

In Fig. 3.37 the capacitor is originally charged to a potential difference
V. The transformer is ideal: no winding resistance, no losses. At ¢ = 0 the
switch is closed. Assume that the inductive impedances of the windings are
very large compared with R, and R,. Calculate:

(a) The initial primary current.
(b) The initial secondary current.

Rp

VJ-c Np “ ENs Rs

L

Fig. 3.37
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(c) The time for the voltage V to fall to e~! of its original value.

(d) The total energy which is finally dissipated in R,.
(Wisconsin)

Solution:

As the transformer is ideal,
Np/N, =V, /V,, Np/N, = L /1, .

(a) The equivalent resistance in the primary circuit due to the resis-
tance R, in the secondary circuit is

Hence the time constant of the primary circuit is
r= (R +R)C,

and the voltage drop across C is

Ve =Ve ™.
The primary current is then
. ave _ —t/r 1) _ |4 e
z,,_Cdt—-CVe - _R,,+RLC .
Initially, the primary current is
Vv Vv

R ()

(b)

. . N N,N,V
(0 = HO1F = g+ V7R,
8 8 P 8
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(c) For V¢ to fall to Vo = e~1V, the time required is
t=r= [R,,+( ) R,]C.

./ N,N,V

= -t/r

P ____P s
PN, ~ NR,+ NZR,°

(d) As

iy =1

the energy dissipated in R, is

o NNV 2 [
= [ 2Rdt =t _ / ~a2t/r
Whrs /0 i;R, (N}R,-l-N,?R.) R, A e dt

- (mrim) gl () m]e

2y/2
N2V

1
=2 N?R, + N7R, €

3024

Show that for a given frequency the circuit in Fig. 3.38 can be made
to “fake” the circuit in Fig. 3.39 to any desired accuracy by an appropriate
choice of R and C. (“Fake” means that if V, = IZg in one circuit and
Vo = 1Zy in the other, then Z can be chosen such that Z,/Zr = e’ with
0 arbitrarily small.) Calculate values of R and C that would fake a mutual
inductance M = 1 mH at 200 Hz with 8 < 0.01.

(UC, Berkeley)

¢

Fig. 3.38
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.

Fig. 3.39

Solution:
For the circuit in Fig. 3.38, we have

. , 1 R
Vo=1- R+.—) R] C—_—
o=i-[(R+ g)W¥] 77 =
R? : R?
. =1
1

2R+jw_c \/4R2+u' 16"'7
For the circuit in Fig. 3.39, we have

Vo =jwMi = jMwéw/2 .

=1

Zarctan (1/20RC) .

For the former to “fake” the latter, we require

R? —_
{ V=g ®

% —arctan (3p55) = 0. (2)

Equation (2) gives wRC = } tan . With § = 0.01, wRC = 0.005. Equation
(1) then gives

/ 1 / 1
= —— =103 — 251 Q,
R=Muw,[4+ (@RC)? 07° x 27 x 200 x /4 + 0.0052

and hence

0.005 _ 0.005
wR — 27 x 200 x 251

C= ~ 1.6 x 1073 F = 0.016 uF .

3025

A two-terminal “black box” is known to contain a lossless inductor L, a
lossless capacitor C, and a resistor R. When a 1.5 volt battery is connected
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to the box, a current of 1.5 milliamperes flows. When an ac voltage of 1.0
volt (rms) at a frequency of 60 Hz is connected, a current of 0.01 ampere
(rms) flows. As the ac frequency is increased while the applied voltage
is maintained constant, the current is found to go through a maximum
exceeding 100 amperes at f = 1000 Hz. What is the circuit inside the box,
and what are the values of R, L, and C?

(Princeton)

Solution:

When a dc voltage is connected to the box a finite current flows. Since
both C and L are lossless, this shows that R must be in parallel with C or
with both L, C. At resonance a large current of 100 A is observed for an
ac rms voltage of 1 V. This large resonance is not possible if L and C are
in parallel, whatever the connection of R. The only possible circuit is then
the one shown in Fig. 3.40 with L, C in series. Since a dc voltage of 1.5 V
gives rise to a current of 1.5 mA, we have

v 1.5 1p3
R=T=tx0s=10%
The impedance for the circuit in Fig. 3.40 is
1 1
Z= *+ T - 4+ —1="
R J(wL_u ) ij(l_Eg.)

giving

w

1 1 -1z
L= i1 2\ 2 )
CREQIRE)

R
.[C

Fig. 3.40

The resonance occurs at wy = 20007 rad/s. At w = 1207 rad/s,
Vims = 1 V gives Irms = 735 A, corresponding to
Vrms R

IZI:E::IOOQ:E,



Circuit Analysis 349

at
wo _ 50
w 3
Hence 60 x 21
w
L~;—g|Z|_mx100—095mH,
C ! ! ! 27 uF .

T Iw? T w|Z] T 60 x 27 x 100

3026

In Fig. 3.41 a box contains linear resistances, copper wires and dry
cells connected in an unspecified way, with two wires as output terminals
A, B. If a resistance R = 10 Q is connected to A, B, it is found to dissipate
2.5 watts. If a resistance R = 90 Q is connected to A, B, it is found to
dissipate 0.9 watt.

B

Fig. 3.41
(a) What power will be dissipated in a 30 Q resistor connected to A,
B (Fig. 3.42a)?
(b) What power will be dissipated in a resistance R; = 10 Q in series
with a 5 Volt dry cell when connected to A, B (Fig. 3.42b)?
(a) (b)

5VT
R=300 R =100

Fig. 3.42

(c) Is your answer to (b) unique? Explain.
(UC, Berkeley)

Solution:
Using Thévinin’s theorem, we can treat the box as what is shown in
2
Fig. 3.43. When R = 10 Q, P = Y& = 2.5 W, giving Vg = 5 V. When
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R=90Q, P=0.9 W, giving Vg = 9 V. Therefore we have

10
€ Toxf- =9, e=10V,
{ m;-on. giving {
€ m = , R, = 10 Q .
B
Fig. 3.43

(a) When R = 30 Q, we have

30 2
V"‘:m-_w"m‘7‘5v’ P=Vg/R=1875W.
Rs Rs

0a =sy 0ay,zsy
€@V plion @OV L o

Fig. 3.44

(b) If the resistance R = 10 § is in series with a dry cell of & =5V,
we will have

10 25V
Ve = 'y =
R= o310 ) {7.5v,
0.625 W,
P=V,§/R={
5.625 W.

(¢) As two polarities are possible for the connection of the 5 Volt dry
cell, two different answers are obtained.

2. ELECTRIC AND MAGNETIC CIRCUITS (3027-3044)

3027

A solenoid having 100 uniformly spaced windings is 2 cm in diameter
and 10 cm in length. Find the inductance of the coil.

T-m
— -7
(/to—47r)<10 A )

(Wisconsin)
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Solution:

Neglecting edge effects, the magnetic field in the solenoid is uniform
everywhere. From Ampére’s circuital law f B -dl = pol, we find the
magnetic field induction inside the solenoid as B = uonl, where n = '7"- is
the turn density of the solenoid. The total magnetic flux crossing the coil
is Y = NBA. The inductance of the coil is given by the definition

L= Y _ NpoNIA _ N2ppA
T

With A = 7 x 104 m?, we have

_100% x 47 x 107 x v x 10~*

— -5
01 =395x107° H.

L

3028

A circuit contains a ring solenoid (torus) of 20 cm radius, 5 cm? cross-
section and 10% turns. It encloses iron of permeability 1000 and has a
resistance of 10 Q. Find the time for the current to decay to e~! of its
initial value if the circuit is abruptly shorted.

(UC, Berkeley)

Fig. 3.45

Solution:
The equivalent circuit is shown in Fig. 3.45, for which

dI
V=IR+ L-‘E ,
with
Vlg<0 = VO = IOR, Vlgzo = 0 .

Thus for t > 0
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where 7 = £. Hence
Vi
I=Ipe V" = Tg-e"'/’ .

The self-inductance of the torus is

Lo N2
= BT R
_10%%2 x 47 x 1077 x 10% x 5 x 10~*

= 27 x 20 x 10-2 =50H.

FOII:Ioe-l,t=T=%=1—O=5s,

3029

A circular loop of wire is placed between the pole faces of an electro-
magnet with its plane parallel to the pole faces. The loop has radius q,
total resistance R, and self-inductance L. If the magnet is then turned on,
producing a B field uniform across the area of the loop, what is the total
electric charge ¢ that flows past any point on the loop?

(Wisconsin)

Solution:

When the magnetic flux crossing the circular loop changes an emf ¢
will be induced producing an induced current i. Besides, a self-inductance
emf L ﬁ—; is produced as well. Thus we have

. di
€+1R+L&-t'—0,
with dé d
._dg . 0 —
7RI TE i(o0) =0, i0)=0.

The circuit equations can be written as
—d¢+ Rdg+ Ldi =0 .
Integrating over ¢ from 0 to co then gives

—-Ad+Rg=0
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as Ai = 0. Hence

_A¢ _ Bma®
=R =g
This shows that L has no effect on the value of ¢. It only leads to a slower
decay of 1.

3030

A solenoid has an air core of length 0.5 m, cross section 1 cm?, and
1000 turns. Neglecting end effects, what is the self-inductance? A sec-
ondary winding wrapped around the center of the solenocid has 100 turns.
What is the mutual inductance? A constant current of 1 A flows in the
secondary winding and the solenoid is connected to a load of 10* ohms.
The constant current is suddenly stopped. How much charge flows through

the resistance?
(Wisconsin)

Solution:

Let the current in the winding of the solenoid be i. The magnetic
induction inside the solenoid is then B = poni with direction along the
axis, n being the number of turns per unit length of the winding.

The total magnetic flux linkage is

Y =Né=NBS = N?y,Si/l .
Hence the self-inductance is

L= % = N?poS/l

_ 1000% x 47 x 10~7 x 10~*

_ -4
12 =2513x107" H.

The total magnetic flux linkage in the secondary winding produced by the
currrent i is ¥’ = N'¢, giving the mutual inductance as

/ (]
M=¢7=M=2.513x10‘5ﬂ.
Because of the magnetic flux linkage ¢/ = M1, I being the current in
the secondary, an emf will be induced in the solenoid when the constant
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current I in the secondary is suddenly stopped. Kirchhoff’s law gives for
the induced current ¢ in the solenoid
_dy’ di

o = Ri +Ld

or

—dy/ = Ridt + Ldi = Rdq + Ldi .

Integrating over t from ¢t = 0°to t = oo gives —Ay’ = Ry, since i(0) =
#(00) = 0. Thus the total charge passing through the resistance is

_ =AY MI_2513x1075x1 _ -7
=r=F= 08 =276x 107 C.

3031

Asin Fig. 3.46, G is a ballistic galvanometer (i.e., one whose deflection

0 is proportional to the charge Q which quickly flows through it). The coil

L as shown is initially in a magnetic field By = 0. Switch S is then closed,

current /] = 1 amp flows, and G deflects §; = 0.5 radian and returns to rest.

Then the coil is quickly moved into a magnetic field B3, and G is observed
to deflect 82 = 1 radian. What is the field B; (in any specified units)?

(UC, Berkeley)

Fig. 3.46

Solution:
The direction of By is illustrated in Fig. 3.47.
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Fig. 3.47

Let the self-inductance of the coil L be L;, then

M%-'-LI‘Z_:’
o dg _ . _en _ M diy L diy
" RTR &R 4@
with

12(0) = 0, 12(00) =1A , 11(0) = 11(00) =0.

Integrating the circuit equation we obtain

* Ly M
—d —diy = — .
n= / 12 + R 1 = R i2(00)

When the coil is moved into the magnetic field B, its induced emf is

dy
€2 = —'d—t ,
with
Y1(00) = =NB.S, ¥1(0)=0.
Thus
dez _, _ &2 _ =1l dh
a¢ ~ * R, R, dt’
giving
_ NB;wa?
q2 = R,

As ¢ x 0, we have
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or
_ 02 Miz(c0) 1x1x1

B, = 6:Nwa2 ~ 0.5 x 100 x 7 x 10—4 =634T.

3032

Two perfectly conducting disks of radius a are separated by a distance
h (h < a). A solid cylinder of radius b, length h and volume resistivity p
fills the center portion of the gap between the disks (see Fig. 3.48). The
disks have been connected to a battery for an infinite time.

Fig. 3.48

(a) Calculate the electric field everywhere in the gap as a function of
time after the battery has been disconnected from the capacitor. Neglect
edge effects and inductance.

(b) Calculate B everywhere within the gap as a function of time and
distance r from the axis of the disks.

(c) Calculate the Poynting vector in the space between the plates.
Explain qualitatively its direction at r = @ and at r = b.

(d) Show, by a detailed calculation for the special case a = b, that
the conservation of energy theorem (Poynting’s theorem) is satisfied in the
volume bounded by the plates and r = a.

(UC, Berkeley)

Solution:

(a) Let the upper plate carry charge +@Q and the lower plate carry
charge —@Q at time ¢. Due to the continuity of the tangential component of
electric intensity across an interface, we have

Q

E =
maley

e;atz< h.




Circuit Analysis 357
Forr<b, j= oE, where o = ;l;, giving

I = jxb® = oExb? .

Thus Q dQ
2 — —_——
7 1I'a2€o = dt ’
or
Q = QOC_‘/f ’

where 7 = 9%55“-’3 Hence
E = Ege e, = the"/'e, .

(b) Applying Ampére’s circuital law § B - dl = pol to a coaxial circle
of radius r < b on a cross section of the solid cylinder:

fmode [[ias.

one has
B - 27r = pojnr?
or . v
_ Poir __ porVo _y+
B= 5 0= 2phe ey, (r<b)

where ey is a unit vector tangential to the circle. For b < r < a, the circuital
law

f B - dr = jxb’p,

gives
_ mob’Vo__yy,
= 2ph ¢ %

(c) For 0 < r < b and between the conducting plates, the Poynting vec-
toris S = ExH = BxB - %’lﬁe"/’c%’%e“/'(e, xeg) = —;—p(%ﬁ)ze‘z‘/'e,.
For b < r < a, we have

Vo BVo yry 1 (Vob\? oy
S= h© 21‘phe e"_'—21';) h )€ er
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The directions of S at r = a and r = b are both given by —e,, i.e.,
the electromagnetic energy flows radially inwards into the solid cylinder
between the plates (in the ideal case). This energy provides for the loss of
energy due to Joule heating in the solid cylinder where a current flows. This
can be seen as follows. For b < r < a the inward energy flow per unit time

is .‘,:—p Yob)2.2nrhe=2/" = -:T(Vob)ze‘z‘/", independent of r. But for r < b,

the power in-flow is 2'—’,(1’,;"-)2 - 2xrhe=?7 = 2 (Vor)?e™2!/7, decreasing as
r decreases.

(d) For a = b the power flowing into the cylinder is

P = // S -dA = — = (Voa)2e~ 27 .
r=a ph

The loss of power due to Joule heating in the cylinder is

2
P,=I’R= [wa2 A _Vﬂe“/’] . _ph2
ph ma

— _I_ 2, -2tfr
= ph(Voa) € .

Thus P; + P; = 0, and the conservation law of energy is satisfied.

3033

In the diagram 3.49, the two coils are wound on iron cores in the same
direction. Indicate whether the current flow in resistor r is to the right, or
to the left, and give a reason for your answer in each of the following cases:

(a) Switch S is opened.
(b) Resistor R is decreased.
(c) An iron bar is placed alongside the two coils.
(d) Coil A is pulled away from coil B.
(Wisconsin)
Solution:

The direction of the current in coil A with the switch S closed is shown
in Fig. 3.49. According to the right-handed screw rule, the magnetic field
produced points to the left. If the current is steady, there is no current in r.
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Fig. 3.49

(a) When the switch S is opened, the magnetic field pointing to the
left decreases. Lenz’s law requires that a magnetic field pointing to the left
is induced in coil B. Hence the induced current in the resistance r flows
from right to left.

(b) If R is decreased, the current flowing through coil A is increased.
Then the magnetic flux, which points to the left, piercing B will also in-
crease. Lenz’s law requires the induced current in the resistance r to flow
from left to right.

(c) An iron bar placed alongside the coils will increase the original
field. So the current in r is from left to right.

(d) When coil A is pulled away from coil B, the magnetic flux piercing
B will decrease, so that the induced current in r will flow from right to left.

3034

A solenoid is designed to generate a magnetic field over a large volume.
Its dimensions are as follows: length = 2 meters, radius = 0.1 meter, number
of turns = 1000. (Edge effects should be neglected.)

(a) Calculate the self-inductance of the solenoid in Henrys.

(b) What is the magnetic field (in Webers/m?) produced on the axis
of the solenoid by a current of 2000 Amperes?

(c) What is the stored energy when the solenoid is operated with this
current?

(d) The total resistance of the solenoid is 0.1 ohm. Derive the equation
describing the transient current as a function of time immediately after con-
necting the solenoid to a 20 Volt power supply. What is the time constant
of the circuit?

(Princeton)
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Solution:

(a) Suppose the solenoid carries a current I. The magnetic induction
inside it is
B= }tonI = [.toNI/l ,

and the magnetic flux linkage is

2.2
¢=NBS=N”_°]LI..,,,.2_I_”‘M_

l l

Hence the self-inductance is

¥ _ poNZar? 4w x 1077 x 1000% x 7 x 0.12

L=T1="" 2
=197x10"2 H.
(b)
-7
B= ﬂofVI _ 47 x 10 x21000 x 2000 = 1.26 Wh/m? .
(c)
-2 2 2
Wm=£12= 1.97 x 10~% x 2000 —304x 107 .
2 2
(d) The circuit equation is
. di
e=iR+ LE ’

giving
i= %(1 — 7)) = i(co)(1 — e~YT)

where 7 = % = 0.197 s is the time constant of the circuit. As
e=20V, R=0.19Q, L=197x10"2H,

we have

i(t) = 200(1 —e™**) A .
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3035

The electrical circuit shown in Fig. 3.50 consists of two large parallel
plates. Plate B is grounded except for a small section (the detector). A
sinusoidal voltage of frequency w is applied to plate A.

(a) For what value of w is Vp (the amplitude of Voyu¢) a maximum?

(b) With w fixed, plate A is moved left and right. Make a sketch of Vp

as a function of position. Indicate the points at which the edge of plate A
passes the detector.

(c) Suppose A is held at a fixed potential. How is the resulting elec-
trostatic field related to the function sketched in part (b)? Explain.

(Wisconsin)
A -
I {i L
[ Vout

w x

D) i &
I° :9|°
“u a5y
(8 I ~ @

Fig. 3.50

Solution:
(a) Resonance will take place when
_ 1 1
YTV T Viorx10-®
At this time the equivalent impedance for the parallel circuit is maximum.
Hence Vp will also be maximum.

=10° rad/s .

%
/ ] l\
Il A x
XI 0 Xz
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(b) Vo as a function of position is shown in Fig. 3.51, where z is the
horizontal distance of the middle of A from the middle of the detector, and
z; and z3 correspond to the right edge and the left edge respectively of A
passing by the middle of the detector.

(c) The variation of the electrostatic field with z is similar to that of
the function sketched in part (b). The field intensity decreases near the
edges of the plate A.

Since the magnitiude of Vj reflects the amount of charge carried by
plate A and the detector through Q = CVj, the electrostatic field intensity
is large where Vj is large. The plate B is larger than A so that the movement
of the latter can be ignored.

3036
In the circuit shown in Fig. 3.52, the capacitor has circular plates of
radius ro separated by a distance d. Between the plates there is a vacuum.
At t = 0, when there is a charge Qo on the capacitor, the switch is closed.

Fig. 3.52

(a) For t > 0, the electric field between the plates is approximately
E(t) = Eoe~*/"i. Find E, and 7 (if you cannot find them, take them as
given constants and go on to part (b)).

(b) Mention some approximations and idealizations made when deriv-
ing the form of E given in (a).

(c) Find the magnetic field between the plates for ¢ > 0. You may use
idealizations and approximations similar to those in (b).

(d) What is the electromagnetic energy density in the vacuum region
between the plates?

(e) Consider a small cylindrical portion of the vacuum region between
the plates (see Fig. 3.53). Suppose it has radius ry, length [ and is centered.
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Using (a), (c), and the Poynting vector compute the total energy which
flows through the surface of the small cylinder during the time 0 < ¢ < oo.
(UC, Berkeley)

o
GC) 0) _\L
«—|—>
Fig. 3.53

Solution:
(a) Since & = iR = —92R, we have Q = Qoe~/" with 7 = RC. As
fd= — We have F' = ,—,%e-‘/f, Comparing this with E = Ege~*/7, we
n

(b) To find E for case (a), we have assumed that the charge Q is
uniformly distributed over the plates at any time and the edge effects may
be neglected. These approximations are good if d < rq.

(c) By symmetry and Maxwell’s integral equation

a2

where
D = ¢E ,
we find E B
_ _Eor _ _ PokoT
=Tr e BETTe
taking approximations similar to those stated in (b).
(d)

=gy g 2[) 4 Hocor’
Us=3E +5-B= S0 [1+ 42].
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(e) The Poynting vector of the electromagnetic field is

€0rE2
2T

EoT

N=ExH=E‘e,x(—-—— )e,:
2r

Thus during the time ¢ = 0 to oo the energy flowing through the cylinder’s
surface is

00 00 €or1
W= / N2nrldt = / 2l oxrlEe~274dt
0 0 21'

_ eorfle, _ rilQ?

2 2071y

3037

A resonant circuit consists of a parallel-plate capacitor C and an in-
ductor of N turns wound on a toroid. All linear dimensions of the capacitor
and inductor are reduced by a factor 10, while the number of turns on the
toroid remains constant.

(a) By what factor is the capacitance changed?

(b) By what factor is the inductance changed?

(c) By what factor is the resonant frequency of the resonant circuit
changed?

(Wisconsin)

Solution:

(a) The capacitance is C o §, then Cr = 15Ci-

(b) The inductance is L ox N2S/l, hence Lt = 5 Li.
1

(c) The resonant frequency is w & —==,

hence ws = 10w;.

3038

You have n storage cells, each with internal resistance R; and output
voltage V. The cells are grouped in sets of k series-connected cells each.
The n/k sets are connected in parallel to a load-resistance R. Find the k
which maximizes the power in R. How much is the power?

(Wisconsin)
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Solution:

For each set the voltage is kV and internal resistance is kR;. After the
n/k sets are connected in parallel, the total voltage is still £V, but the total

internal resistance becomes £ = EEi The power in R will be maximum
n/k n P

when the load-resistance R matches the internal resistance, i.e., R = ER

n
Hence k = "ﬁ’f for maximum power, which has the value
EV\?2 k2v2 2
Poac= (X =BV _nV"
2R 4R 4R;
3039

When a capacitor is being discharged:

(a) the energy originally stored in the capacitor can be completely
transferred to another capacitor;

(b) the original charge decreases exponentially with time;
(c) an inductor must be used.
(CCT)
Solution:
The answer is (b).

3040
If L = inductance and R = resistance, what units does % have?
(a) sec (b) sec™! (c) amperes
(CCT)
Solution:
The answer is (a).

3041

Two inductances L; and L, are placed in parallel far apart. The
inductance of both is
@ L+l () B () (L+L)k
(ccr)
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Solution:
The answer is (b).

3042

An alternating current generator with a resistance of 10 ohms and no
reactance is coupled to a load of 1000 ohms by an ideal transformer. To
deliver maximum power to the load, what turn ratio should the transformer
have?

(a) 10 (b) 100 (c) 1000
(ccr)
Solution:
The answer is (a).

3043

An electrical circuit made up of a capacitor and an inductor in series
can act as an oscillator because:

(a) there is always resistance in the wires;
(b) voltage and current are out of phase with each other;
(c) voltage and current are in phase with each other.
(ccr)
Solution:
The answer is (b).

3044

The force in the z-direction between two coils carrying currents #; and
15 in terms of the mutual inductance M is given by

(a) 1 %2M  (b) irin ¥ () inia % .
(ccr)
Solution:
The answer is (b).



Circuit Analysis 367

3. ANALOG CIRCUITS (3045-3057)

3045
In order to obtain the Zener effect, the Zener diode has to be:
(a) reverse biased (b) forward biased (c) connected to ac.
(ccr)
Solution:
The answer is (a).

3046

A transistor amplifier in a “grounded base” configuration has the fol-
lowing characteristics:

(a) low input impedance

(b) high current gain

(c) low output impedance.

(ccr)

Solution:

For a transistor amplifier in a grounded base configuration we have

input impedance r; = R,||ﬂ=5, which is small,

current gain A; = T;Lp . n_ffr_.- . ﬁ:%ﬁ <l,
output impedance ro ~ R,

where R., R. and Ry are the resistances of the ejector, collector and load
respectively. Hence answer (a) is correct.

3047
It is possible to measure the impedance of a coaxial cable
(a) with an ohmmeter across the cable
(b) making use of the reflection properties of terminations

(c) by measuring the attenuation of signals through the cable.
(cCT)
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Solution:

When the impedances of the terminals of the cable match, no reflection
occurs. This method may be used to measure the impedance of a coaxial
cable. Hence answer (b) is correct.

3048

The transmission of high frequencies in a coaxial cable is determined
by:

(a) the impedance
(b) 7;—, with L and C the distributed inductance and capacitance

(c) dielectric losses and skin-effect.
(ccr)
Solution:
The answer is (b).

3049

The high frequency limit of a transistor is determined by

(a) the increase of noise figure with frequency

(b) type of circuit (grounded base/emitter/collector)

(c) mechanical dimensions of active zones and drift velocity of charge
carriers.

(CCT)

Solution:

The answer is (c).

3050

A Si transistor with 8 = 100 is used in the amplifier circuit shown in
Fig. 3.54. Fill in the information requested. You may assume that for the
frequencies involved wl_c is negligible and that the emf source providing Vi,
has a negligible internal impedance.



Circuit Analysis

32k0 +10V

1 [— Vout-1

TC *Vout-2
Yin

§skn_§4o0n
N
L CT §4ka
I
Fig. 3.54
Ig = Ic =
Ig = Ve =
Ve = Ve =
Sign of 10 V supply =
Rin =
Small signal gain at output 1 =
Small signal gain at output 2 =
Routl = Rout2 =
Solution:
The values are calculated below:
Ve = 5 x10=5V
B=5+s5 R

VeE=5-06=44V,

IE=;—I;=1mA,
- P ;A
Ic = 1_*_'BIENO.QQmA,

Is = 5~ 001 mA,

Ve=10—1c-32kQ=10-0.99x32~68V,
Rin = 5K||5k|| [rs + (1 + B) - 400] = 2.4 kQ,

where 3. = 300 + (1 + ﬂ)?— ~ 3 kQ,
c

(Wisconsin)
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small signal gain at output 1 = — _——" (ficﬁ) 200 ~ -74,
small signal gain at output 2 = (1+5)-400 = 0.93,

Tse + (1 + B) - 400

Rourr. = 3.2 kQ,

.+5|I5
Routz = 400|| (%) ~48 Q.

3051

Calculate Ar = V/V;, the amplification of the circuit with feedback
shown in Fig. 3.65. Ag = V/V, the amplification without feedback, is
large and negative. The input resistance to Ag is much greater than R,
and R; and the output resistance is much less than R; and R;. Discuss
the dependence of Ar on Ap.

(Wisconsin)

i
LN
Ly
V V] 4 |%
£ —
Fig. 3.55

Solution:

As Ay is large and the input resistance is much greater than R; and Ry,
while the output resistance is much less than R; and R;, we can consider
the circuit with feedback as an ideal amplifier.

Taking #; = —i5, then

- R
Vi-V=-p(h-V),

E_K__&(I_Z)
Vo Vo_ R2 VO '

or
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Putting
Ar = W/Vi, A=WV,
the above becomes

—1--—ﬁ+(l+R‘)—l—
AF— Ry Ry Ao’

giving
1

—%+(1+§:),+0'

Af =

As Ao is large, Ap ~ —F2. It follows that Ar is independent of Ag
but is determined by R;/R;. Hence the amplification is stable.

3052

The amplifier in the circuit shown in Fig. 3.56 is an operational ampli-
fier with a large gain (say gain = 50,000). The input signal V;, is sinusoidal
with an angular frequency w in the middle of the amplifier’s bandwidth.
Find an expression for the phase angle ¢ between the input and output volt-
ages as measured with respect to ground. Assume that the values of R; and
Ry are within an order of magnitude of each other. Note the non-inverting
input to the amplifier is grounded.

(Wisconsin)

Ry
Ry C
r+| _'
Yo Vout
+ il
Fig. 3.56

Solution:

The amplifier may be considered as an ideal operational amplifier with
“virtually grounded” inverting input. Then

Vin_0 =0"Vout
R1+J-“+C Ry '’
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or
Vout _ Ry

Vin - Rl + ch

The phase difference between the input and output voltages is

-1 1
—_- wC - .
¢ = w — arctan ( R ) w + arctan (wCRl)

3053

A very high-gain differential input amplifier is connected in the nega-
tive feedback op-amp configuration shown in the digram 3.57.

The output impedance may be considered negligibly small. The open-
loop gain A may be considered “infinitely large” in this application, but
the amplifier saturates abruptly when V,,,, reaches £10 volts.

(a) Write the ideal operational expression relating Vou(t) to Vin(t).
(b) What is the input impedance at terminals (J;, J2)?

(c) A two-volt step input is applied for Vj, as shown in the first graph.
Copy the second graph on your answer sheet and sketch in the output
response.

(Wisconsin)

C¢=0001SF
—

—t—t + + t(s)
024681012%
-8+
L+ Vm =
V‘ ro (0)=0
out -------
4t 024 58101214 t(s)
8t

Fig. 3.57
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Solution:

(a) The circuit is that of an opposite-phase integrator made up of an
ideal amplifier. We have

1 'V
Vo == [ SRt 4 V60),  (Veul <10V)
s Jo

If V5(0) = 0 at the initial time, then

Vi
Vout = ~c / Bt .

(b) If the input voltage at terminals (Ji, J2) is sinusoxdal with fre-
quency w, the input impedance across the terminals is R +

JWC!
(¢) If a two-volt step input is applied for Vi, and Vou¢ = 0 at the initial
time, we have

Ve ————I-—/tth——Vi" -t
out — RC] 0 n - RCJ .

As the amplifier saturates abruptly at V¢ = £10 V, the saturated time is

Vout 10

t= —2'RC; = — x 1000 x 0.0015=75s .
Vin 1T 2
Hence
0 t<o0,
Vour = { —35t 0<t<175s,
-10 t>75s.
Vout (¢)

t(s)

0246 810121%

Fig. 3.58

The output response is shown in Fig. 3.58.
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3054
Consider the operational amplifier circuit shown in Fig. 3.59.
(a) Is this an example of positive or negative feedback?

(b) Show that the circuit functions as an operational integrator. (State
any assumptions necessary.)

(¢) Indicate a circuit using the same components which will perform
operational differentiation.
(Wisconsin)

—
R Cc
Yin —
Yout
+ %
Fig. 3.59
Solution:
(a) Negative feedback.
(b) From Fig. 3.59, we find
(i=cs.
Ri = —Vin,

giving
l t
Vout = _——RC./O Vindt + V5 .

Thus the circuit is an operational integrator.
The above calculation is based on the following assumptions:

(1) the open-loop input impedance is infinite,

(2) the open-loop voltage gain is infinite.

(¢) The corresponding operational differentiating circuit is shown in
Fig. 3.60.

R
Ve ( .
n C Vout
* ki

Fig. 3.60
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3055

The circuit shown in Fig. 3.61 is a relaxation oscillator built from an
ideal (infinite open-loop gain, infinite input impedance) differential ampli-
fier. The amplifier saturates at an output of £10 V.

(a) Calculate the frequency of oscillation for the component values
given.

(b) Sketch the waveforms at the inverting input (A), the non-inverting
input (B) and the output (C).

(Wisconsin)

R=10 kN

Solution:

(a) This is a relaxation oscillator having positive feedback shunted
by R; and R; and discharged through an RC circuit. When stabiliity
is reached, the output is a rectangular wave with amplitude equal to the
saturated voltage. Let Vo = +10 V. The potential at point B is Vg =
ﬁiﬁ; x Vo = 2 V. The capacitor C is charged through R, and V, will
increase from —2 V to +2 V. When Vj, is higher than Vg, V¢ will decrease to
—10V and C will discharge through R. When V} is lower than the potential
at B, which is now R—’_';zn—? x (—=10) = =2V, V¢ will again increase to +10 V.
So following each charging the circuit relaxes back to the starting point,
i.e., relaxation oscillation occurs. The charging of the capacitor follows

_ _ _ _ Vo
V =V [l —exp(-t/RC)], or t—RCln(Vo_V).

The charging time T from V; to V; is

Vo— Vi

Vo—Vo

The charging time is given by Vg = 10 V, V} = =2 V, V5 = 2 V, ie,,
Ty = RCln }—g‘_‘% = 8.1 ms; the discharging time is given by Vo = —10 V,

i=2V,Vo,=-2V,ie,Ty=RCln %:8.1 ms.

T=RCn
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Hence the oscillation frequency is 7‘,—41-7‘; =61.6 Hz.
(b) The waveforms of Vi, VB, and V¢ are shown in Fig. 3.62.

_zvl — .—J '_...

c oo
+ovl 1~ - -r
¢
PV A N I
Al ITzI
Fig. 3.62
3056

An analog computer circuit, as shown in Fig. 3.63, is made using high
gain operational amplifiers. What differential equation does the analog
computer solve? If the analog computation is started by simultaneously
opening switches S; and Sz, what are the initial conditions appropriate for
the solution to the differential equation?

(Wisconsin)
Solution:

Let the output voltage be Vp. As the operational amplifiers can be
considered ideal, we have the following equations:

int1: L=_c&2
at point 1: R = Cdt’ (1)
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at point 2: 2}% =-C %, 2)
3 BLM__n
at point 3: % + 3R R (3)
(1) and (2) give = = RC? ddt"f : (4)
(2) and (3) give 22— gd_”t" '% . (5)
Then (4) and (5) give
d2vq

ldvo
W 3@ T

=0,
taking RC = 1. This is the differential equation that can be solved by the
analog computer.

Fig. 3.63

Initially when S; and S, are just opened we have

{ ‘vo=—3
dvo _
|, =Y

t=0

vw(0)=-3V,

v1(0) = v2(0) =0,
dvo _

i M

so the initial conditions are
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3057

Design an analog computer circuit using operational amplifiers that
will produce in the steady state a voltage V() that is a solution to the
equation 2

Vv av 1 .
F+10E—§V=63mwt .
(Wisconsin)
Solution:

The equation can be written as
d%v dv

= —lom-i- %v+63in wt .

The block diagram of the design is shown in Fig. 3.64 and the circuit dia-
gram in Fig. 3.65.

%

1 - addometer
2,3 - integrator
4,5 - ratiometer

Fig. 3.64

3 — — —
NG ]
sinw? = +Ao -; _A v
10 IRp +°
1
R,
RC =1
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Note when gwitch&s S1 and S; are closed at the initial time, the voltage
of the source is V; = sin wt.

4. DIGITAL CIRCUITS (3058-3065)

3058

What is the direct application in standard NIM electronics of the De
Morgan relation AN B = AU B?

(a) Transformation of an “OR” unit into an “AND” unit
(b) Inversion of signals

() Realization of an “EXCLUSIVE OR”.
(CCT)

Solution:
The answer is (c). The truth table of this problem is given below:

A-B=Z+§

A B output

0
1
1
1

O O -

1
1
0
0

3059
A digital system can be completely fabricated using:
(a) AND and OR gates only
(b) all NOR gates or all NAND gates
(c) neither of the above.
(ccr)
Solution:

The answer is (b). A NOR or a NAND gate can be used as a NON
gate. Using the De Morgan law, we can translate an OR into an AND,
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and an AND into an OR. Therefore, NOR gates or NAND gates alone are
sufficient to fabricate a complete digital system.

3060
In Fig. 3.66 the 4 basic logic gate symbols are shown.
(a) Match them to the negative logic equivalents on the right.
(b) Write the truth table for each.

(c) Name the logic function.
(Wisconsin)

1D— s=D—
:D— s=D—
D— =D
(ZD— sTD—
Fig. 3.66

Solution:

(a) Refer to Fig. 3.66 and denote the output by Q. The outputs of the
gates are given below:

gate output

1 Q=A-B _ _
2 Q=A-B=A+B
3 Q=A+B

4 Q=A+B=A-B
5 Q=ﬁ=A+B
6 Q=4A+B

7 Q=A+B=A-B
8 Q=4-B

It is seen that the equivalences are: 1 and 7, 2 and 6, 3 and 5, 4 and 8.



Circuit Analysis 381

(b) The truth table for each pair of gates is given below:

land 7 2and 6
A| B | @ Al B|Q
0 0 0 0 0 1
0 1 0 0 1 1
1 0 0 1 0 1
1 1 1 1 1 0

3and 5 4 and 8
A B | Q A| B | Q
V] 0 0 0 0 1
0 1 1 0 1 0
1 0 1 1 0 0
1 1 1 1 1 0

(c) The logic function for each gate is given below:

1. Q=A-B, “AND”;
2. Q=A+B, “NOR";
3. Q=A+B, “OR"

4. Q=A-B; “NAND”;
5. Q=A+B, “AND";
6. Q=A+B, “NOR”
7. Q=A B, “AND”;
8. Q=A-B, “NAND”.

3061

Inside of the programming counter in a microprocessor there is:
(a) the address of the instruction
(b) the address of the data

(c) the sentence’s number of the program.
(Wisconsin)
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Solution:
The answer is (a).

3062
A Schmitt trigger has a dead time
(a) smaller than the pulse width
(b) about equal to the pulse width
(c) larger than the pulse width.

(ccr)
Solution:

The answer is (b).

3063
Refer to Fig. 3.67.
(a) Is Q2 saturated? Justify your answer.
(b) What is the base-emitter voltage of Q;7
(c) When this monostable circuit is triggered how long will Q2 be off?

(d) How can this circuit be triggered? Show the triggering circuit and
the waveform.
(Wisconsin)

-20V
SK . §100K 5K
@ 50K R
25K
”»r ‘Gv »r

Fig. 3.67

Solution:

(a) In the circuit for Qz, 8 = f = 19%K = 20. Since in a practical
circuit 3 is always much larger than 20, Q; is saturated.
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(b) As Q. is saturated, V,(Q2) = —0.3 V. Hence

_6+03
25 + 50

Thus the base-emitter voltage of Q, is 3.9 V.
(c) The monostable pulse width is

Va(Q1) = 6 x26=39V.

At = RCIn2 =100 x 10% x 100 x 1072 x 0.7
=7Tx107s="7pus,

during which @2 is off.
(d) The triggering circuit is shown in Fig. 3.68 and the waveforms are
shown in Fig. 3.69.

-20V

> t

Fig. 3.69
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3064

In Fig. 3.70 the circuit is a “typical” TTL totom pole output circuit.
You should assume that all the solid state devices are silicon unless you
specifically state otherwise. Give the voltages requested within 0.1 volt for
the two cases below.

Case 1: Vj = 4:0,volts, give VB, V¢, and Vg.

Case 2: V = 0.2'volts, give VB, V¢, Vb, and VE.
(Wisconsin)

+5V

$RLoap =K

Fig. 3.70

Solution:

As all the solid state devices are silicon, the saturation voltages are
Ve =07V, Vee=03V.

Case 1: V4 = 4.0 V, so T} is saturated. Then T3 is also saturated, so that
V=07V, Vg=03V,and Ve =V +03=1.0V.
Case 2: As V4 = 0.2 V, T is in a cutoff state, so Vg = 0 and T3 is also in

a cutoff state. For T, 8 = %f; = % = 14 so that T, is saturated. Thus

Ve=5V, W=5-07=43V, VEg=W-07=36V.

3065
A register in a microprocessor is used to

(a) store a group of related binary digits
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(b) provide random access data memory
(c) store a single bit of binary information.
(ccr)
Solution:
The answer is (a).

5. NUCLEAR ELECTRONICS (3066—3082)

3066

A coaxial transmission line has an impedance of 50 Q which changes
suddenly to 100 Q. What is the sign of the pulse that returns from an
initial positive pulse?

(a) none (b) positive (c) negative.

(CCT)

Solution:

The answer is (b).

3067

A positive pulse is sent into a transmission line which is short-circuited
at the other end. The pulse reflected back:

(a) does not exist(= 0)
(b) is positive
(c) is negative.
(ccr)
Solution:
The answer is (c).

3068

What is the mechanism of discharge propagation in a self-quenched
Geiger counter?

(a) Emission of secondary electrons from the cathode by UV-quanta.
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(b) Ionization of the gas near the anode by UV-quanta.
(c) Production of metastable states and subsequent deexcitation.
(ccr)
Solution:

The answer is (c).

3069

For low noise charge-sensitive amplifier, FET-imput stages are pre-
ferred over bipolar transistors because:

(a) they have negligible parallel noise
(b) they are faster
(c) they have negligible series noise.
(cer)
Solution:

The answer is (a).

3070

Using comparable technology, which ADC-type has the lowest value
for the conversion time divided by the range, t./A, with t. = conversion
time and A = 2" with n = number of bits?

(a) flash ADC
(b) successive approximation converter
(c) Wilkinson converter.
(ccr)
Solution:

The answer is (a).

3071
A “derandomizer” is a circuit which consists of:
(a) trigger circuit
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(b) FIFO memories
(c) phase locked loop.
(CcCT)
Solution:
The answer is (c).

3072

A discriminator with a tunnel diode can be built with a threshold as
low as:

(a) 1mV (b) 10 mV (c) 100 mV.
(cer)
Solution:
The answer is (c).

3073

Pulses with subnanosecond rise time and a few hundred volts amplitude
can be produced using:

(a) avalance transistor
(b) thyratrons
(c) mechanical switches.
(ccr)
Solution:
The answer is (a).

3074

The square-box in Fig. 3.71 represents an unknown linear lumped-
constant passive network. The source of emf at the left is assumed to have
zero internal impedance.

It is known that if the input emf e;(t) is a step function, i.e.,

0 t<o0,
e‘(t)z{A t>0



388 Problems € Solutions on Electromagnetism

then the open-circuit (no-load) output voltage eg(t) is of the form

0, t<o0,
eo(t) = { 3 Al — exp(—t/7)), t>0,

where the constant 7 has the value 7 = 1.2 x 10~ s.
Find the open-circuit (no load) output voltage eg(t) when the input is
given by
ei(t) = 4 cos(wt) volts ,
where w corresponds to the frequency 1500 cycles/sec.

(UC, Berkeley)

Fig. 3.71

Solution:

We first use the Laplace transform to find the transmission function
H(s) of the network in the frequency domain. The Laplace transform of the
equation ej(t) = A - U(t) is Ei(s) = A/S. Similarly, the Laplace transform
of the output eg(t) is

1 J1 1
E ==-Al= - .
os) =3 [s S+ 1/1']
Hence the transmission function is
Eo(s) _ 35
H(s) = I
(s) E(s) s+1
The Laplace transform of the new input e;(t) = 4 cos (wt) is
4s
Bl =Gie
giving the output as
4s =
Bo(s) = Bi(e) - Hils) = g X ST
2[ 1 -1 i 1 1 1
= - . X X ,
r[s-&-} w2+(-})2+s—iw iw+-}+s+iw w+ 1
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where wr = 27 x 1500 x 1.2 x 10~% = 1. The reverse transformation of
Eq(s) gives the open-circuit output voltage

2 -1 1+ Lcos(wt) + wsin(wt)
Vot) = £ | — e+ 4+ =
o(®) T [wz_,_(%)z € w?+ (1)

~ —e~Y7 4 cos(wt) + sin(wt) .

3075
To describe the propagation of a signal down a coaxial cable, we can
think of the cable as a series of inductors, resistors and capacitors, as in
Fig. 3.72(a). Thus, the cable is assigned an inductance, capacitance and
resistance per unit length called L, C and R respectively. Radiation can
be neglected.
(a) Show that the current in the cable, I(z,t), obeys

%1 8?1 JL
w =LC W + RC a .

(b) Derive analogous equations for the voltage V(z,t) and charge per
unit length p(z,1).

(c) What is the energy density (energy per unit length) on the cable?
What is the energy flux? What is the rate of energy dissipation per unit
length?

(d) Suppose that a semi-infinite length (z > 0) of this cable is coupled
at z = 0 to an oscillator with frequency w > 0 so that

V(0,t) = Re(Voe'?) .

After the transients have decayed find the current I(z,t). In the limit
R/Lw < 1 find the attenuation length and propagation speed of the signal.

(MIT)
:OJ;LU.%%LD.UD I(x,t) L'¢'1x' Rdx I(x+dx,t)
Cdx 'l‘

,_M_w_-[_ -....-.WI. Vix,t) Vix+dx, t)
T T l T !

(a) (b)

Fig. 3.72
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Solution:
(a) From Fig. 3.72b, we have

V(z,t) = V(z + dz,t) + RI{t,z)dz + Ldz 22
I(z,t) = —V(’;;lﬂCda: + I{z +dz,t),

or

Eliminating V' we have

%1 g (oV a (oV
7= 5 (o) =°a(%)
d al

_+C(9t (IR+ Lat)

oI 8?1
= RC& +LCW .

(b) Similarly, eliminating I we have

522 - Ro lam\m

—rcY 12 (‘91)

v oI 0 (61)

at ot \ 6z
av o%v
= RC— £ + LC—- 5T

As
pdz = Cdz -V, V=p/C,

the above then gives

%p dp %p
s h=ReL 410

(c) The energy and rate of energy dissipation per unit length are re-
spectively

W:%L12+%CV2, P=I’R.
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The energy flux is
S=1Ve;,.

(d) As the wave is sinusoidal, let
V = Voexpli(kz — wt)] .
Substitution in the differential equation for V gives
k= LCw® +iRCw .

Since k is complex, putting k = K +iA and equating the real and imaginary
parts separately we have

K2 - A2 = LCuw?,
2KA = RCw .

Solving these we obtain

K? (\/L202w4 + R?C?%w? 4+ LCw )

A2 = %(\/chw ¥ R2C?w? — )

As V is sinusoidal, so is I. Hence the equation —g— C%— gives

wC

= -k—V = Ipe ™ exp [i(Kz — wt + o)) ,
where
I = _C""i = arctan (5—)
= VkTEa T VA

Actually I(z,t) = ReI = Ipe~** cos(Kz —wt+y). In the limit R/Lw < 1

R2C

2 _ 2 2 _
(*=LCw*, A L

So the attenuation length is

1 2J/IJC

A R
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and the propagation speed is

v -1
K~ VIC
3076

A pulse generator of negligible internal impedance sends a pulse for
which V=0att<0andt>5pus,and V =1 volt for 0 <t < 5 pus into a
lossless coaxial cable of characteristic impedance 20 ohms. The cable has
a length equivalent to a delay of 1 us and the end opposite the generator
is open-circuited. Calculate (taking into account reflections at both ends
of the cable) the form of the voltage-pulse at the open-circuited end of the
cable for the time interval t = 0 to ¢t = 12 us. How much energy is supplied
by the generator to the cable?

(Columbia)

Solution:

The reflection coefficient p is given by p = %—%‘:, where Zy = 20 Q.
At the generator end, Z; = 0 and

-20
i = —— =-1.
Pi= 0
At the open-circuit end, Z; = oo and
_00-20 _ +1
Pl sv20- "

Let the voltages at time ¢ at the generator and open-circuit ends be v, and
V; respectively. Then

Ut = Vip + PipsUt-2
= Vip — V-2,

Vi = vim1 + ppvecy = 204,

where

v, =0 for t<0 and t>5pus
=1V for t=1-5pus.
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Hence we have

t(ps)IO 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Vi) o 2 2 o0 0 2 0 -2 © 2 0 -2 0 2 O

generator open-circuit
end end
{
- 2
t=1 Us 1 x
y
2"us 2f
! x
. v
3 Hs ']:
e X
v
4 Us ] |
14
S Us 1 .
- v
6 Us ,4
1 X
_ 4
7 Us
X
-1
14
8" Us " x
2b output V vs ¢
4 v
9" us
s . 2
v 0 t{ps)
- 24
10 us 3 x -2

(a) (b)

Fig. 3.73
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The corresponding waveforms along the line are given in Fig. 3.73(a)
for times just before each second and the output voltage as a function of
time is given in Fig. 3.73(b).

3077

The emitter follower shown in Fig. 3.74 is used to drive fast negative
pulses down a 50 2 coaxial cable. If the emitter is biased at +3 volts, V¢
is observed to saturate at —0.15 volt pulse amplitude. Why?

(Wisconsin)

A
in
-] s0n Yout
A
IA IB
1k < 500
Fig. 3.74

Solution:

As the characteristic impedance of the transmission line, 50 , is
matched by the impedance at the output end, the impedance of point B
with respect to earth is Rg = 50 Q.

When a negative pulse is input, the transistor is turned off and the
capacitor will be discharged through point A. The maximum discharge
current is

3
IA—’W—:}H]A.

Because of impedance matching, there is no reflection at the far end of the
transmission line. Hence

Ig = Ip =3 mA

and Voue = —3 mA x 50 Q = —0.15 V at saturation.
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3078

A coaxial transmission line has a characteristic impedance of 100 ohms.
A wave travels with a velocity of 2.5 x 10® m/s on the transmission line.

(a) What is the capacitance per meter and the inductance per meter?

(b) A voltage pulse of 15 V magnitude and 10~2 s duration is propa-
gating on the cable. What is the current in the pulse?

(c) What is the energy carried in the pulse?

(d) If the pulse encounters another pulse of the opposite voltage mag-
nitude but going in the opposite direction, what happens to the energy at
the moment the two pulses cross so that the voltage everywhere is zero?

(Wisconsin)

Solution:

Asv = 7;‘—0, Z. = +/L/C, we have

= o = e T -11 -
C_UZc 2.5 x 103 x 100 4x 107" F/m =40 pF/m,
Z. _ 100
L= = 5w = 04 mi/m.

(b) The magnitude of the current in the pulse is

v 15
Iy=—=—=0.15A.
= Z. 100 0

(c) The energy carried in the pulse is distributed over the coaxial trans-
mission line in the form of electric and magnetic fields. The line length is

l=vt=25%x103%x10"3=25m,

so the field energies are

W, = %(CI) V= %(4 x 1071 x 2.5) x 152 = 1.125 x 102 J,
W = %(LI)I"’ = % 4x 1077 x2.5x0.152=1.125 x 1072 J,

giving
W=We+W,=225J.
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(d) When the two pulses encounter each other, their voltages cancel
out and the currents add up, giving V' =0, I’ = 2I = 0.3 A. Where there
is no encounter, V = 15V, I = 0.15 A. Where the pulses encounter electric
energy is converted into magnetic energy. The more encounters occur, the
more conversion of energy will take place.

3079

A lossless coaxial electrical cable transmission line is fed a step function
voltage V =0for t < 0, V =1 volt for t > 0. The far end of the line is an
open circuit and a signal takes 10 us to traverse the line.

(a) Calculate the voltage vs time for ¢ = 0 to 100 us at the open circuit
end.

(b) Repeat for an input pulse V = 1 volt for 0 <t <40 pus, V =0
otherwise.

(Columbia)
Solution:
Suppose the input end is matched, then the coefficient of reflection is

K 0 atinput end,
“ L1 at open circuit end.

At the open circuit end,

V(t) = Vi(t — 10) + K Vi(t — 10)
= 2Vi(t - 10) .

(a) As
Vi(t=10)=0 for t<10 pus,
=1Vfor t>10pus,
V(t) is as shown in Fig. 3.75(a).
(b) As

Vit—10)=0  for t <10 ps,
=1V for 10<t <50 us,
=0 for t > 50 ps,

V(t) is as shown in Fig. 3.75(b).
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vie) vit)
2f  —— 2
1 1
L t(ps)
" tlus) 0 =030 0 so ' S
(a) (b)
Fig. 3.75
3080

In Fig. 3.76(a) the transistor at A is normally ON so that the potential
at A is normally very close to 0 V. Descibe and explain what you would see
on an oscilloscope at points A and B if the transistor is turned OFF within
a time < 1 ns. (Assume that the 5 volt supply has a low ac impedance to
ground.)

(Wisconsin)
Solution:

The arrangements in Figs. 3.76(a) and (b)are equivalent so that at the
input end Z, = 80 Q, V, = 4 V. The reflection coefficients at the two ends
are

Z,—Z0 _ 80—240 _

Kg = = = —0.
B 2.2, 80 +240 03,
_ZH—Zo~0—240_
K“°N‘z,,+zo~o+24o“ 1,
oo — 240
Kaorr =0 = 1

Take ¢t = 0 at the instant the transistor is turned off. When the transistor
is ON, the voltage at B due to the source is

240

‘X mrs -V

Because of reflection at A,

Ve(0")=3-3=0.
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We also have V5(0~) = 0. The waveform at t < 0 is as shown in Fig. 3.76(c).

+5V

o« veC/2 4o0n

(b)

v
g 0<t<{ps
8
A x
GV bus<t<Bus
= ]
BF = x
- (c) (@ 'A
y
. _Sus<t<izys s 16us<t<20us
I —
3 3 —
B;————“ A X afmmm==- b A x
v v
o |zm<e§_|sus 6 0us<t<2%ps
3_""-_
e B ,
] w=---A A
(e)
6

3_-_

sz kn%ny s L 8121620202832

(g) (h)

tips)

Fig. 3.76

When ¢t > 0, the transistor is turned off and the circuit is open at
point A. At that instant Kxorr = 1, Vg(Ot) = 3 V. This is equivalent
to a jump pulse of 3 V being input through point B at ¢ = 0. Thereafter
the voltage waveforms are as given in Figs. (d)—(f), where a single-pass
transmission is taken to be 4 us, the dotted lines denote reflected waves
and the solid lines denote the sum of forward and reflected waves. Hence
the voltage waveforms at points A and B as seen on an oscilloscope are as
shown in Figs. (g) and (h).



Circuit Analysis 399

3081

(a) In order to make a “charge sensitive amplifier”, one can connect a
capacitance across an ideal inverting amplifier as indicated by Fig. 3.77(a).

The triangular symbol represents an ideal inverting amplifier with the
characteristics: input impedance 3> 1, output impedance < 1, gain > 1,
and output voltage Vo, = —(gain G) x (input voltage Vi,). Compute the
output voltage as a function of the input charge.

(b) It is common practice when interconnecting electronic equipment
for handling short-pulsed electrical signals to use coaxial cable terminated
in its characteristic impedance. For what reason might one terminate the
input end, the output end or both ends of such a coaxial cable?

(c) The following circuit (Fig. 3.77(b)) is used to generate a short,

high-voltage pulse. How does it work? What is the shape, amplitude and
duration of the output pulse?

(Princeton)
50.0. 10 ft 10 Mﬂ
— | C 2000V
V; I l VO “
: zov_ﬂ._} sonzsn
'L' 0
) n
(a) (b) i
Fig. 3.77
Solution:
(a) As
Vo = -GV;, CVi-W)=Q
we have
o=t _.9,_9
*“T1+6'c” ¢’
since G > 1.

(b) Let Zy and Z; be the characteristic and load impedances respec-
tively. The reflection coefficient is
_Zi1— 2y
T Zi+ 2y
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Thus reflection normally takes place at the end of the delay line unless
p = 0, le., Zo = Z;, and the line is said to be matched. In order that
the signal is not disturbed by the reflection, the ends of the line must be
matched.

(c) When a positive pulse is applied to the input end V;,, the thyratron
conducts and the potential at point A will be the same as at point B so that
a potential drop of 2000 V is produced, generating a negative high-voltage
pulse at the output end Vy. The width of the pulse is determined by the
upper delay line in the open circuit to be
2 x 10 x 30.48

3 x 1010
The amplitude of the output pulse is given by the voltage drop across the
matching resistance of the lower delay line to be

2000 x 50
50 + 50

ty =2r = ~ 20 ps .

=1000V .

3082

The pions that are produced when protons strike the target at Fer-
milab are not all moving parallel to the initial proton beam. A focusing
device, called a “horn”, (actually two of them are used as a pair) is used
to deflect the pions so as to cause them to move more closely towards the
proton beam direction. This device (Fig. 3.78(a)) consists of an inner cylin-
drical conductor along which a current flows in one direction and an outer
cylindrical conductor along which the current returns. Between these two
surfaces there is produced a toroidal magnetic field that deflects the mesons
that pass through this region.

(a) At first, calculate the approximate inductance of this horn using the
dimensions shown in the figure. The current of charged pions and protons
is negligible compared with the current in the conductors.

(b) The current is provided by a capacitor bank (C = 2400 uF), that
is discharged (at an appropriate time before the pulse of protons strikes
the target) into a transmission line that connects the two horns. The total
inductance of both horns and the transmission line is 3.8 x 10~ henries
as in Fig. 3.78(b). In the circuit the charged voltage of the capacitor is
Vo = 14 kV and the resistance is R = 8.5 x 102 ohm. How many seconds
after the switch is thrown does it take for the current to reach its maximum
value?
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(b)

Fig. 3.78

(c) What is the maximum current in amps?
(d) At this time, what is the value of the magnetic field at a distance
of 15 cm from the axis?

(e) By what angle would a 100 GeV /c meson be deflected if it traversed
2 meters of one horn’s magnetic field at very nearly this radius of 15 cm?

(UC, Berkeley)

Solution:

(a) The magnetic induction at a point between the cylinders distance
r from the axis is in the ey direction and has magnitude

pol

B=_—

27r

I being the current in the inner conductor. The magnetic flux crossing a
longitudinal cross section of a unit length of the horn is

0.4 0.4
¢=2 Bdr ~ Pof lir=83x10-7.1.

0.05 T Joos T

Hence the inductance is approximately
L=%z8.3x 10°"H.

(b) Let the current of the RCL loop be i(t). We have
uc+ur+ur=0

with d d dI &
=c%¢c = rcZC =15 =Lc=2
I=C—>, uwr=RC—Z, w=Lo=LC—7r,
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ie.,
dzuc duc
LC—dtT-I-RC—Et—‘Fuc =0,
and the initial condition

uc(O) =W.

To solve the equation for uc, let uc = uge~*“*. Substituting, we have

w=—-tatwg,
where wq = \/w? — a? with
Wo = —
T VIC’
we B
=3 -
Thus )
uc = uoe—at:hw‘t ,
or

I = Cug(—a =% iwg)e~*iivet
With the data given, we have

_R_ 3 .—1
a=gr=118x10°s7",

1
= —— =1.047x 10°s7!
wo=JIc s

so that wp > o and wg & wo. Hence the current in the loop is

I(t) ~ Re[FiCuwoVoe™ *tetivot)
= —CwoVoe™** sin(wot)
= —3.52 x 1061118 5in(1.047 x 10%¢t) .

For maximum I(t),
dI(t) _ 0
da

tan(wot) ~ wot = Lo ,
[4 4



Circuit Analysis

giving
t =

R~

Therefore the current is maximum at ¢ = 8.94 x 104 s.

(c)

Imax = 3.52 x 105¢1118x8.94x107" 3,1 047 x 105 x 8.94 x 10™%)
=129x10° A .

(d) At r = 15 cm, we have

p o Hol _ 4w x 1077 x 1.29 x 10°
T 2w 27 x 0.15

(e)Asp= 7"‘1—3"?; = 100 GeV/c, we have

=1.72 wbm™2 .

movce

2
1-%

=101 eV > moc? = 1.4 x 10% eV

for the meson so that we can take its speed to be
vRC.
The deflecting force is
F=eBv=16x10""x041x3x10®*=2.0x10""'N,
so the deflected transverse distance is
L0}
_1

1 2.0 x 10~1 4
T 27100 x 10° x 1.6 x 10-19/c2 2
=25 mm.

= 0.0025 m

The angle of deflection is
0.0025

f# = arctan ( ) =0.0013 rad .

403
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6. MISCELLANEOUS PROBLEMS (3083-3090)

3083
Consider the circuit shown in Fig. 3.79(a).
(a) When Vi, = Re{Voe'“*}, find an expression for the complex Voy.

(b) Under what condition is the ratio V,u¢/Vin independent of w? (It
may be useful to recall Thévenin’s thereom.)

() f Vin consists of a single “rectangular” pulse as shown in
Fig. 3.79(b), sketch Vo (as a function of t) when the condition mentioned
in (b) is satisfied.

1 Yin

e

23R Vout t

(a) (b)

Fig. 3.79

(d) For a “rectangular” pulse Vj, in (c), qualitatively sketch Vou.(t)
when the condition mentioned in (b) is not satisfied.

(CUSPEA)
Solution:

(a) According to Thévenin’s theorem, we can use two equivalent cir-
cuits to replace the capacitive and resistance networks as shown in
Figs. 3.80(a) and (b). Connecting their output ends together we obtain
the total equivalent circuit shown in Fig. 3.80(c) or Fig. 3.80(d).

For the circuit Fig. 3.80(d), using Kirchhoff’s law we have

I[ RiR, R, Ci ]Vin)

1
Ry + R, + jw(01 +Cz)] - [R] + Ry - C1+C,

giving
I= Jw[R2(C1 + C3) — C1(R1 + Ry)) Vv
Ri+ Ry + jw(Ci + C2)RiRy ™™
The output voltage is
I C
Voug = 2 Vin )

Ci1C) TCT G
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hence we have the ratio
Vo _ G + R3(C1 + C2) — C1(R1 + R»)
Vin C1+C:  (Ci+Co)[Ry + Ry + jwR1Ry(C1 + C2)] ’
giving V¢ in terms of V;,.
RiRy
Ri*Rz

+ TGO Cc+Cy & R
e + v R ®
S NP T - LBRNY.
Lo 1°%2 Ry
e

v
(a) (b)
&Rz
e Rk
LR
G g
rlf% ﬁc}
(c)
Fig. 3.80

(b) In the equivalent circuit Fig. 3.80(d), if the two sources of voltage
are the same, there will be no current flowing, i.e. I = 0, giving

Ry _ Ci
Ri+R, Ci+Cy’

or R1C1 = R'_)Cz. Then
Vout _ Cl R2

Vo Ci+C: Ri+R
This ratio is independent of w. Hence R;C; = R,C, is the necessary

condition for V,u¢/ Vi, to be independent of w.
(c) When R;C; = R2C; is satisfied, Voue = C_fi-%a Vin for all frequen-

cies. This is shown in Fig. 3.81.
Vout

—i"in |_
Ci+Cy ——-—I |—__—
t

Fig. 3.81
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(d) When the condition mentioned in (b) is not satisfied, U,%‘é; -
ﬁlﬁ-’- = ZC_&%&%%‘ First consider the case R;C; > RyC,. The at-
tenuation in the capacitive voltage divider is less than in the resistive volt-
age divider. Hence when the rectangular pulse passes through the circuit,
the former takes priority immediately; thereafter the output relaxes to that
given by the latter. The variation of V. with t is shown in Fig. 3.82(a).

For the case R;C; < R,C,, a similar analysis gives the curve shown in
Fig. 3.82(b).

Vout Yout
N L\ ,
|

(a) (b)
Fig. 3.82

3084

An electric circuit consists of two resistors (resistances R; and Rj),
a single condenser (capacitor C) and a variable voltage source V joined
together as shown in Fig. 3.83.

(a) When V(t) = Vj coswt, what is the amplitude of the voltage drop
across R;?
(b) When V/(t) is a very sharp pulse at ¢ =0, we approximate V(t) =
Aé(t). What is the time history of the potential drop across R;?
(CUSPEA)

(1"
7.

Fig. 3.83
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Solution:

(a) Let the complex voltage be
V = Vgemivt .
Kirchhoff’s equations for loops 1 and 2 are respectively

=hLR + "—(11 +12) ,

- 1 - -
0= 12R2+Z;—5(11 +13) .
Eq. (2) gives
1 -
(Re-25)h=ggh-
Its substitution in (1) gives

h=——Ha-20)
1=
R\R; — C(Rl + R,)

The voltage drop through resistance R, is

Ri(Rea—g%) =
RiR; — Jg(R1+ Ry)

‘71 = i]R] =

so the real voltage drop through R, is

2
i = \/ 1+ (WR,C) Ry Vo cos(wt + @) ,

(WR1R2C)? + (Ry + R2)?

where

wCR3

= t
= arctan [RIRQ 22C% + (R1 + Rz)

(b) When V(t) = A5(t), we use the relation

6(t) = 5= / et dw

407

(1)

2
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and write the voltage drop through R; as

Ri(R; — %) i
vi=2 / 2~ o6) __giutg,
1T RiR; — J5(R1 + Rp)

ST -

where w; = I%ﬁl The integrand has a singular point at w = w;. Using

the residue theorem we find the solution V; o exp(iw;t) = exp(— gﬁ:t)
Hence V] is zero for ¢t < 0 and

Ry + R,
Vl X exp ( bt ERI_}E; t)
for t > 0.
3085

A semi-infinite electrical network is formed from condensers C and
inductances L, as shown in Fig. 3.84. The network starts from the left at
the terminals A and B; it continues infinitely to the right. An alternating
voltage Vj coswt is applied across the terminals A and B and this causes a
current to flow through the network. Compute the power P, averaged over a
cycle, that is fed thereby into the circuit. The answer will be quantitatively
different in the regimes w > wp, w < wp, where wq is a certain critical
frequency formed out of C and L.

(CUSPEA)

Fig. 3.84

Solution:

As the applied voltage is sinusoidal, the complex voltage and current
are respectively

~

V=Voeiw‘, i iw '.
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The average power in a period is
s 1o oo 1 (VVY_VE (1
P—2Re(VI)—2Re(Z)_ 2 e(z),

where the star * denotes the complex conjugate and Z is the impedance

of the circuit, Z = ¥. Let Z; = X5, 23 = iwL, and assume any mutual

inductance to be negligible. If L is the total impedance of the network,
consider the equivalent circuit shown in Fig. 3.85 whose total impedance is
still Z. Thus

1 ZZs
Z=0+4——=%1+ )
ztzZ Z+ 2,

or
ZZ—le—ZpZz:O .

|
Z

Fig. 3.85

As Z > 0, this equation has only one solution

_ VA \/Z12+42122
Z = 5 + 5 .

With 57117 = wp the solution becomes

For w < wy, ‘/1 - %;- is a real number so that Re(%) =0,ie, P=0.
0
1) — 1 [w?
For w > wy, Re(i) = %l %3- — 1 and

= V¢ [w?
P=—".=-1
4wl \ wi
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3086

In the circuit shown in Fig. 3.86, L,, L,, and M are the self-inductances
and mutual inductance of the windings of a transformer, R, and R; are the
winding resistances, S is a switch and R is a resistive load in the secondary
circuit. The input voltage is V = Vpsinwt.

(a) Calculate the amplitude of the current in the primary winding when
the switch S is open.

(b) Calculate the amplitude of the steady-state current through R
when S is closed.

(c) For an ideal transformer Ry = Ry = 0, and M, L,, L, are simply
related to N;, Nj, the numbers of turns in the primary and secondary
windings of the transformer. Putting these relations into (b), show that
the results of (b) reduces to that expected from the turns ratio N2/N; of
the transformer.

(CUSPEA)

Ry R

VL1|L2 R

S
M

Fig. 3.86

Solution:
(a) When S is opened, we have

1%
0, 11 = 2

T VRt

(b) With S closed we have the circuit equations

I

_ o, . . ol
V=LR + L T +M3t

_ oL, | ol
0—12(R2+R)+L2 ot +M3t .

As V = Vpsinwt, let

V= Voe_iw' , h = Iloe—‘w‘ , I = Izoe—w‘ .
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411
The circuit equations become

V= Il(Rl - ile) ot inlz )

0=—-wMI, + Iz[(Rz + R) - isz] .
Defining

A= Ry —iwL, —twM
- —wM (R2 + R) —twLe

=R (Rz + R) + (4.'2(1‘42 - L]Lz) - iw[Ll(Rz + R) + L2R1] ,

we have
I, = l R] - iWLl |4
TA| —iwM 0
_ wMV
A b
and
Ino wMV,

" VIWLi(R+ Re) + w2 Ri)2 + [w2(M? — L L) + Ri(Rz + R))?
(c) If the transformer is ideal, Ry = Ry = 0, M2 = L, L, and we have

WMV _ MV,
T WLIR~ LiR°
Then as M ~ NoN;, L ~ N2, we obtain

LMV
"N R

This is just what is expected, namely the ideal transformer changes voltage
Vo into {2 Vo.

3087
Consider the circuit shown in Fig. 3.87.

(a) Find the impedance to a voltage V of frequency w applied to the
terminals.
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(b) If one varies the frequency but not the amplitude of V, what is
the maximum current that can flow? The minimum current? At what
frequency will the minimum current be observed.

(UC, Berkeley)

L R €
Fig. 3.87

Solution:
(a) The impedance is given by

1 + j‘,,lcl -jwly

wC jwlC, + jwly

Z(w):ij+R+j

_ . 1 JwLy
= R+JwL+ij + 1= w?L,C,
. 1 le
= R”(“’L_ oc T l—w'*’LlCl) '
(b) The complex current is
% 1%

T Z R+jl-got i)
So its amplitude is

Vo

IO = w )
[R? + (WL - 5 + =225 )12

where V; is the amplitude of the input voltage. Inspection shows that

Ve
(Iﬂ)max = —f%, (Iﬂ)min = 0 .
When I is minimum, i.e., Ip =0,
1 le

wh-et 1=, c =%
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The solutions of this equation are w = 0, w = 00, and w = 7:-1‘-5; Dis-

carding the first two solutions, we have w = 77-;177 for the observation of
the minimum current.

3088

In Fig. 3.88 a single-wire transmission (telegraph) line carries a current
of angular frequency w. The earth, assumed to be a perfect conductor,
serves as the return wire. If the wire has resistance per unit length r, self-
inductance per unit length !, and capacitance to ground per unit length C,
find the voltage and current as functions of the length of the line.

(UC, Berkeley)

i(,x)—dx —=yi (txadx)

T Lk
U(f,f)| :u‘(f,xwdx)
Ix yx+dx
! |

! !

| tdx rdx
|

Cdx

! 1!

T ]

| |

x x+dx

Fig. 3.88

Solution:

Take the origin at the starting point of the wire and its direction as
the z direction and suppose the voltage amplitude at the starting point is
Vo. Consider a segment z to z + dz. By Kirchhoff’s law we have

u(t,z) = u(t,z + dz) + ldz git ( z) + ri(t,z)dz ,

i(t,2) = i(t, z + dz) + Cdz % ,
i.e.
—0u di . -0i

Ou
Bz et e Cw
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Assuming solution of the form e~(“w¢*=K=) then

2o, E~ik,
and the above equations become
i(r—jwl)+ jKu=0,
i(jK) — jwCu=0.
The condition that this system of equations has non-zero solutions is

r— jwl jK

ik “jwC = —jwC(r—jwl)+ K2 =0,

giving
K = /w?lC + jwCr .
Let K = a + j3, then
o’ - g% =JlC,
2af = wCr ,

and we have

u= Voe—ﬁzej(az—ut)
wC — wCVW

KT Jar B2

where we have made use of the fact that u = Vo when z =t =0, and ¢ is
given by

e~ Pz oiaz—wity) ,

1=

_B
tanp = o
The expressions can be simplified if
r<wl,

for we then have

3
K =w\/16(l+j&) zus/l?-ng,/% .
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Accordingly,

u = Vo exp[jw(VICz — t)] exp (32,1 \/_Ig 1:) ,

. wC C . r [C
i=fum \/;Voexp[—Jw(\/I-E'-z—t)] exp(—-i\/;z) .

3089

Consider two parallel perfect conductors of arbitrary but constant cross
section (Fig. 3.89). A current flows down one conductor and returns via
the other. Show that the product of the inductance per unit length, L, and
the capacitance per unit length, C, is (in CGS units)

_Ke
re=%,

where u and € are the permeability and dielectric constant of the medium
surrounding the conductors and c is the velocity of light in vacuum.
(Columbia)

—_—

__@

I‘-—-—

Fig. 3.89

Solution:

The conductors form a transmission line, which is equivalent to the
circuit shown in Fig. 3.90.
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416
Lo Lo Lo
o l o lan-l Gn l
Co Co o
| D T |
n-1
Fig. 3.90
Consider the n-th segment of the circuit. The following equations
apply:
L4l _ Qa_ Qoo
0 d ~— Co Co '’
dQn-
Ly + Qd'; L =1I,,
d
In + % = Iin41,
from which we obtain
In) = (o = In-1)
n CO n n-1),

&I, 1 d 1
—Lo—- oz FOE(Q" —Qn-1)= C_O(In-l-l -
or 21
LoCoT; =2In —Ing1 —In-1 .
Let I, = Agcos(Kna — wt), where K = “'cﬁ, then the above gives

LoCow® +2 = —2cos(Ka)

or K
LoCow = 4Sll‘l2 a

In the low frequency limit of ¢ — 0, sin(Ka/2) ~ — and we have

LoCow? = K%a? .
—9-,-'1 £%. In this equation Lo/a and Cp/a denote the in-

As 47 = £,
ductance and capacltance per unit length, respectively, of the transmission

line. Replacing these by L and C, we obtain
LC = pe/c® .
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3090

Two circuits each contains a circular solenoid of length I, radius p
(p <« 1), with N total turns. The solenoids are on the same axis, at distance
d apart (d >> l). The resistance of each circuit is R. Inductive efffects other
than those associated with the solenoids are negligible.

(a) Calculate the self and mutual inductances of the circuits. Specify
the appropriate units.

(b) Use L and M for the values found in (a). Calculate the magnitude
and phase of the current which flows in the second circuit if an alternating
emf of amplitude V, angular frequency w is applied to the first. Assume w
is not too large.

(c) What is the order of magnitude to which w can be increased before
your calculation in (b) becomes invalid?

(UC, Berkeley)

Solution:

(a) As I > p, the magnetic induction inside the solenoid has

B=m

and is along the axis of the solenoid. The magnetic flux linkage for the
solenoid is

2 2
¥ =NBS = N‘I‘ONTI xp? = ﬂoNIIﬂ'p ,
so the self-inductance is
L= ! = M .
I l

As d > [, the magnetic field produced by one solenoid at the location
of the other can be approximated by that of a magnetic dipole. As the two
solenoids are coaxial, this field may be expressed as By = 4% - %"} with
m = NIxp?, ie.,

_ woNIp?
Bu = =5

Hence ) 22 3
_ _ nMoNIp® 5 poN*p'mp”l
Yy =NByS=N 2B T 28 )
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giving the mutual inductance as

_ Wy mpoN?pt
M= I~ 23
The units of L and M are H = A- s/V.
(b) Let the emf in the first circuit be € = V coswt = Re (Ve/**). Then
we have for the two circuits

dn dly

- jwt
L—dt + M_dt + LR=VeY,
dl, . dI, _

As I, I ~ &/“t, we have % — jw and the above equations become

jwLly 4+ joMI; + LR = Vet (1
jwLl + juMI; + LR=0. )

(1) £ (2) give

jwL(Iy + I) + jwM (I + I) + R(I) + I,) = Vei** |
jwL(Il) = I) — jwM(I), = I,) + R(I, — I;) = Vet .

Hence
Velwt Veiwt
hth=s——o ' L=
1+ 4 jw(L+ M)+ R T2 Gu(L-M)+R
whence
1 |4 |4 ot
I = <= - e’
2{jw(L+ M)+ R jw(l-M)+R
_ —jwMVeivt
" [jw(L+ M)+ R] [jw(L - M) + R]
—jwMVelvt

T R?-w?(L? - M2)+ 2jwlR "’
Writing Re Iz = I3 cos(wt + ¢g), we have
_ wMV
VIR? = w?(L? — M?)]?2 4+ 4w2L2R? ’
2wLR
R? —w2(L? — M?) °

120

po = ™ — arctan
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Using the given data and noting that L > M, we get

wMV pom N2ptwVi?
R2 + 20212 ~ 2d3[R212 + 2w2p2w2N4pt] ’

120 ~

2wLR
R? —w?L2
2uoTwRN2p?l
R2[2 — wngsz“p“ ’

o =~ ® — arctan

= & — arctan

(c) The calculation in (b) is valid only under quasistationary condi-

tions. This requires

d<<,\=m’
w

or
2nd
w <L T .
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1. PLANE ELECTROMAGNETIC WAVES (4001—4009)

4001
The electric field of an electromagnetic wave in vacuum is given by

E;=0,

Ey = 30cos (21 x 108¢ — -23—13) ,
E, =0,

where E is in volts/meter, t in seconds, and z in meters.
Determine

(a) the frequency f,

(b) the wavelength A,

(c) the direction of propagation of the wave,

(d) the direction of the magnetic field.

(Wisconsin)

Solution:
k== m! w=2rx10%s"!.

_ Y 108
(a.)f_27r_.10 Hz.

(b),\=-2k1=3m.

(c) The wave is propagating along the positive z direction.

(d) As E, B, and k form a right-hand set, B is parallel to k x E. As
k and E are respectively in the ¢ and y directions the magnetic field is in
the z direction.

4002
The velocity of light ¢, and €9 and pg are related by

(a)c=\/;:‘;; (b)c=\/§; (c)c=\/;+‘—o.

423

(ccr)



424 Problems € Solutions on Eleciromagnetism

Solution:
The answer is (c).

4003
Consider electromagnetic waves in free space of the form

E(z) y) Z, t) = Eo(z’ y)e‘kl—iwt ,

B(I, Y2, t) = BO(:"'; y)eikz_iw‘ )

where Eqg and By are in the zy plane.

(a) Find the relation between k and w, as well as the relation between
Eo(z,y) and Bo(z,y). Show that Eq¢(z,y) and Bo(z,y) satisfy the equa-
tions for electrostatics and magnetostatics in free space.

(b) What are the boundary conditions for E and B on the surface of
a perfect conductor?

(c) Consider a wave of the above type propagating along the trans-
mission line shown in Fig. 4.1. Assume the central cylinder and the outer
sheath are perfect conductors. Sketch the electromagnetic field pattern
for a particular cross section. Indicate the signs of the charges and the
directions of the currents in the conductors.

(d) Derive expressions for E and B in terms of the charge per unit
length A and the current 7 in the central conductor.
(SUNY, Buffalo)

X0
S

Fig. 4.1



Electromagnetic Waves 425

Solution:
(a)
e; e, e, e e.|
VxE=|& ai 2l=|2 ?; ik | eilkz—wt)
E; E};, E, Eor Eoy 0
[t (5025

= [ike, x Eo + V x Eq] eitkz=w1)

A similar expression is obtained for V x B. Hence Maxwell’s equations

1 0E
VXB=§‘§'

0B
VxE= —W f
can be written respectively as
ike, x Eo(z,y) = iwBo(z,y) — V x Eg,
ike, x Bo(z,y) = _i:_z Eo(z,y) — V x Bg.

Noting that V x Eg and V x By have only z-components while e, x Eg and
e; X By are in the zy plane, we require

VxEe=0, VxBo=0, 1)

so that
e; x Eo(z,y) = —Bo(z ¥), (2
e: X Bo(z,y) = k —5 Eo(z,9). @)

Taking the vector product of e, and (2), we obtain
w
Eo = —E-e, X Bo .

Its substitution in (3) gives

or
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Equations (2) and (3) relate Eq and By and show that Eq, By, and e,
are mutually perpendicular forming a right-hand set. Furthermore, their
amplitudes are related by

w
|Eo(2,3)| = % IBo(z,3)| = ¢ [Bo(z, ).
Maxwell’s equations V- E =0, V-B = 0 give
V-E¢=0, V-B=0. 4)

Equations (1) and (4) show that Eo(z,y) and Bo(z, y) satisfy the equations
for electrostatics and magnetostatics in free space.

(b) The boundary conditions for the surface of a perfect conductor are
nxE=0, n-D=0,

nxH=1I, n-B=90,

where n is the outward normal unit vector at the conductor surface and
I, is the linear current density (current per unit width) on the conductor
surface.

(c) For a particular cross section at z = z; and at a particular instant
t = 1o, the electric field is Eq(z,y) exp[i(kzg —wip)]. Since Eo(z,y) satisfies
the electrostatic equations the electric field is the same as that between
oppositely charged coaxial cylindrical surfaces. Thus the lines of E¢(z,y)
are radial. The magnetic induction satisfies (2), i.e.

1
Bo(z,y) = e X Eo(z,v),

so that magnetic lines of force will form concentric circles around the cylin-
drical axis. Suppose at (zo,%o) the central cylinder carries positive charge
and the outer sheath carries negative charge then E and B have directions
as shown in Fig. 4.1. The linear current density on the surface of the central
conductor is given by I; = n x H. As n is radially outwards, the current in
the central cylinder is along the +2 direction while that in the outer sheath
is along the —2z direction.

Using Maxwell’s integral equations (Gauss’ flux theorem and Ampére’s
circuital law) we have

A
- er, ol
2weor
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which give the charge per unit length A and current I carried by the central
conductor. The relation between E and B gives I = c\.

4004

Consider a possible solution to Maxwell’s equations given by
A(z,t) = Age’®>x-wt)  g(x 1)=0

where A is the vector potential and ¢ is the scalar potential. Further
suppose Ap, K and w are constants in space-time. Give, and interpret, the
constraints on Ag, K and w imposed by each of the Maxwell’s equations
given below.

(a)V-B=0; (b) Vx E+laalt3—0;
(¢) V-E=0; (d) V x B—l%—? 0.

(Columbia)

Solution:

The Maxwell’s equations given in this problem are in Gaussian units,
which will also be used below. As A = Agexp[i(K:z + Kyy + K,z — wt)),
we have 2 = i(Kyz — K.y), & = i(K.z — K.2), & = i(K.y — Kyz), or
Vx =iKx. Hence the electromagnetic field can be represented by

B =V x A =iK x Age!(Kx—wt)

E=-V 1 0A = _l a_A . ,‘i Aoei(Kx—wt) .
c

c ot c ot
(a) Since V-B = —K (K x Ag)e!(K*-«?) = ( identically, no constraint
is imposed by V- B = 0.
(b)AstE-i—laB inE—"T“'Bz—%KxA-}-%KxAEO,
no constraint is imposed by the equation.
(c)AsV-E=#V.A=%K.A=0,werequire K-A =0.
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(d) AsVxB ja—E =-Kx(KxA)+% A=—(K-A)K+K2A-
= (K2 - ;;)A = 0 we require K2 = ?; or K = +%. Therefore the
constra.ints imposed by Maxwell’s equations are
K=wfc, and K-A=0.
The second constraint means that K is perpendicular to A. Hence K
is perpendicular to E. As K is also perpendicular to B, this constraint
shows that the solution is a transverse wave. The first constraint gives

|—g} = X = 1, showing that the wave is a plane electromagnetic wave. The

=+ signs correspond to +x directions of propagation.

4005

Consider a plane wave with vector potential A,(x) = a,e/(¥*-wt)
where a, is a constant four-vector. Further suppose that K = Ke, and
choose a (non-orthogonal) set of basis vectors for ay:

eMr =(0,1,0,0),
e@* =(0,0,1,0),

l fw
L - X - — KH
€ = K(C,O,O, K)_KK

1 w
(B — _ el
¢ K (K’ 0,0, c) ’

where ¢# = (2, ). Write
a“ = ale(l)“ + 025(2)“ + aLe(L)“ + aBe(B)l‘ .

What constraints, if any, does one get on a,, a2, ar, ap from

(a) V-B =0,

(b) V x E+1?§=o,
1 0E

(C)V B-—W 0,

(d) V-E=07

(e) Which of the parameters a;, az, ar, ap are gauge dependent?
(f) Give the average energy density in terms of a;, as, ar, ap after
imposing (a)—(d).
(Columbia)
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Solution:

We are given the four-vectors

K* = (w/c,0,0,K), A,=(p, As, Ay, As) .

429

With K = Ke;, K -x = Kz. For plane waves we also have K = . Then

for u = 1, we have

p= [GL% +ap (%)]ei(xz—wt) = (aL + aB) i(Kz-wt)
Similarly for u = 2, 3,4, we have

A= [alez + azey + (aL - aB)ez]ei(K‘-W') .

Hence

B=VxA=iKe, x A = iK(—aze, + ajey)eK7~«1)

E=-Vp--—-=—iK(a + ap)e,eK*=wt) L iKA

=iK(aje; +azey — 2age,)e'(K2-wt)

(a) As V-B =V -(V x A) = 0 identically, it imposes no constraint.
b)AsVXxE+1%88 = _UxVp-18(UxA)+1L(VxA)=0

identically, it does not lead to any constraint.
(c) As

VxB=iKe,xB= Kz(ale, + azey)ei(Kz—wt) ,
o8
ot

o |-

= —iKE = Kz(ale, + a2ey -— 2aBe‘)ei(Kl—wl) ,

VxB—-=—=
X B 0

demands that ag = 0.

(d) As
V-E= 6TE',. = 2K%age!(K2-wt)
z

V -E = 0 also requires ag = 0.
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(e) Since a; and ay are not involved in the gauge equation V-A =0
for the Coulomb gauge and V- A + -}:— %’,ﬁ = 0 for the Lorentz gauge, a,, a2
are gauge-independent.

(f) The average energy density is

v=-qer+Br) = (@ttap).
167 8r \ ! 2

4006

A plane wave of angular frequency w and wave number |K| propagates
in a neutral, homogeneous, anisotropic, non-conducting medium with g =
1.

(a) Show that H is orthogonal to E, D and K, and also that D and
H are transverse but E is not.

(b) Let D = 2?:1 €x Ey, where €y is a real symmetric tensor. Choose
the principal axes of €x; as a coordinate system (D = ez Ex; k = 1,2,3).
Define K = KS, where the components of the unit vector S along the
principal axes are S;, Sz, and S3. f V =w/K and Vj = c/ﬁ, show that
the components of E satisfy

Write down the equation for the phase velocity V in terms of $ and ;.
Show that this equation has two finite roots for V2, corresponding to two
distinct modes of propagation in the direction S.
(Wisconsin)
Solution:
Use the Gaussian system of units.

(a) Maxwell’s equations for the given medium are

16B
VxE=-C%5

16D
VxB=C%0
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vV-B=0,
V-D=0.
The plane wave can be represented by ~ e’ (X*-«t) g0 that Vx = iKXx,
V.=1iK., a% = —iw and the above equations reduce to
KxE:%H,

KxH=-2D,
c
K-B=K-D=0,
as 4 = 1. From these we have

DH:-E(KxH)-Hso, K-H:%K-KXEEO.

Hence K, D, and H are mutually perpendicular, i.e., D and H are trans-
verse to K. However, as K x (K x E) = 2K x H,

1
K

- Il( [_ (%)2D+K2E] £0

unless K2 = (£)2, E need not be transverse to K.
(b) From the above we have

K-E= (%”KxHH{’E)

2
W
K(K-E)—I(2E=—c—2D.

As

K= I{(Sl, S21 S3)1
D = (e By, €2, €3E3),
E= (El, EZ; E3)1

The j-th component of the equation is

2
S;iK*Y " SiEi — K*Ej + ‘:—25,-13,- =0.
H
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Putting w?/K? = V? and ¢%/¢; = V2, it becomes

3 V2
SjZS.’E,"{- (Vf— I)Ej =0.
J

i=1
For j = 1,2,3, we have

V2
(52 V2 l) Ey+ S1S:Ey+ S1S3E3 =0,

2

|4
S$152F, + (52 V l) Ey,+ S1S3E3=0,
2

V2

S3S1E1 + S3S2FE2 + (532 + W -

3

The sufficient and necessary condition for a non-zero solution is that the
determinant

l)E3=0.

.5'2 -1 5152 SlS:i
3251 .5'2 -1 5'25'3 =0.
S35, 5'35'2 S24+¥5-1
This gives
v & v?
2| _ V" 2 _y_" 2 _ 1.V~
14 [V12V22V32 + (Sl l) V2v2 + (52 l) V]2V32
V2 52 52 52
2 _ =2 .23 =
+(S3 V2V2 + (V2 + sz + V3 )] 0,

which can be solved to find two finite roots for V2 if V2 # 0.

From V2 = w?/K? we can find two values of K2 corresponding to
the two roots of V2. This shows that there are two distinct modes of
propagation.

4007

Four identical coherent monochromatic wave sources A, B, C, D, as
shown in Fig. 4.2 produce waves of the same wavelength A. Two receivers
R; and R, are at great (but equal) distances from B.
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(a) Which receiver picks up the greater signal?

(b) Which receiver, if any, picks up the greater signal if source B is
turned off?

(c) if source D is turned off?

(d) Which receiver can tell which source, B or D, has been turned off?
(Wisconsin)

Solution:

(a) Let r be the distance of R; and R; from B. We are given r 3> A.
Suppose the amplitude of the electric vector of the electromagnetic waves
emitted by each source is Ey. The total amplitudes of the electric field at
the receivers are

R;: Ej0 = Egexp [iK (r - %)] + Eoe'kT + E, exp [iK (r + %)]
A2
+ Epexp |iKy/r2 + ik
iKr ; A : A2
Rs: Ey = Ege'" "+ Egexp |iK r+§ +2Egexp |iK r2+T .

As KX = 22 = o7, exp[+if2] = e¥i" = —1. Withr > A, (/r2 + Xxr

Thus
A2
Eo exp [U{V r2 + y

Elo ~ 0, Ego ~ 2EoeiK' .

~ EoetKr ,

and we have
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The intensity of a signal I o |E|?, so the intensities received by R; and R;
are respectively

Iy=0, I,~4E?.
Hence R picks up greater signal.
(b) If source B is turned off, then

E]o ~ —-EgeiKr y Ego ~ EoeiKr .

Thus I = I, ~ E?, that is, the two receivers pick up signals of the same
intensity.

(c) If source D is turned off, one has
ElO ~ —EoeiKr , Ezo ~ 3EoeiKr ,

and
L ~E?%, I,~9EZ.

Hence R picks up greater signal.

(d) From the above, we can see that I) remains the same whether the
sources B and D are on or off. Hence R; cannot determine the on—off state
of B and D. On the other hand, the intensity of I5 differs for the three cases
above so the strength of the signal received by R can determine the on—off
state of the sources B and D.

4008

(a) Write down Maxwell’s equations assuming that no dielectrics or
magnetic materials are present. State your system of units. In all of the
following you must justify your answer.

(b) If the signs of all the source charges are reversed, what happens to
the electric and magnetic fields E and B?

(c) If the system is space inverted, i.e., x — x’ = —x, what happens
to the charge density and current density, p and j, and to E and B?

(d) If the system is time reversed, i.e., t — t' = —t, what happens to
P, J, E and B?

(SUNY, Buffalo)
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Solution:
Use the MKSA system of units.

(a) In the absence of dielectric or magnetic materials Maxwell’s equa-
tions are
{V-E:E%, VxE=-2,
V-B=0, VxB=pj+ 5.

(b) Under charge conjugation e — —e, we have V- V' =V, & —
3% = %, p— p' = —p,j— 3 = —j. Under this transformation Maxwell’s
equations remain the same:

_ U _ 88'
{V'-E’_&, V' xE =-2,
V'-B'=0, V' x B' = poj' + 5 &&-.
A comparison of the first equations in (a) and (b), we see that, as p’ = —p,

E'(r,t) = -E(r, t).
Substituting this in the fourth equation in (a), we see that

1 0E
V' xB =VxB =—puj— = —.
X X Ho) =2 5t

Hence
B'(r, t) = -B(r, t).

(c) Under space inversion

Then
plr,t) = p'(r,t)=p, j—j =pu'=—-pu=-j,
u being the velocity of the charges in an elementary volume.

As Maxwell’s equations remain the same under this transformation we
have

E'(r, t) = —E(r, t), B'(r, t) = B(r, t).
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(d) Under time reversal,

.gt._.gat_l=_a%-, VoV =V, e—eé =e.
Then p’ = p, j = —pu = —j, and we have from the covariance of Maxwell’s

equations that

E'(r, t) = E(r, t), B'(r,t) = —B(r, t).

4009

Let Ay, éu, J, and p, be the temporal Fourier transforms of the vector
potential, scalar potential, current density and charge density respectively.
Show that

, c|I\’|1-—r| 3
$u(r) = 47, /p“'( Ty [r —r| Tt

Au(r) = / 3.(c) I:I—r-r'll o <K=|i|)

c

How is the law of cha.rge-current. conservation expressed in terms of p,
and j,? In the far zone (r — o0) find the expressions for the magnetic
and electric fields B, (r) and E,(r). Find these fields for a current density

Ju(r) = rf(r).

(Wisconsin)
Solution:

If we express the current density J(r, t) as the Fourier integral

00
I, t)= / Ju(r)e™“dw,
—o00
the retarded vector potential can be rewritten:

‘g ]r—r'|
A( ) 7o J(r t )d3 /
4 |r— r'|

-2 gtn [ oo

= &/ —twtd / J (rl)elKlr—rI darl
4T J_oo T e-r| ’
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where the volume integral is over all space. Thus the Fourier transform of
the vector potential is

J.(r') exp [iKIr—r’|] ,
Rl

Au(r) = IZ‘%

Similarly the Fourier transform of the scalar potential ¢(r, t) is

_ 1 o exp[iK|r—r| 5,
du(r) = m/ﬁw(r)-———-——————lr_r,‘ &

The continuity equation that expresses charge-current conservation, %f +
V -J =0, is written in terms of Fourier integrals as

0 00 . 00 .
_a_t pw(r)e—twidw + V / Jw(r)e—lwtdw = 0’
- 00 - 00
or
w .
/ [Fiwpu(r) + V - Jy(r)]e *“!dw = 0.
- 00

Hence

V.3, —iwp, =0.
In the far zone r — 0o, we make the approximation

ey
|r—r']zr—!—r.
r

Then

iK|r—r'| iKr ! )
3, szer (1_,'1{" r _) (1+'_r_+...)

Y e—r| r r2
iKr !
o (1-.‘1{' ').
r r
Consider
V' (2'3,) = Jop +2'V -3, .
As

/V' H(2'3,)d = fz'Jw -dS'=0



438 Problems & Solutions on Eleciromagnetism

for a finite current distribution,

/des ! = —/r’V' cJodr
= —iw/r'p.,,(r')dar'. (1)
Also
Ju(r-r)= %[Jw(r )= (r-J )]+ %[J‘,,(r )+ (r-J)r]
= %(r' xJ,)xr+ %[Jw(r ')+ (r-J)r].
The second term on the right-hand side would give rise to an electric

quadrupole field. It is neglected as we are interested only in the lowest
multipole field. Hence

I‘O B etK" . r iK
Au(r) —% 4—1r(_wP"' " —'K%X;e' r), 2
where )
Puv = /r'pw(r')dar', m, = 5/1-' x 3o, (x)d3r'
are the electric and magnetic dipole moments of the sources. To find E,(r)

in the far zone, we use Maxwell’s equation

JE 1 0E
B= —_— = —= —
V x Hoco 2 + pod 2 5
assuming the source to be finite. In terms of Fourier transforms, the above
becomes

B 18 y
Vv x /Bw(r)e Widy = -c-fa/Ew(r)e Yidw |
or )
/V x B,(r)e “'dw = —/%Ew(r)e"‘“'dcu ,
giving
E(r) = SCvxB
w - w w -

Similarly, from B = V x A we have

B,(r) =V x A,(r) .
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For a current density J,,(r) = rf(r), we have
m, = %/r’ xr'f(r)d*' =0.
Also,
Po = /r'p‘,,(r')da = “—‘-;/Jw(r')da = é/r'f(r')dar',

using (1) and assuming the current distribution to be finite.
Hence, using (2),

iKr
A,(r) = m:rr /r'f(r')dsr' .
Then
Bu(r) = V x Au(r) B ¢ x [

Eu(r) = ﬁV x B, (r)
~ - M [rx/rf(r’)dsr] ,

where = T, terms of higher orders in ; having been neglected.

2. REFLECTION AND REFRACTION OF
ELECTROMAGNETIC WAVES ON INTERFACE
BETWEEN TWO MEDIA (4010—4024)

4010

(a) Write down Maxwell’s equations in a non-conducting medium with
constant permeability and susceptibility (p = j = 0). Show that E and
B each satisfies the wave equation, and find an expression for the wave
velocity. Write down the plane wave solutions for E and B and show how
E and B are related.

(b) Discuss the reflection and refraction of electromagnetic waves at a
plane interface between the dielectrics and derive the relationships between
the angles of incidence, reflection and refraction.

(SUNY, Buffalo)
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Solution:

(a) Maxwell’s equations in a source-free, homogeneous non-conducting
medium are

VxE:—%,_ (1)
VxH=22, 2
V-D=0, 3)
V.-B=0, 4)

where D = ¢E, B = uH, ¢, p being constants. As
V x(VxE)=V(V-E)-V2E = -V’E
and Eq. (2) can be written as
JB O’E
v (E) = e

Eq. (1) gives

d
V2E — pe 5z = 0
Similarly, one finds ,
d’B
VzB — HE —5—t-2— =0

Thus each of the field vectors E and B satisfies the wave equation. A
. . . 3

comparison with the standard wave equation V2E — ;;1; %—‘,‘3 = 0 shows that

the wave velocity is

Solutions corresponding to plane electromagnetic waves of angular fre-
quency w are
E(l‘, t) = Eoeu(k-r—wt) ,

B(r, t) = Boe!(kr-wt) |

where the wave vector k and the amplitudes Eg and B form an orthogonal
right-hand set. Furthermore v = %, and E, B are related by

B=\/;t_€%xE.
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(b) The boundary condition that the tangential component of E,
n x E = Eq;, n being a unit normal to the interface, is continuous across the
interface requires that in general there will be a reflected and a refracted
wave in addition to the incident wave at the interface. Furthermore ex-
periments show that if the incident electromagnetic wave is a plane wave,
E(r, t) = Eoe’®*=“!) the reflected and refracted waves are also plane
waves, which are represented respectively by

E = Eoei(k‘~x—w’t) ,
E" = Egei(k”-x—w”t) .
The boundary condition at the interface then gives
n x [Eoei(k-r—wt) + Eaei(k'f—w't)] =nx Elolei(k“.r—w"t) .
This means that all the exponents in the equation must be the same, i.e.,
! n

w=w =du", k-r=k'-r=k".r.

Thus frequency is not changed by reflection and refraction.

4 n k"

</ o
(

Fig. 4.3

Choose the origin on the interface so that the position vector r of the
point where the incident wave strikes the interface is perpendicular to k.
We then have

k-r=k' -r=k"-r=n-r=0. (5)

This means that k, k’, k’” and n are coplanar. Hence reflection and re-
fraction occur in the vertical plane containing the incident wave, called the
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plane of incidence. Now choose a coordinate system with the origin at an
arbitrary point O on the interface, the z-axis parallel to the incidence plane,
i.e. the plane of k and n, the z-axis parallel to the normal n, and let 9,
0’ and 6" respectively be the angles of incidence, reflection and refraction,
measured from the normal, as shown in Fig. 4.3. Then

r= (z,y,O),

k = wy/pi€; (sinf, 0, cos ).
k' = w\/pie; (siné’, 0, — cos@’).
k" = w\/piz¢; (sin6”, 0, cos 6”).

Equation (5) gives for arbitrary z and w

Vi€ sinf = \/u1e; sin @' = \/pzez sinf” .

Hence
0=¢0,

i.e., the angle of incidence is equal to that of reflection. This is called the
law of reflection. We also have

sinf \/ﬂzt':z ng

sin0" VBErT m
where n « /ep is called the index of refraction of a medium and ny; is
the index of refraction of medium 2 relative to medium 1. This relation is
known as the law of refraction.

=nn,

4011

A plane electromagnetic wave of intensity I falls upon a glass plate
with index of refraction n. The wave vector is at right angles to the surface
(normal incidence).

(a) Show that the coefficient of reflection (of the intensity) at normal
incidence is given by R = %:—;3-; for a single interface.

(b) Neglecting any interference effects calculate the radiation pressure

acting on the plate in terms of I and n.
(Chicago)
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Solution:

The directions of the wave vectors of the incident, reflected and re-
fracted waves are shown in Fig. 4.4. For normal incidence, 8 = ' = 6" = 0.
Let the incident, reflected and refracted electromagnetic waves be repre-
sented respectively by

E= Eoei(k-x—wt) ,

E = Eaei(k’-x—m) , E" = Eé/ei(k"-x—wt) .

As the permeability of glass is very nearly equal to that of vacuum, i.e., g =
Mo, the index of refraction of glass is n = /¢ /eg, € being its permittivity.

4
K*

n,
(¢, ko) e,
(€ al‘lo) -
0 w| Ik

Fig. 4.4

(a) A plane electromagnetic wave can be decomposed into two polar-
ized components with mutually perpendicular planes of polarization. In the
interface we take an arbitrary direction as the z direction, and the direction
perpendicular to it as the y direction, and decompose the incident wave into
two polarized components with E parallel to these two directions. We also
decompose the reflected and refracted waves in a similar manner. As E, H
and k form a right-hand set, we have for the two polarizations:

z-polarization y-polarization
E:, Hy Ey, —H,
E;, —-H, E,, H;
EY, HY E), -H{

The boundary condition that E; and H; are continuous across the
interface gives for the z-polarization

E.+E,=E], (1)
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1 _ gn
Hy - H} = H!. 2)

For a plane wave we have /i |H| = /€ |[E|. With p~ pg and , /£ =n,
(2) becomes
E; - E,=nE]. 3

1—-n
E;= (1+n)Eg'

Since for normal incidence, the plane of incidence is arbitrary, the same
result holds for y-polarization. Hence for normal incidence, we have

EH:(I"")E
14n

The intensity of a wave is given by the magnitude of the Poynting
vector N over one period. We have

(1) and (3) give

N=RcExReH=%(ExH+E‘xH‘+ExH‘+E‘xH).

As the first two terms in the last expression contain the time factor e¥2wt,
they vanish on taking average over one period. Hence the intensity is

1 1
1=uw=§mmxﬁﬂ=§mw=%J§ﬁ,

E¢ being the amplitude of the E field.
Therefore the coefficient of reflection is

R= E_(')z _ 1-n\?
E} 1+n) °
(b) The average momentum density of a wave is given by G = -%)- =

;15. So the average momentum impinging normally on a unit area per unit
time is Gv. The radiation pressure exerted on the glass plate is therefore

P =Gc—(-G'c)- G"v

G G"v
= Gc(l + el E;)

I r_ell
T e I vI1)°
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(1) + (3) gives

.Ei_ 2
Eo—l-l-n’

or
" € EJ? 4n
I " Veo Eg (1+n)2‘
, 2
With !,-= (}—;—:{) also, we have
I 1-n2\?  4n?
P‘Z[H(Hn) _(1+n)2]

=2£(l—n) .
c\l+n

4012

(a) On the basis of Maxwell’s equations, and taking into account the
appropriate boundary conditions for an air-dielectric interface, show that
the reflecting power of glass of index of refraction n for electromagnetic

.. . -1)3
waves at normal incidence is R = : el

(b) Also show that there is no reflected wave if the incident light is
polarized as shown in Fig. 4.5 (i.e., with the electric vector in the plane of
incidence) and if tanf; = n, where 6, is the angle of incidence. You can
regard it as well-known that Fresnel’s law holds.

(UC, Berkeley)

E2

{f

(-] .
air
dielectric

Fig. 4.5
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Solution:
(a) Same as for (a) of Problem 4011.

(b) For waves with the electric vector in the plane of incidence, the
following Fresnel’s formula applies,

E, _ tan(f03 — 6,)

E; - tan(03+01) ’
When 03 + 6, = §, E; = 0, ie., the reflected wave vanishes. Snell’s law
gives
sinf; = n sinf3 = ncosb, ,
or

tanf, =n.

Hence no reflection occurs if the incidence angle is ; = arctan n.

4013

Calculate the reflection coefficient for an electromagnetic wave which
is incident normally on an interface between vacuum and an insulator. (Let
the permeability of the insulator be 1 and the dielectric constant be ¢. Have
the wave incident from the vacuum side.)

(Wisconsin)
Solution:
Referring to Problem 4011, the reflection coefficient is

r= ()"

4014

A plane polarized electromagnetic wave travelling in a dielectric
medium of refractive index n is reflected at normal incidence from the
surface of a conductor. Find the phase change undergone by its electric
vector if the refractive index of the conductor is np = n(1 + ip).

(SUNY, Buffalo)
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Solution:

For normal incidence the plane of incidence is arbitrary. So we can
take the electric vector as in the plane of the diagram in Fig. 4.6.

z
k3

53

conductor, ny

dielectric, n
E;

Fig. 4.6

The incident wave is represented by
El - Eloei(klz—wt),
Bl = Bloei(klz—wt) ,

n;

n w
Byo = = Eyo, ki =—
c c

the reflected wave by
E2 = Ezoe—i(kgl+wt) ,

_ —i(kaz4wt
g = Byge~i(kaztwt)

nEgo w
B = v k2= —ng
c [

and the transmitted wave by

E; = Esoei(k;z-—wt) ,

3 = Bsoe‘(kal—w‘) ,
anao w
B3y = ——, k3 = —n,.
c c
The boundary condition at the interface is that E; and H, are continuous.
Thus

Eyo — Ey = E3o, (1)
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Bio+ By = f; B3g = By, (2)

assuming the media to be non-ferromagnetic so that u =~ puy = py. Equation
(2) can be written as

n
Eyo+ E3 = ';2' Ej . 3
(1) and (3) give
nz-—n inp P .
Ey = Ey = Eyp = e
0= o B =5, B p2+4€ Ey,
with
tanp = —.
P

The phase shift of the electric vector of the reflected wave with respect to
that of the incident wave is therefore

= arctan (2)
14 2]

4015

In a region of empty space, the magnetic field (in Gaussian units) is

described by
B = Boe®*é, sinw,

where w = ky — wt.

(a) Calculate E.

(b) Find the speed of propagation v of this field.

(c) Is it possible to generate such a field? If so, how?

(SUNY, Buffalo)

Solution:

Express B as Im (B e°* e'?)é,.

(a) Using Maxwell’s equation
1 0E
VXB=Ca
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and the definition k = % for empty space, we obtain

. . | €er €y €e;
E:ngB:% 38; -% 01,
0 0 B,

where % = 0 as B does not depend on z.
Hence

E; =Im (%Boe“’ike‘w) = —Be** sinw,

Ey =1Im ( - iBoae‘“"e‘.'”) = —g—cBoe“ cosw,
k w

E,=0.

(b) If the wave form remains unchanged during propagation, we have

dw=kdy—wdt=0,
or % = % = c. Hence the wave propagates along the y direction with a
speed v =c.

(c) Such an electromagnetic wave can be generated by means of total
reflection. Consider the plane interface between a dielectric of refractive
index n(> 1) and empty space. Let this be the yz plane and take the +z
direction as away from the dielectric. A plane wave polarized with B in
the z direction travels in the dielectric and strikes the interface at incidence
angle 0. The incident and refracted waves may be represented by

B; = Bgexp[i(zk cos @ + yksin § — wt)],

B! = By exp[i(zk" cos8” + yk" sin 6" — wt)],

where k = £ = %n, k" = £
At the interface, z = 0 and y is arbitrary. The boundary condition
that H; is continuous requires that

ksinf = k" sin 8" ,

or 1 1
sinf = —sin8” < —.
n n
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Asn > 1, if 6 > arcsin (1) total reflection occurs.
Under total reflection,

sin8” = nsind,

cos8” = +iV/n?sin?0 — 1.

Then
" " w . 2 W .
B} = B exp (:F = Vn?sin®6 - l:c) exp [i(: nsm0y—wt)] .

As z increases with increasing penetration into the empty space, — sign is
to be used. This field has exactly the given form.

4016

A harmonic plane wave of frequency v is incident normally on an in-
terface between two dielectric media of indices of refraction n; and ny. A
fraction p of the energy is reflected and forms a standing wave when com-
bined with the incoming wave. Recall that on reflection the electric field
changes phase by # for ny > n;.

(a) Find an expression for the total electric field as a function of the
distance d from the interface. Determine the positions of the maxima and
minima of (E?).

(b) From the behavior of the electric field, determine the phase change
on reflection of the magnetic field. Find B(z,t) and (B?).

(c) When O. Wiener did such an experiment using a photographic plate

in 1890, a band of minimum darkening of the plate was found for d = 0.
Was the darkening caused by the electric or the magnetic field?

(Columbia)

Solution:

(a) With the coordinates shown in Fig. 4.7 and writing z for d, the
electric field of the incident wave is Eq cos(kz — wt). Because the electric
field changes phase by 7 on reflection from the interface, the amplitude Ej
of the reflected wave is opposite in direction to Ey. A fraction p of the
energy is reflected. As energy is proportional to EZ, we have

EZ = pE?.



Electromagnetic Waves 451

Thus the electric field of the reflected wave is
E' = —\/pEgcos(—kz — wt).
Hence the total electric field in the first medium is
E = Eq cos(kz — wt) — \/pEg cos(kz + wt),
giving
E? = E? cos®(kz — wt) + pE? cos®(kz + wt) — \/p E¢[cos(2kz) + cos(2wt)] .
Taking average over a period T = 2% we have

T 2
(E?) = % /0 E%dt = (1—+§l£‘l — /P E¢ cos(2kz2).

When kz = mm, or z = 30>, where m is an integer 0,1,2, ..., (E?) will be

minimum with the value
1-— 2
(Ez)min = ( 2\/’—’) Eg )
When kz = M'ZHE, orz= @;"y—"';:)f-, where m = 0,1,2,..., (E?) is maxi-
mum with the value

(B = VP .

(b) As E, B, and k form an orthogonal right-hand set, we see from
Fig. 4.7 that the amplitude Bg of the magnetic field of the reflected wave
is in the same direction as that of the incident wave By, hence no phase
change occurs. The amplitudes of the magnetic fields are

By =nEy, By =mEy=/pmEs=./pBy.

o N
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The total magnetic field in the first medium is
B(z,t) = Bo cos(kz — wt) + \/pBo cos(kz + wt),
giving

B? = n2EZ cos®(kz — wt) + pn2 EZ cos?(kz + wt)
+ P niEZ[(cos(2kz) + cos(2wt)] ,

with the average value

1 2 2
(B%) = % + /pn? cos(2kz).

Hence (B?) will be maximum for kz = mx and minimum for kz = 2%tL 7,

(c) The above shows that (B?) is maximum for z = 0 and (E?) is
minimum for z = 0. Hence the darkening of the photographic plate, which
is minimum at z = 0, is caused by the electric field.

4017

Beams of electromagnetic radiation, e.g. radar beams, light beams,
eventually spread because of diffraction. Recall that a beam which propa-
gates through a circular aperture of diamater D spreads with a diffraction
angle 64 = ",#,\,,. In many dielectric media the index of refraction in-
creases in large electric fields and can be well represented by n = ng+n, E2.

Show that in such a nonlinear medium the diffraction of the beam can
be counterbalanced by total internal reflection of the radiation to form a
self-trapped beam. Calculate the threshold power for the existence of a
self-trapped beam.

(Princeton)

Solution:

Consider a cylindrical surface of diameter D in the dielectric medium.
Suppose that the electric field inside the cylinder is E and that outside is
zero. As the index of refraction of the medium is n = ng + ny E?, the index
outside is ng.
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Consider a beam of radiation propagating along the axis of the cylinder.
A ray making an angle 6 with the axis will be totally reflected at the

cylindrical surface if
nsin (I - ) >ng,

no
n> .
= cosf

The diffraction spread 64 = 1.22),/D will be counterbalanced by the total

internal reflection if n = ng + ny E2 > é"a—d. Hence we require an electric

intensity greater than a critical value

[

ie.,

n
E.= \/—° [(cosb4)-! — 1].
na
Assume the radiation to be plane electromagnetic waves we have

VEE= iH.

Waves with the critical electric intensity have average Poynting vector

(N)= SEH" = ;\/EEz

Hence the threshold radiation power is

xD? xD? € ng 1
(P) (N)—— - T B n2 (cosod - l) ’

As

Y ™
~ - ~
cos 0d €o ’ !

n=

1rceoD no 1 — cosf4
ny  cos?ly

(P) =
With 64 = 1.22),,/D < 1, we have

7I'C€0D ng o _ mceg ng 2
(P) = mof = Tt 22 (1223,)".
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Since ngA, = A is the wavelength in vacuum, we obtain

wCEQ

<P) = 16"2

(1.222)2.

4018

Consider the propagation of a plane electromagnetic wave through a
medium whose index of refraction depends on the state of circular polar-
ization.

(a) Write down expressions for the right and left circularly polarized
plane waves.

(b) Assume that the index of refraction in the medium is of the form
ng =nt ﬂv

where n and 3 are real and the plus and minus signs refer to right and left
circularly polarized plane waves respectively. Show that a linearly polarized
plane wave incident on such a medium has its plane of polarization rotated
as it travels through the medium. Find the angle through which the plane
of polarizations is rotated as a function of the distance z into the medium.

(c) Consider a tenuous electronic plasma of uniform density no with a
strong static uniform magnetic induction Bo and transverse waves propa-
gating parallel to the direction of Bg. Assume that the amplitude of the
electronic motion is small, that collisions are negligible, and that the am-
plitude of the B field of the waves is small compared with Bg. Find the
indices of refraction for circularly polarized waves, and show that for high
frequencies the indices can be written in the form assumed in part (b).
Specify what you mean by high frequencies.

(SUNY, Buffalo)

Solution:
Take the z-axis along the direction of propagation of the wave.

(a) The electric vector of right circularly polarized light can be repre-
sented by the real part of

Er(z,t) = (Eves + Ege'Te,) e~ itikss
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and that of the left circularly polarized light by the real part of
EL(z,t) = (Eoez + Eoe'.%ey) e—iwt+ik_: ’

where

k n 2
= - _ = —n_.
+ ¢ +> ¢

(b) A linearly polarized light can be decomposed into right and left
circularly polarized waves:

E(z,t) = Er(z,1) + EL(2,t)
= (Eoes + Eoe™*Fey)e " H*+7 4 (Ege, + Eoe'Fey)eiwitik-7
At the point of incidence z = 0, E(0,t) = 2Ese~*“*e,, which represents a

wave with E polarized in the e, direction. At a distance z into the medium,
we have

E(z,t) = Eo[(es’(k+—k-)z +1)e; + (ei(k+—k_)z—i§ + eig)ey] emiwttik-s
and thus
E, cos[(ky —k_)z— 3] sin[(ky — k_)z] [(k+ - k_)z]
= = = tan —2—— .

E. 1+cos[(ky —k_)z]  1+cos[(ky —k_)z]
Hence on traversing a distance z in the medium the plane of the electric
vector has rotated by an angle
k+ — k- 1 w
p= 2 Z—E--g(n+—n_)z.
As ny > n_ (assuming 8 > 0), ¢ > 0. That is, the rotation of the plane of
polarization is anti-clockwise looking against the direction of propagation.

(c) The Lorentz force on an electron in the electromagnetic field of a
plane electromagnetic wave is —e(E + v x B), where v is the velocity of the
electron. As /o |E| = \/jto |H|, or [B| = [E|/¢c, we have

Hence the magnetic force exerted by the wave on the electron may be
neglected. The equation of the motion of an electron in Bg and the elec-
tromagnetic field of the wave, neglecting collisions, is

mr = —eE —ev x By,
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where E is the sum of Eg and Eg in (a). Consider an electron at an
arbitrary point z. Then the solution of the equation of motion has the
form

r = rge” "t

Substitution gives

—mw?r = —eE — ¢(—iw)r x By.
The electron, oscillating in the field of the wave, acts as an oscillating dipole,
the dipole moment per unit volume being P = —nger. The above equation
then gives

mw?P = —nge’E — iweP x By,

or, using P = x&oE,
mw?xeoE + nge?E = —iwexeoE x By .

Defining

n082 noe

WR =
m€o, B

wp =

Y-
and with Bo = Bye;, the above becomes

w? w
—E+E=—-ix—E x

or
w? . w
w? )
<1+XE)E”—1X¢T£Ez=0' (2)
(1)xix(2) gives
w? . Xw .
(l +x‘z) (E: +iEy) £ ;(E', +iEy))=0.

Note that E; —iE, = 0 and E; +iE, = 0 represent the right and left circu-
larly polarized waves respectively. Hence for the right circularly polarized
component, whose polarizability is denoted by x4, E; + iEy # 0 so that

(0'2 w
1+X+;;7) tx+ - =0,
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or
X 1
+S o T
gt
Similarly for the left polarization we have

1
X—=*w2_£_'

wi
UP wsB

The permittivity of a medium is given by ¢ = (1 + x)eo so that the

refractive index is
/ €
n= e— = \/l + X -
()}

Hence for the two polarizations we have the refractive indices

1 2 2
ny = l—w’ﬂ:w= I—J%;r- l—w(_wwﬁ,—):
Zrs ot 42 5

' w% noe? g9By _ Boe
wp = —_—=—

wp meog ngpeé m

For frequencies sufficiently high so that w > wp, w > wp, we obtain
approximately

1
=n+p
. U’ Uz UI
withnx 1 - 35, B~ 55 =&
4019

Linearly polarized light of the form E;(z,t) = Eoe’(*2=“*) is incident
normally onto a material which has index of refraction ng for right-hand
circularly polarized light and np, for left-hand circularly polarized light.
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Using Maxwell’s equations calculate the intensity and polarization of the
reflected light.
(Wisconsin)
Solution:
Using Maxwell’s equations §E -dr = — [92 . dS and § H-dr =
J (%‘% + J) - dS, we find that at the boundary of two dielectric media the

tangential components of E and H are each continuous. Then as E, H
and the direction of propagation of a plane electromagnetic wave form an
orthogonal right-hand set, we have for normal incidence

E+E”=E', H—H"=HI,

where the prime and double prime indicate the reflected and refracted com-
ponents respectively. Also the following relation holds for plane waves,

Hz\/EEzJ-e—‘/E—OEzn‘/EEE.
M o ¥ 4 Ho
Hence the H equation can be written as

E—-E"=nFE,

taking the first medium as air (n = 1).
Eliminating E’, we get

"_ l1-n
1+n

For normal incidence, the plane of incidence is arbitrary and this relation
holds irrespective of the polarization state. Hence

1—ngr

1—-mng
E”-_— E , EII=_____
L R 14+ ngr

1+ ng

ER.

The incident light can be decomposed into left-hand and right-hand circu-
larly polarized components:

o (3) -5 (2) - (D) +15: (1)
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where (1) represents the left-hand circularly polarized light and ( 1 )

.
bt §

the right-hand one. Hence the reflected amplitude is

1, 1—-ng (1) 1_ 1-ny (1
" o__ - 2
E ‘2""‘1"1“R (i)+2E°1+nL (—i)
1 o( e + 7 )
2

- i(l'"ﬂ — l=ng
14ngr 14n

This shows that the reflected light is elliptically polarized and the ratio of
intensities is

I_”___l_ l—nR+1—nL)2+ l—nn_l—nL z
I " 4|\14+ng  14ng l4ng  14+n,

2 2 2 2
=12 1-ngp +2 1-ng :l ﬂ + I__nL .
4 1+ng 1+ng 2I\14ng 1+ng

4020

A dextrose solution is optically active and is characterized by a po-
larization vector (electric dipole moment per unit volume): P = 4V x E,
where v is a real constant which depends on the dextrose concentration.
The solution is non-conducting (jiree = 0) and non-magnetic (magnetization
vector M = 0). Consider a plane electromagnetic wave of (real) angular
frequency w propagating in such a solution. For definiteness, assume that
the wave propagates in the +2 direction. (Also assume that Z* < 1 so
that square roots can be approximated by vV1+ A~ 1+ %A)

(a) Find the two possible indices of refraction for such a wave. For
each possible index, find the corresponding electric field.

(b) Suppose linearly polarized light is incident on the dextrose solution.
After traveling a distance L through the solution, the light is still linearly
polarized but the direction of polarization has been rotated by an angle ¢

(Faraday rotation). Find ¢ in terms of L, v, and w.
(Columbia)
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Solution:
(a) D, E, P, B, H, M are related by

D=gE+P, B=p(H+M).
With P = 9V x E, M = 0, we have

D=¢E+9VXE, B =pyuoH.
For a source-free medium, two of Maxwell’s equations are

VxH=D, V-E=0.

The first equation gives

VxB =[lob = C%E+7pov x E,
while the second gives

Vx(VxE)=-V2E.

Then from Maxwell’s equation

VxE=-B,

we have
Vx(VxE)=-VxB,

or 1
—VzE = —'c—zE —1;10V X E

For a plane electromagnetic wave

E = Ege!**=%") = F,e, + Eye,,

the actions of the operators V and £ result in (see Problem 4004)

V — ike,, — = —iw.

ot

1)
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Equation (1) then becomes
w?
k’E = -‘;E + iypowike, x E,
which has component equations
2 _ W : 2
k -= E: + iypow’kEy =0,

2
iypow?kEy — (k2 - ‘;’—2) E,=0.

These simultaneous equations have nonzero solutions if and only if

2 .
k? -4 171‘0“’2'2 =- (lc2 - w—z) + 77wk =0
. 2 2 _w - 2 o
typow’k "(k - -cT) ¢
le.,
. w? 2
k* - == Eypow’k

The top and bottom signs give

2 W’ .
(ki - ?)(Ez ilEy) = 0.
Hence the wave is equivalent to two circularly polarized waves. For the
right-hand circular polarization, E; + iEy # 0 and we have

s _w? 2
ky = = + Ypow ks .
For the left-hand circular polarization, E; — iEy # 0 and we have

2
w
k2 = =~ ypow?k_ .

Solving the equation for kg

2 2 w?
ki F ypow k;t—'c'-;=0,
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1 / 4w2|
ke =35 [d:wtow’ vt + — |

As k4 has to be positive we choose the positive sign in front of the square

root. Hence
w R L
ky = —1|1 —_ —_—
+ c[ +( ) )] 3

To convert to Gaussian units, we have to replace g =L = EP—- by 1. Thus
1E22< is to be replaced by 2—":7—, which is assumed t.o be < 1. Therefore
kyn @ 28990 and ng = Sky x| 1899

(b) If the traversing light is linearly polarized, the different refractive
indices of the circularly polarized components mean that the components
will rotate by different angles. Recombining them, the plane of polariza-
tion is seen to rotate as the medium is traversed. The angle rotated after
traversing a distance L is (cf. Problem 4018)

we have

1 1 1
¢ = §(¢1 + ¢2) = E(k-‘- - k_)L ~ 57[‘00}214 .

4021

Some isotropic dielectrics become birefringent (doubly refracting) when
they are placed in a static external magnetic field. Such magnetically-biased
materials are said to be gyrotropic and are characterized by a permittivity
€ and a constant “gyration vector” g. In general, g is proportional to
the static magnetic field which is applied to the dielectric. Consider a
monochromatic plane wave

E(x,t) | _ | Bo| ik x-wt)
B(x, t) Bo

traveling through a gyrotropic material. w is the given angular frequency

of the wave, and n is the given direction of propagation. Eg, Bg, and K

are constants to be determined. For a non-conducting (¢ = 0) and non-

permeable (1 = 1) gyrotropic material, the electric displacement D and the
electric field E are related by

D=¢E+iExg),
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where the permittivity € is a positive real number and where the “gyration
vector” g is a constant real vector. Consider plane waves which propagate
in the direction of g, with g pointing along the z-axis:

g=ge;, and n=e,.

(a) Starting from Maxwell’s equations, find the possible values for the
index of refraction N = Kc/w. Express your answers in terms of the
constants € and g.

(b) For each possible value of N, find the corresponding polarization
Eo.
(Columbia)

Solution:

In Gaussian units Maxwell’s equations for a source-free medium are
V-D=0, vV-B=0,

dD

1 08 oD
at -

VXE=-C%50

where we have used ¢ =1 and B = H.
As the wave vector is K = Ke, and the electromagnetic wave is rep-

resented by E = Ege'(K2-w!) the above equations become (see Problem
4004)

VxB=

Q|-

K-D=0, K-B=0,
KxE:%B, KxB:—%D.

Thus

w?

Kx(KxE):K(K-E)—K2E=%KxB=_§D,

or W
K’E - 5D - K(K-E) = 0.
Making use of D = ¢E + i(E x g), we have

2 2
(K?—“’c—f)E—K(K-E)—i“c’—z(Exg)=o,



464 Problems € Solutions on Electromagnetism

or, with N = -’{;‘5,

(N’—e)E—%K(K-E)—i(Exg):O.

As K = Ke,, g = ge,, N = £< the component equations are

(N?*—¢)E, —igE, =0, (1)
igE, + (N? - ¢€)E, =0, 2)
eE, =0. (3)

Eq. (3) shows that E; = 0. Hence the wave is transverse. For non-zero
solutions of (1) and (2), we require

2 .
det(N.“‘ -9 ):0,
g
giving
(N2 - 5)2 = 92 )
ie.,
N=\exyg.
Thus the index of refraction has two values,
Ny =+\e+yg, Ny=+\fe—g.
Substituting in (1) we obtain
for Ni: g(E: —iE,)=0,
for N: g(E: +iEy)=0.

Since g # 0, N; is the refractive index of the right circularly polarized
components and N; is that of the left circularly polarized component. Eq
for the two components are respectively

Eor = iEpy, Eo, =0,

Eo: = -iEOy ) Eo, =0.
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4022

A plane electromagnetic wave of angular frequency w is incident nor-
mally on a slab of non-absorbing material. The surface lies in the zy plane.
The material is anisotropic with

2 —_ a2 —_ m2
€xz = Ng€0 Eyy = Ny€o0, €z = N;E0,

Ezy =€y; =€;2 =0, n, #ny.

(a) If the incident plane wave is linearly polarized with its electric field
at 45° to the z and y axes, what will be the state of polarization of the
reflected wave for an infinitely thick slab?

(b) For a slab of thickness d, derive an equation for the relative ampli-
tude and phase of the transmitted electric field vectors for polarization in
the z and y directions.

(UC, Berkeley)

Solution:

Consider a plane electromagnetic wave incident from an anisotropic
medium 1 into another anisotropic medium 2, and choose coordinate axes
so that the incidence takes place in the zz plane, the interface being the
z0y plane, as shown in Fig. 4.8. The incident, reflected, and transmitted
waves are represented as follows:

incident wave: e!(KT-wt)

3 7] ’
reflected wave: (X r=w't)

. Cret
transmitted wave; e*(K" T=w"t)

The boundary condition on the interface that the tangential components of
E and H are continuous requires that

K. =K.=K",
K,=K., =K
w=w =uw".
From these follow the laws of reflection and refraction:
K(0)sin8 = K'(6')sin¢’,
K(0)sing = K"(6")sing" .
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Fig. 4.8

(a) As the medium 1 given is air or vacuum, we have K = K’ = ¥,
For normal incidence
=0 =0"=0,

so that
K=Kn, K =-Kn, K'=K'"n. (n=¢e;)
From Maxwell’s equation V x H = D, we have (Problem 4004)
K" x H' = —wD" . 1)

As K" is parallel to e;, D” and H” are in the zy plane. Take the axes
along the principal axes of the dielectric, then

D£I=€“E§,, (i=1‘,3/yz)
and
E" = Eje. + Ej/ey, D} =FE]=0.

If the incident wave is linearly polarized with its electric field at 45° to the
z and y axes, we have
E=E;e; + Eyey,
with Ez-i-E: = Ez, E, = Ey = 7E5
Let the reflected wave be E' = Eje; + E e,. The continuity of the
tangential component of the electric field across the interface gives

E. +E.,=E!, (2)
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E,+E,=E/. @3)

Equation (1) also holds for the incident and reflected wave. As medium 1
is isotropic with permittivity €, we have

w w
wxH = 2B = o (Bues + Byey),

nx H —EOR—E —-Eo—(E e,,.+E ey),

as well as

ot "

an":—I” = {u

(e,,E e,+€,,yE e,)

The continuity of the tangential component of H across the interface, n x
(H+H') =n x H”, then gives

€o €
(B~ B) = 2y,

€0 ’ Eyy

R(Ey - Ey) N Ey
Using €z = nleo, €yy = nleo, €:: = nleo and K" = % = ¢n, = n,K,
these equations become

. — ! - _z II, 4

E. - E, =2 @)
! "3 "

By By = LB (5)

2
n,—n 2n
' 2 z " o__ 2z
Ez_( 2)E‘,,, E; = 3 E.,
n, + n2 nZ +n,

2
n, —n 2n

E, = 5 ) E Ej = ———E,.
( ) v Y n24n, Y

As E? + E2 E? we have
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a= (n, — nz ) E,
n, +ng
n, —n2
b= ( ul g)E‘ ,
n; + ny
showing that the reflected wave is elliptically polarized with E parallel to
the zy plane.

where

(b) For a slab of thickness d, the transmitted wave E” above becomes
the wave incident on the plane z = d. Denote the three waves at the
boundary by subscript 1, as in Fig. 4.9. We then have for the incident wave

K=K, K, =n,K, E;=Ep;e;+Eye,,

_ 2n,

Iz = n24n, '
_2n,

ly = nZ+n, v

w

nx H, = “K. (esc E1z€z + €yy Eryey);
1
for the refracted wave
K| =-Kn,

U !
E) = Ej,e: + Ej ey,
e ' '
nx H’l = 7{—1 (E;;;:E]zez- + Enylyey);

for the transmitted wave
{=Kn,
1 = Eizes + Ejyey,
nx H! = —eo% (Efe: + Elyey).
The boundary conditions for the interface z = d give

ElzeiKld +E;ze—iK|d - E;Izel'Kd’ (6)

ElyeiKld_’_ E;ye—iKld - Eilyein, (7)
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z
Ky
1_ Kj J K]'
L .
0
Fig. 4.9

w . _ .
—ezx(Elze‘Kl El aK;d) — 50 II ele,

K K
—iK,dy _ iK
I{ Egg(ElyC - Eiye Hh ) =¢o I{E .
The last two equations can be rewritten as
. . n .
ElzetKld _ E{:e—tKld = n_;E;'z'e'Kd (8)
z
. . n .
ElyetKld _ E;ye_'K‘d - n; lyest . (9)

y
The simultaneous equations (6), (7), (8), (9) give the amplitude and phase
of the three electromagnetic waves at the second interface. In fact, the
reflected wave K/ again becomes the incident wave on the plane z = 0
and reflection and transmission will again occur, and so on. Thus multi-
reflection will occur between the upper and lower surfaces of the slab, with
some energy transmitted out of the slab at each reflection.

4023

Consider an electromagnetic wave of angular frequency w in a medium
containing free electrons of density n..

(a) Find the current density induced by E' (neglect interaction between
electrons).

(b) From Maxwell’s equations write the differential equations for the
spatial dependence of a wave of frequency w in such a medium.
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(¢) Find from these equations the necessary and sufficient condition
that the electromagnetic waves propagate in this medium indefinitely.

(Columbia)

Solution:

(a) The equation of motion of an electron in the field of an electromag-

netic wave is
dv

me— = —eE,

dt

where we have neglected the action of the magnetic field, which is of mag-
nitude vE /¢, as v K ¢. For a wave of angular frequency w, 387 — —iw and

the above gives
e

v=-—i E.
mew
Thus the current density is
. .nee’E
j= —neev =1 .
Mew
(b) Maxwell’s equations are
V-D=p, (1)
JB
VxE-= —‘a—t y (2)
V-B=0, 3)

. OE
VXB=#0J+#o€oW- (4)

Equations (2) and (4) give

P d 1 OE
_ B _E=_2 = —= 4 — —
Vx(VxE)=V(V-E)-VE=-7(VxB) at("“““cz at)’

as ¢ = (po€o) 4.
We can take the medium to be charge free apart from the free electrons.
Thus (1) gives V-E = £ = 0. We can also write

0j Ho 9% _  ponee’ O°E

Fa = "waer ™"~ mew? Ot2
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Hence : 2\ o2B
2 wp -
v E‘:z(“:f)a?—“
with
W = nee?
P= Mme€o )

Similarly, we obtain

1 w2\ 0°B
2 P —
vB-5(1-%) 5w =0

The wave equations can be written in the form
2 2
V2Eo+“’—2( —“’—‘;)Eo:o
c w

by putting E(r,t) = E¢(r) exp(—iwt), giving the spatial dependence.
(c) The solution of the last equation is of the form Eo(r) ~ exp(iK -r),
giving
K% =w? - wk.
The necessary and sufficient condition that the electromagnetic waves prop-
agate in this medium indefinitely is that K is real, i.e. w? > w3, or

Eomew2

ne <
€ 62

4024

An electromagnetic wave with electric field given by
Ey = Ege!®*=vY) | E =E, =0,

propagates in a uniform medium consisting of n free electrons per unit
volume. All other charges in the medium are fixed and do not affect the
wave.

(a) Write down Maxwell’s equations for the fields in the medium.
(b) Show that they can be satisfied by the wave provided w? > ;',';—:
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(c) Find the magnetic field and the wavelength of the electromagnetic
wave for a given (allowable) w. Neglect the magnetic force on the electrons.
(Wisconsin)
Solution:
(a) (b) Refer to Problem 4023 for the solution.
(c) Using Maxwell’s equation

oB
VxE= —-a—t',
as
V xE =iKe; x Eyey = —iKE,e;,
oB .
'ét— = —IUB,
we have

B= —']iEoei(K‘-Wt)ez .
w

Note that we have used Vx = —i{K x from Problem 4004.

3. PROPAGATION OF ELECTROMAGNETIC WAVES
IN A MEDIUM (4025—4045)

4025

What is the attenuation distance for a plane wave propagating in a
good conductor? Express your answer in terms of the conductivity o, per-
meability g, and frequency w.

(Coulumbia)

Solution:

For a ohmic conducting medium of permittivity €, permeability 4 and
conductivity o, the general wave equation to be used is

V2E — ueE — ;ME =0.

For plane electromagnetic waves of angular frequency w, E(r,t) =
Eo(r) e~i*, the above becomes

V2E, + pew2(1 + i)Eo =0.
weé
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Comparing this with the wave equation for a dielectric, we see that for the
conductor we have to replace

€ — e 1+i—a-
© I we )’

if we wish to use the results for a dielectric.

Consider the plane wave as incident on the conductor along the inward
normal, whose direction is taken to be the z-axis. Then in the conductor
the electromagnetic wave can be represented as

E= Eoci(kz—wt) .

The wave vector has magnitude

1
2
k:‘—"-:w ”e(l_*_z_a)
v wE
Let k = 8 + ia. We have
B% - a® =wle, af = %w;w.

For a good conductor, i.e. for - > 1, we have the solution

a=ﬂ=:t‘/-‘:)-§z.

In the conductor we then have
E-= Eoe—azei(ﬂz—wt) .

By the definition of the wave vector, 8 has to take the positive sign. As the
wave cannot amplify in the conductor, a has also to take the positive sign.
The attenuation length 6 is the distance the wave travels for its amplitude
to reduce to e~! of its initial value. Thus

s=1_ [ 2
a wpo
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4026

Given a plane polarized electric wave

E=Eoexp{iw[t-%(x-r)]},

derive from Maxwell’s equations the relations between E, K and the H
field. Obtain an expression for the index of refraction n in terms of w, ¢,
#, o (the conductivity).

(Wisconsin)
Solution:

Maxwell’s equations for a charge-free ohmic conducting medium are

VxE=-2, (1)
VxH=J+%2, 2)
vV.-D=0, 3)
V-B=0, (4)

with
D =¢E, B=uH, J=0E.

For the given type of wave we have 387 — iw, V — —i22K (cf. Problem
4004). Equations (3) and (4) then give
E-K=B-K=0,

and (1) gives
Nw )
zT KxE=1wuH,

or n
H=—KxE.
uc
Taking curl of both sides of (1) and using (2) and (3) we have

OE 0’E
V2E=[ldﬁ'+[l€w,

or
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which is the equation for a wave propagating with phase velocity v given

by
o (,,e_,ﬂ)" _1(,_ iﬂ.)"
w e we ’

Hence the index of refraction of the medium is

n=£= [ laid (l—z—a)]%
v Moo we

Writing n = , /£=(8 — ia), we have

g -a’=1, aff = —.

Solving for a and 8, we find

1/2 2 N 1/2 ]
_ [ ue o2 ; o
n= Siots \/(l+———€2w2) +1—1\/(1+—€2w2) —lJ .

4027

A plane polarized electromagnetic wave E = E,oe‘(x‘ -w*) is incident
normally on a semi-infinite material with permeability p, dielectric con-
stants €, and conductivity o.

(a) From Maxwell’s equations derive an expression for the electric field
in the material when o is large and real as for a metal at low frequencies.

(b) Do the same for a dilute plasma where the conductivity is limited by
the inertia rather than the scattering of the electrons and the conductivity
is

(c) From these solutions comment on the optical properties of metals
in the ultraviolet.
(Wisconsin)
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Solution:

Assume the medium to be ohmic and charge-free, then j = ¢E, p =0
and Maxwell’s equations are

VxE:—%, Vxﬂ=%)+j,
V.-D=V-B=0.
Assume also that the medium is linear, isotropic and homogeneous so that
D =¢E, B=uH.
For a sinusoidal electromagnetic wave
E(r,t) = E(r)e”™',  B(r,t) = B(r)e !

in the conducting medium Maxwell’s equations become

V x E(r) = iwpH(r),
V x H(r) = —iweE(r) + 0E(r),
V-E(r)=V-B(r)=0.

Using these we obtain

V x (VxE)=V(V-E)-VE = -V’E
= iwuV x H = (wlep + iwpo)E,

i.e.
V2E + (w?ep + iwpg)E = 0. (1)

Putting
K" = wlue", ' =e+i—,

we can write Eq. (1) as
VZE(r)+ K"*E(r) = 0.
This is Helmholtz’ equation with the plane wave solution

E(r) = Eoeixll" ,
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where the propagation vector K” has a complex magnitude

" io 5 .
K'=zw|p e+;— = f +ia, say.
B and « are given by the simultaneous equations

{ ﬂ2_02=w2“€,
Ba = %w;w,

which have solution

1/2
B=uwyiE | L (1414 2 :
=WVHE 13 €2w? ’

1/2
a = wy/ue 1 1-{-\/14-0—2 /
- a 2 e2w? ’

The given incident wave is £ = Eyoe‘(K““"), so that K = Ke;,
Eo = Eyoey, Ho = Hzoe;. Let the reflected and transmitted waves be

EI = Eloel'(Kld'—wt) , Hl = Hi)ei(K"r—w‘) ,

E' = Egei(l("f—wt) , H' = ngi(K“q-—wt) .

As E, B, K form a right-hand set and the incident wave is polarized with
E in the y direction, the vectors are as shown in Fig. 4.10. To satisfy the
boundary condition that the tangential component of E is continuous at all
points of the interface, we require that the exponents involved should be
the same, which in general gives rise to the laws of reflection and refraction,
and that the amplitudes should satisfy the following:

{ Eyo + E‘;O = ;’0, (2)
Hzo— Hzo = Hyy . (3)
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P 4
K”
£ O—8
€, 1,0 "
x
€9, Ko Eb
By K
K' By
Eo
Fig. 4.10

As the waves are plane electromagnetic waves we have

_ €0 ' €0 v
Hzo—\/”—oEyo, ’o—‘/l-l—o v0

"
"o_ K "
z0 wp y0 >

and (3) can be written as

o K"
o (Eyo — Eyo) = P 40 - 4)
Equations (2) and (4) give
2E
;'0 = z K" (5)
! + €o Uﬂ-

(a) If o is large and real as for a metal at low frequencies, we have

2
L1, Jl+ostinZ,
Ew €2w? Ew
. /w;ta'
ﬂ—a"' 9 )

and thus
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or
K" =\ [ZZ (1 +9).
Hence
2E 20 pw _
" = = ~ 2By ”° (1+i)!
(1 + 2eowp ) +1 2eqwyp )

= 2Eyo fopw e-i*

Hoo ’

since, as u = fg, €9 ~ €, ‘/5&9“"—‘0 ~ /Z > 1. Equation (5) then gives

Eojlw
o0

;Io ~ 9 Eyoe—azen(ﬂz-wt--)e

for the electric field in the conducting medium.

(b) For a dilute plasma p = puo, € X €9, With 0 = i 2 (l) becomes

mw’
V2E + moeo(w? —wi)E=0,

where w? = ,"“—:1 is the (angular) plasma frequency of the medium. Thus

1
K" = c_z(“’z -wd).

If wp <w, K" is real and (5) becomes

, _ 2B _ 2E,
O+ KT T T+ (1-wi/w?) 2’

giving ’
Elyl = E;'oe'(K z—wt)ey .

If w} > w?, K" is imaginary and

" _ 2E,o
VO 4w fw? - 1)Y/2]

E;l = E;loe-ll(“ls e—twt
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(c) The typical electron number density of metals is n = 10?2/cm3.
The corresponding plasma frequency is

oo — (M€Y _ (107 x 10° x (1.6 x 10-29)2\ ¥
P = neo =

9.1 x 10-31 x 8.85 x 10—12
~ 0.56 x 1016 s~ .

For ultraviolet light, the angular frequency isw > 10'® s~1. So the condition
wp < w is satisfied and ultraviolet light can generally propagate in metals.

4028

A plane electromagnetic wave of frequency w and wave number K
propagates in the +2 direction. For z < 0, the medium is air with ¢ = ¢
and conductivity ¢ = 0. For z > 0, the medium is a lossy dielectric with
€ > €0 and ¢ > 0. Assume that s = po in both media.

(a) Find the dispersion relation (i.e., the relationship between w and
K) in the lossy medium.

(b) Find the limiting values of K for a very good conductor and a very
poor conductor.

(c) Find the e~! penetration depth & for plane wave power in the lossy
medium.

(d) Find the power transmission coefficient T' for transmission from
2 < 0 to z > 0, assuming ¢ < ew in the lossy medium.

(e) Most microwave ovens operate at 2.45 GHz. At this frequency,
beef may be described approximately by €/ep = 49 and ¢ = 2 mho m~!.
Evaluate T and § for these quantities, using approximations where needed.
Does your answer for § indicate an advantage of microwave heating over
infrared heating (broiling)?

(MIT)

Solution:

(a) In a lossy medium, the wave number K’ is complex, K' = (8 +
ia)e;. From Problem 4025, we see that K’ is related to w by K2 =
w?p(e +i2). Thus

B? —a® = w’pee,
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af = %wyoa’ .

Solving the simultaneous equations we have
1/2
B = w /1o -l- l+\/l+—zz—
= Ho 2 e2w? ’

1/2
a = w /o€ ! 14+4/14+ ot ,
YV |3 €e2w? )
As refractive index is defined as n = <X = £ (8 + ia), these equations give
the dispersion relation for the medium.

(b) For a very good conductor, Z > 1, and we have

ﬁ:az,/$.

For a very poor conductor, Z < 1, and we have

B = w\/pot, az%‘/?.

(¢) The transmitted wave can be represented as E3 = Egge~%%¢'(F3-w1),

Thus the e~! penetration depth is

-1/2
1 1 1 / o?
d=—= - - 14+ —— .
a [2( I+ +e’w2)]

W/

2
For a very good conductor: § ~ .
Whoo

2 /
For a very poor conductor: § =~ — —e—.
o o

(d) The solution of Problem 4011 gives
Eq 2

Eyo - l+1l"

where n’ is the index of refraction of the lossy medium. Here n’ is complex

n' = £(ﬂ+ia).
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For ¢ K ew,
n = ( I‘O
\/#060 €
_ £ i o
“Veo 2 Ew
i o
2 Ew
where
€
n=,/—.
€o

The average energy incident on or leaving unit area of the interface in unit

time is the magnitude of the average Poynting vector S (Problem 4011):

— = 1 [e
For incident wave: S; = — . [— |Eyol.
2V no

. — 1/
For transmitted wave: Sy = = £ | Eaol?.
2V mo

The power transmision coefficient is therefore
Ey|?

§2 €
T=2=, ]2 |22
1 €0 | Ero
_ 4n
" (14 n)? 4+ n202/4e20w?

_ 4
T+ w2

(e) To cook beef in the microwave oven given, we have

10-9
ew =49 x 367

x 27 x 2.45 x 10° mho/m = 7 mho/m > .

If beef can be treated as a poor conductor, the penetration depth and the
power transmission coefficient are respectively

2 [ 2x7 [885x10-12
S= V™2 Vizexio7 185 em,
4x7

4n
T= (14 n)? + n?0?/4c%w T 82472 x 22/4 x T2 ~0.43.

o)
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The wavelength of infrared rays is approximately 10~3 cm, so its fre-
quency is ~ 3 x 10!3 Hz. For beef in an infrared oven, ew ~ %;— ~
10° mho/m > o, so it is still a poor conductor. Thus the penetration
depth and power transmission coefficient of infrared rays in beef will be
similar to those for the microwaves. Hence for cooking beef, the effects of
the two types of wave are about the same as far as energy penetration and
absorption are concerned. No advantage of microwave heating over infrared

heating is indicated.

4029

(a) X-rays which strike a metal surface at an angle of incidence to the
normal greater than a critical angle 8¢ are totally reflected. Assuming that
a metal contains n free electrons per unit volume, calculate g as a function
of the angular frequency w of the X-rays.

(b) If w and @ are such that total reflection does not occur, calculate
what fraction of the incident wave is reflected. You may assume, for sim-
plicity, that the polarization vector of the X-rays is perpendicular to the
plane of incidence.

(Princeton)

Solution:
(a) The equation of the motion of an electron in the field of the X-rays
is

mx = —eE = —eEge™ ™" .

Its solution has the form x = xoe~*!. Substitution gives

mw?x = eB.

Each electron acts as a Hertzian dipole, so the polarization vector of the
metal is

P = —nex = xgoE,
giving the polarizability as

ne

meow?
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Let wd = "ﬂ.%, then the index of refraction of the metal is

w2\ 12
"=\/‘+X=( "w—‘i’) :
and the critical angle is

2\ 1/2
0o = arcsin (1 - w—f;-) .
w

(b) As the X-rays are assumed to be polarized with E perpendicular to
the plane of incidence, E is tangential to the metal surface. Letting a prime
and a double-prime indicate the reflected and refracted rays respectively,

we have
E + El — E”,

Hcos@ — H' cos@’ = H" cos§” .

)]
2

Note that E, H and the direction of propagation form a right-hand set. As

6=0", VeE = /uH, 1= po,

(2) can be written as

E_p = [£cos 6" B = ncos@” B
“Veo cost ~ cosf )

(1) and (3) together give

E' cos@ — ncos”

E = cosf 4 ncosf"

As 0 = 0’ and the intensity is } \/;: EZ, the reflection coefficient is

R= E' 2_ cosf — ncosf"\?
“\E) T \cosO+ncosf ) °

©)



Electromagnetic Waves 485

4030

Consider a space which is partially filled with a material which has
continuous but coordinate-dependent susceptibility x and conductivity o
given by (Xoo, A, 0oo are positive constants):

()_{ , —00<2<0,
xwe= Xoo(1 — €72%), 0<z<o0;
()_{0, —-00<2<0,
7= Ooo(l —e™2%), 0<z<oo.

The space is infinite in the z, y directions. Also ¢ = 1 in all space. An
s-polarized plane wave (i.e., E is perpendicular to the plane of incidence)
traveling from minus to plus infinity is incident on the surface at z = 0 with
an angle of incidence @ (angle between the normal and ko), (koc = w):

Ej(r,t) = Aexpli(zkosin 0 + zko cos0 — wt)]ey .
The reflected wave is given by
E;'(r,t) = Rexpli(zkosin 0 — zko cos8 — wt)]e, ,
and the transmitted wave by
EJ(r,t) = E(z) expli(zk’ siny — wt)]e, .

A and R are the incident and reflected amplitudes. E(2) is a function which
you are to determine. v is the angle between the normal and &’.

(a) Find expressions for the incident, reflected and transmitted mag-
netic fields in terms of the above parameters.

(b) Match the boundary conditions at z = 0 for the components of the
fields. (Hint: Remember Snell’s law!)

(c) Use Maxwell’s equations and the relationships
4mi
D(r,t) = e(r)E(r,t),  e(r) =1+ 47x(r) + —o(r)

to find the wave equation for EJ (r,t).
(SUNY, Buffalo)
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Solution:

(a) The incident and reflected wave vectors are respectively
k! = (kosin®, 0, kocos8),  k® = (kosin®, 0, —ko cos ).

For sinusoidal plane electromagnetic waves, we have (Problem 4004) V —
ik, % — —iw. Maxwell’s equation V x E = —% % then gives

ik xE = —%(—iw)B,

or c
B=—-kxE.
w

Thus
B' = skl x E = (—e;cosf + e, sin0)Ey(r,t)
= (—e; cosd + e, sin 0) A exp[i(zko sin 8 + zkg cos 6 — wt)],
BR = (e, cos0 + e, sin §) Rexp [i(zko sin 6 — zko cos§ — wt)] .
The magnetic field of the transmitted wave is
BT = —V xET
iw

= % [e, E(z)(ik'siny) — e, 31;'&:)] exp[i(k'zsiny — wt)].

(b) E; and H; are continuous across the boundary, i.e., for 2 = 0
E;(r,t) + E;‘(r, t) = E;‘(r,t) ,

[B'(r,t) + BR(r,t)] - e, = BT(r,1) - e .

B, is also continuous across the boundary:
[B'(r,t) + BR(r,1)] - e, = BT(r,1) - e, .
Also, Snell’s law applies with z = 0:

kosin@ = k'siny.
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Combining the above we obtain

ko(R — A)cosf = z(aE(’)) .
a z2=0
(c) Combining Maxwell’s equations
10B 1D 4«
VxE=-C VxH=o Tl
where
D=¢r)E, B=pH=H, J=0E,
we have
190 w? .Amo
VX(VXE)——:E(VXH)—:{(C-F!T)E.
As

Vx(VxE)=V(V-E)-VZE=-V’E,

for a charge-free medium, the above becomes
2 4
VZE + ‘:—2 ( +z£)E=0.

This is the wave equation for a charge-free conducting medium. Apply this
to the transmitted wave. As

V2ET = (-—ai + _3i + —ai) E(z) expli(zk' siny — wt)]e,
0z2 " Oy? 022
2
= [ — E(2)k"%sin’ y + 9 ab;gz)] expli(zk’ siny — wt)ley ,

€=1+4my
by the definition of electric susceptibility,
X=xo(1-€¥),  0=0w(l-e™),
we have the equation for E(z):

82E 2 1 0 —Az .
) e [”“”(XH%) (1-e )] E(z) - K?sin’y E(z) =
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4031

A plane polarized electromagnetic wave is incident on a perfect con-
ductor at an angle 6. The electric field is given by

E = EgRe exp [i(k - r — wt)].

E is in the plane of incidence as shown in Fig. 4.11. Starting with the
boundary conditions imposed on an electromagnetic field by a conductor,
derive the following properties of the reflected wave: direction of propaga-
tion, amplitude, polarization and phase.

(MIT)

Fig. 4.11

Solution:

In a perfect conductor, E” = B” = 0. Since the normal component of
B is continuous across the interface, the magnetic vector B’ of the reflected
wave has only tangential component, as shown in Fig. 4.11. As for a plane
electromagnetic wave, E, B and k form an orthogonal right-hand set, E’
and k’ must then be in a plane containing k and perpendicular to the
boundary (the plane of incidence). Also, because of the continuity of the
tangential component of E across the interface, the electric vector E’ of the
reflected wave must have the direction shown in Fig. 4.11 and we thus have

Esinf — E'sin¢’ =0.

In addition, for the boundary conditions to be satisfied, the exponents in
the expressions for E and E’ must be equal at the boundary. This requires
that

k-r=k'r,

or
kcosf = k' cos ¢,

taking r in the interface and in the plane incidence.
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Ask=k' =%, cosf = cos@', or § = ¢, from which follows E = E'.
Therefore, the direction of propagation of the reflected wave, given by the
vector k’, makes the same angle with the surface of the conductor as that
of the incident wave, given by k; both are in the plane of incidence. The
magnitude E’ of the electric field of the reflected wave is the same as that
of the incident wave, and the reflected wave remains linearly polarized.
However, as E; = —E;}, a phase change of 7 occurs on reflection.

4032

(a) Consider a long straight cylindrical wire of electrical conductivity
o and radius a carrying a uniform axial current of density J. Calculate the
magnitude and direction of the Poynting vector at the surface of the wire.

(b) Consider a thick conducting slab (conductivity o) exposed to a
plane EM wave with peak amplitudes Ey, By. Calculate the Poynting
vector within the slab, averaged in time over a wave period. Consider o
large, i.e. 0> wep.

(c) In part (b), if o is infinite, what is the value of the average Poynting
vector everywhere in space?

(Wisconsin)
Solution:

(a) Use cylindrical coordinates (r, 8, z) with the z-axis along the axis

of the wire and let the current flow along the +2 direction. Assume the

conductor to be ohmic, i.e., J = ¢E. Then E = ;’7 = %e, inside the wire.

Due to the continuity of the tangential component of E across the interface,
we also have E = %e, Jjust outside the surface of the wire. Using Ampeére’s
circuital law § B - dl = pol we find the magnetic field near the surface of

the wire as
pol poJwa? poJa
— ey = ey =

27a © 27a 2
Hence the Poynting vector at the surface of the wire is

B =

1 2
S=LExB=Ye, x L%, =-12,.
o o 2 20
(b) For simplicity suppose that the normal to the surface of the slab is

parallel to the direction of wave propagation, i.e., along the +2z direction.
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Then the wave vector in the conductor is
K=8+ia=(f+ia)e,.

As o is large, we have (Problem 4027)

taking s = po (nonferromagnetic).
The electric field inside the conductor is

E(r,t) = Eg(r)e~**¢'(Fz-vt)
and the magnetic field is
1 1 .
H= —KxE=—(f+ia)e, xE
Who Who
~ ‘/—a—-e"f'e, xE,
Who
so the Poynting vector is

S=ExH-=

g et E?e, ,
WH
as E-K = E e, =0 for a plane wave.
Averaging over one period, we obtain (Problem 4042)

s_1 . _1 [ T\ 12 —2az
S= 2Re(li‘. x H) = 2 ‘/w#o cos(4)E'0e e,

— ﬁ L Eze_zaze
4 WHo 0 '

(c) As 0 — 00, @ — o0 and \/ze~2** — 0. That is, S inside the
conducting slab becomes zero. In this case, the wave will be totally re-
flected at the surface of the slab. Moreover, outside the slab the incident
and reflected waves will combine to form stationary waves. Hence S = 0

everywhere.
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4033
A slowly varying magnetic field, B = Bjcoswt, in the y direction
induces eddy currents in a slab of material occupying the half plane 2 > 0.
The slab has permeability 4 and conductivity o. Starting from the Maxwell
equations, determine the attenuation of the eddy currents with depth into
the slab and the phase relation between the currents and the inducing field.
(UC, Berkeley)

Solution:

From Maxwell’s equations for a conductor of constants u, €, o

V-E=0, VxE:—%—?,
v-B=0, VxB:;w’E+e?TE.
We find 5B B
Vx(VxB):—V’B:—paW—pe—&z—.

With the given geometry and magnetic field, we expect
B’ = Byexp[i(kz — wt)]e,
in the conducting material and the above equation to reduce to

B OB 9B

92z M i =0

and further to
—k? 4 ipow + pew? = 0.

Hence N
> 2
k=w ;te(l+£) =a+if.
EWw

Since the given frequency is low we can take ew < 0. Accordingly we

have '
a+if = \Jipow = ‘/u—;w-(l-}-i),

/ww
ax fx l—2-

or
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Therefore in the conducting material we have
B = Bae—p:ei(a:—wt)ey .

Thus the magnetic field will attenuate with increasing depth with attenu-
ation coefficient 8. The last Maxwell’s equation above gives

V x B = uoE' — ipewE' ~ uokE'
as 0 > ew. Thus

E’z—l-VxB'=-——l-aB;
po po 0z

_'k :s X :s X
= ”—:-B;e, = ‘/I%e’T e"’fB;e,
= iB‘I’e—ﬂzei(az—wt—{-)et .

V no

Hence the induced current density is

J=oE = \/%B{,e"a’ei(“"“’"%)e,.

Thus there is a phase difference of § between the current and the inducing
magnetic field.

€y

4034
Given a hollow copper box of dimensions shown in Fig. 4.12.

(a) How many electromagnetic modes of wavelength A are there in the
range (4/v5) < A < (8/V13) cm?

(b) Find the wavelengths.

(c) Identify the modes by sketches of the E field.

(d) Approximately how many modes are there in the range (0.01) <
A <(0.011) cm?
(UC, Berkeley)
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a=2cm
b=3cm
b h=1cm
a
h
y
x
Fig. 4.12

Solution:

(a) For this cavity resonator the wavelength of the stationary wave
mode (m, n, p) is given by

2
'\m,nmz——_—_/(—yg——(—mﬂ T % (2

a
2
= ——T cm.
Vs +r

4 3 13 3 2 25
For 2<A< 7z 6s<T+%+p <%
As the integers m, n, p must be either 0 or positive with mn+np+pm # 0,
we have

m=1 n=3; m=2,n=1; forp=0;

m=1 n=0; m=0,n=1; forp=1.

However, each set of m, n, p corresponds to a TE and a TM mode. Hence
in the wavelength range 45 < A < —£= cm there are eight resonant modes:
2 for each (1, 3, 0), (2,1,0), (1,0,1) and (0, 1, 1).

(b) The wavelengths of the four double modes are respectively 74-, 761—0,
7‘5, 7";—0 cm. However there are only two different resonant wavelengths.

(c) The E field in the cavity has components
E; = A cos(k;z)sin(kyy)sin(k;z),

Ey = Ajsin(kzx) cos(kyy)sin(k;z),
E, = Assin(k;z)sin(kyy) cos(k,z2),
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with

k,=ﬂ

The four electric modes have E fields as follows:

mode (1, 3, 0): E; =0, E, =0, E, = Assin (%z) sin(7y);
mode (2, 1, 0): E; =0, E, =0, E, = Agsin(rz)sin (%y) ;
mode (1,0, 1): E; =0, E, = A;sin (;z) sin(#z2), E, =0;
mode (0, 1, 1): E; = A;sin (gy) sin(xz), E, =0, E; =0.

(d) If
0.0l cm < ——3—23—- <0.011 cm,
Vi +5+p
we have
m? n?
181.8%2 < — + — +p% < 200°.

4 9

This corresponds to an ellipsoid shell in the mnp-space where each unit cell

with positive m, n, p represents two electromagnetic modes, one TE and
2 2

one TM, with frequency less than or equal to 2(%-+ %+ p?)~%, of volume

AV =V,-W
= %w(? x 200 x 3 x 200 x 200 — 2 x 181.8 x 3 x 181.8 x 181.8)

= %wx2x3x(2003—181.83)z5x 107.

Hence in the given range of wavelengths there are 2 - ;13- -AV =125 x 107
modes, where the factor ;13- is for the requirement that m, n, p should all be
non-negative.
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4035

Estimate the number of distinct standing light which can exist between
frequencies 1.0 x 10'®* Hz and 1.2 x 10'® Hz in a cavity of volume 1 cm3.
(UC, Berkeley)

Solution:

Consider a cubical cavity resonator of sides of length a. The resonant
frequency f is given by

2
w
an?f? = e (m? +n? +p?),

where m, n, p are positive integers.

Each set of positive integers m, n, p with
4a2 f2

v2
corresponds to a frequency < f(r), where v = \/L_‘

For wavelengths short compared with a, we can consider an m, n, p-
space where each unit cell represents a set of m, n, p. Then the number of
modes N with frequencies < f(r) is equal to the volume of % of a sphere
of radius r in this space:

mi4ni4pi<el=

1 4 5 4 v
N=83" =38
where V = a3 is the volume of the cavity.
However, each set of m, n, p actually corresponds to two modes of the
same frequency, one electric and one magnetic. Thus
8xf3V
33
Under the condition of short wavelengths, this formula can be applied to a
cavity of any shape.
For this problem, we have V = 1 cm® and shall assume the dielectric
of the cavity to be air. Then

N =

N = 8rf> .
3c3
Hence the number of modes between the two given frequencies is

_ 8w
T 3 x (3 x1010)3
=226 x 104,

AN [(1.2 x 10'%)® — (1.0 x 10'5)?]
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4036

Consider a rectangular waveguide, infinitely long in the z-directions,
with a width (y-direction) 2 cm and a height (2-direction) 1 cm. The walls
are perfect conductor, as in Fig. 4.13.

(a) What are the boundary conditions on the components of B and E
at the walls?

(b) Write the wave equation which describes the E and B fields of the
lowest mode. (Hint: The lowest mode has the electric field in the z-direction
only.)

(c) For the lowest mode that can propagate, find the phase velocity
and the group velocity.

(d) The possible modes of propagation separate naturally into two
classes. What are these two classes and how do they differ physically?

(Princeton)
z
A
/y
2c¢ /I 7
1/ o
tem| 7
To > X
Fig. 4.13

Solution:

(a) The boundary conditions are that the tangential component of
E and the normal component of B are zero on the surface of a perfect
conductor. In this case

By,=0, E.=E;=0,fory=0,2cm;

B,=0, E:=E;=0, forz=0,1cm.
It follows from V - E = 0 that %2 = 0 for y = 0,2 cm and 42+ = 0 for
z=0, 1 cm also.
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(b) For sinusoidal waves of angular frequency w, the wave equation
reduces to Helmholtz’s equation

VZE+kE=0

with )
2 w
k= =
and Maxwell’s equation
JB

VxE= ——a—t-
reduces to .

B=-_VxE.

w

For the lowest mode, E; = Ey = 0, E = E,. Thus it is a TE wave,
given by the wave equation V2E, + k?E, = 0. The magnetic vector is then

given by
_ —i0E, i 0F, _
B’__w_(')y’ By = w Oz ' B, =0.

(c) For the lowest mode, the wave can be represented by
E, = Y(y) Z(z)ei(k'z—wt) .
Helmholtz’s equation can then be separated into

d’z
dz 1,2

da’y

s +k3Z2 =0,

+ kY =0,

with k? + k2 = k2 — k2. The solutions are

Y = A, cos(k1y) + Azsin(ky),
Z = Bj cos(kyz) + Basin(kq2).

The boundary conditions that
E,=0fory=0, 2,

-EE:Oforz-O 1
0z
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give Ay = B = 0, ky = 3w, k; = nw, m, n being 0 or positive integers.
Hence
E? = "’_2 _I{m 2 +n?|x?
T e? 2 N

E, =Csin (%wy) COS(nwz)e‘(k"“”‘) .

Let the phase velocity in the waveguide be v. Then k' = £, or

=rf-[5) 1)

n can be allowed to have zero value without E, vanishing identically. Hence
the lowest mode is TE;o, whose phase velocity is

3

The group velocity is

w w2V 2 4 v

7 dk T \dw

(d) Electromagnetic waves propagating in a waveguide can be clas-
sified into two groups. One with the electric field purely transverse but
the magnetic field having a longitudinal component (TE or M mode), the
other with the magnetic field purely transverse but the electric field hav-
ing a longitudinal component (TM or E mode). For the type of guiding
system under consideration, it is not possible to propagate waves that are
transverse in both electric and magnetic fields (TEM mode).

4037

As in Fig. 4.14 an electromagnetic wave is propagating in the TE mode
in the rectangular waveguide. The walls of the waveguide are conducting
and the inside is vacuum.
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(a) What is the cutoff frequency in this mode?

(b) If the inside is filled with a material with dielectric constant ¢, how
does the cutoff frequency change?

(Columbia)

fo— b —ef

Fig. 4.14

Solution:

In TE modes E, = 0, H, # 0, using the coordinate system shown in
Fig. 4.14. The transverse, i.e. ¢ and y, component waves in the waveguide
are standing waves, while the z component is a traveling wave. Let m and
n denote the numbers of half-waves in the z and y directions respectively.
The wave numbers of the standing waves are then

k; = ne s y = oz ’

b a
while the wave number of the traveling wave is

k2 =k — (k2 + kD),
where k2 = pew?.

(a) If the inside of the waveguide is vacuum, we have

k2 = [loCoWz ,

2 2
k2 = poeow? — [(ﬂ) + (ﬂ-) ] .
b a

If k2 < 0, k, is purely imaginary and the traveling wave ~ e**s* becomes
exponentially attenuating, i.e., no propagation. Hence the cutoff frequency

is given by
w — L — ? + 2 ?
mn Eoft b a)

or



500 Problems & Solutions on Electromagnetism

(b) If the inside of the waveguide is filled with a dielectric, we can still
use the results for vacuum with the substitution €¢ — £, go — p. Since
B ~ po generally, the cutoff frequency is now given by

N OO}

4038

(a) Give the wave equation and the boundary conditions satisfied by an
electromagnetic wave propagating in the z direction in a waveguide with
sides a and b. Assume that the waveguide is perfectly conducting with
€ = p = 1 inside.

(b) Determine the lowest angular frequency w at which a transverse
electric (TE) wave polarized in the z (vertical) direction can propagate in
this waveguide.

(Wisconsin)
Solution:
(a) Refer to Problem 4036.

(b) From Problem 4037 we see that the TE;o mode has the lowest
frequency for a > b and that its cutoff angular frequency is wio = <.

4039

(a) Write out Maxwell’s equations for a non-conducting medium with
permeability g and dielectric constant ¢, and derive a wave equation for
the propagation of electromagnetic waves in this medium. Give the plane
wave solutions for E and B.

(b) Determine the electric and magnetic fields for the lowest TE mode

of a square waveguide (side [) filled with the foregoing medium. State the
boundary conditions which you use.

(c) For what range of the frequencies w is the mode in (b) the only TE
mode which can be excited? What happens to the other modes?
(Wisconsin)
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Solution:
(a) Refer to Problem 4010.

(b) Use the coordinate system shown in Fig. 4.15. The boundary con-

ditions are given by the continuity of the tangential component of E across
an interface and V-E =0 as

OFE,

E,=FE, =0, oz =0forz=0,1,
E.=FE, =0, aﬁz(]fory:(],l.
9y

y
{
x
0 ]
Fig. 4.15

The electromagnetic wave propagating inside the waveguide is a traveling
wave along the z-direction, and can be represented as

E(zi y) z, t) = E(z, y)ei(klz—(df) .

The wave equation then reduces to

B O\ B(ey) + (= K2)E(z, ) = 0
622 ayz )y F )y - )

where k? = pew?.

Let u(z,y) be a component (z, or y) of E(z,y). Taking u(z,y) = X(2)Y (y),
we have

d’X

2 —_
oz HEX =0,
a2y 2
W‘Fky}’:(),

with
K24+ ky + kD =k
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Hence

u(z,y) = [C) cos(k;z) + Dy sin(k;z)][C; cos(kyy) + D;(sin kyy)].
The boundary conditions require that

E, = A; cos(k;z) sin(kyy)e'*+*7),
Ey = Azsin(k;z) cOs(kvy)ei(k.z—wt) ,
E, = Assin(k.z)sin(kyy)e'*+=+)
mr nw

k=7 k=T,

mn=2012....

213 . .
We thus have k, = [pew’ —(m?+ nz)%-] . For propagation we require k,
to be real. Hence the lowest TE modes are those for which m,n = 0, 1 or

1, 0, i.e., the TEg; or TE o mode.
For the TE;o mode the electric field is

E. =0, E, =0, E, = Ay sin (%) eiksz—wt)

The magnetic field is obtained using H = — i< V x E to be

wp

H, =0,

H, = —&Az sin (E) eiksz-wt)
wit l

H, = —-z—clAz cos [ I ) gitksz-wt)
wpld l

Similar results can be obtained for the TEg; mode.

(c) The cutoff (angular) frequency of the TE;q or TE¢; mode is

N ORIOEE

and the cutoff frequency of the TE;; mode is

w0 -
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Hence if the TE o and TEg; modes are to be the only propagating waves
in the waveguide then we require that

. Vor

Sw< —.

/T @ Vel
For the other modes, k, will become imaginary, k, = ik’, and the prop-
agating factor will become e~*:#. Such waves will attenuate rapidly and
cannot be propagated in the waveguide.

4040

A waveguide is constructed so that the cross section of the guide forms

a triangle with sides of length a, a, and v2a (see Fig. 4.16). The walls

are perfect conductors and € = €9, g = po inside the guide. Determine the

allowed modes for TE, TM and TEM electromagnetic waves propagating in

the guide. For allowed modes find E(z,y, 2,t), B(z,y, 2,t) and the cutoff
frequencies. If some modes are not allowed, explain why not.

(Princeton)

Al
A

Fig. 4.16

Solution:

We first consider a square waveguide whose cross section has sides of
length a. The electric vector of the electromagnetic wave propagating along
+2 direction is given by

E; = A cos(k1z) sin(kzy)ei(k,;_m) ’
Ey = Ag sin(k, z) cos(kzy)ei(kgz—u‘) ,
E, = A3 sin(lc, z) Sin(kzy)e‘(kal—wt) ,
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with
2, 1.2 2 2 2 _ W
ki + k3 + k3 = k* = pogow® = E

k1Ay + kyAy — ik3A3 =0,

mw
ky=—,
a
nmw
k2=——
a

The boundary conditions being satisfied are
E;=FE,=0fory=0and E,=E,=0forz=a.

For the waveguide with triangular cross section, we have to choose from
the above those that satisfy additional boundary conditions on the y = z
plane: E; = 0, E;cos § + Eysin § = 0 for y = z. The former condition
gives Ag = 0, while the latter gives A; = Az and tan(k,z) = — tan(kqz),
or Aj = — A, and tan(kyz) = tan(kzz), i.e., either ky = —k,, A; = Az, or
ky = k2, Ay = —A,. Thus for the waveguide under consideration we have

E. = —Acos(kyz) sin(ky y)e'*s* ) |
E, = Asin(k,z) cos(ky y)eiksz=wt)

E, =
with
nw w? n2x2
= — ka=4/— — 2——
b a’ 3 c? a?
The associated magnetic field can be found using Vx E = %?, orkxE =
wB as
k3 ks , . i(ksz—wt)
B, = ——E = ——Asin(k,z) cos(k;y)e''"? ,
w

By = k—aEz = —%A cos(kyz) sin(k, y)e (k32 —wt)

B, = ;(klEy — k2E;) = %A[sin(k,z) cos(kyy)
+ cos(k; z) sin(k, y)Je’(ks*—w?)

= %A sin[k (z + y))e' k2w,
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Thus the allowed modes are TE, _, or TE, ,, but not TM. The cutoff
frequencies are

wp = V2—.
a

4041

As in Fig. 4.17, two coaxial cylindrical conductors with r; and r; form
a waveguide. The region between the conductors is vacuum for z < 0 and
is filled with a dielectric medium with dielectric constant € # 1 for z > 0.

(a) Describe the TEM mode for z < 0 and z > 0.

(b) If an electromagnetic wave in such a mode is incident from the left
on the interface, calculate the transmitted and reflected waves.

(c) What fraction of the incident energy is transmitted? What fraction
is reflected?
(Columbia)

Solution:

Interpret € as the relative dielectric constant (permittivity = ego) and
use SI units.

(a) Consider first the region z > 0. Assume u = po. For sinusoidal
waves 3‘%— — —iw, and the wave equation becomes

w? E'
(i2) )

where € is the relative dielectric constant of the medium, i.e. permittivity
= e€g. Because of cylindrical symmetry, special solutions of the above
equation are

E'(r,t) = E'(z,y)e'*' >~
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B/(r,t) = B'(z, y)e'* s~

with )
2 W
k' —€c—2.
Let o
2 _ o2
Vi=Vitoa

V? being the transverse part of the Laplace operator V2. Decompose the
electromagnetic field into transverse and longitudinal components:

E' =E| + E;e;, B’ = B} + B.e, .

For TEM waves B, = E! = 0. Then Maxwell’s equation for a charge-free
medium V - B’ = 0 reduces to

Also from Maxwell’s equation V x E’ = —%S—' = iwB’ we have
V, X E: =0.

These equations allow us to introduce a scalar function ¢ such that
E,=-V¢, Vi=0.

Furthermore, symmetry requires that ¢ is a function of r only and the last

equation reduces to
19 (.98 _,
rdr\ 0r) '

¢=Chr+C

whose solution is

C, C' being constants.
Then the electric field is

E;(r» t)= gei(klz_wt)er )

and the associated magnetic field is given by Vx B’ = —%% with V — ik/,
8 3
¥.73 — —iWw as

B:(r, t) = £ e; X E; - C_\/-_C ei(k'l—wt)e' .
[

rc
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Therefore, in the z > 0 region which is filled with a medium of relative
dielectric constant €, the TEM waves can be represented as

E’(:c,t) = gei(k’z-wt)er ,

B'(z,t) = OVE itw's-ung, .
re
Similarly, for the z < 0 region, € = 1 and the TEM waves are given by

E(I, t) = éei(kz—wt)er ,

B(z,t) = A ellkz=wtle,
re

where A and C are constants, and k£ = %.

(b) Consider a TEM wave incident normally on the interface z = 0 from
the vacuum side. Assuming that the transmitted and reflected waves both
remain in the TEM mode, the incident and transmitted waves are given by
E, B and E’, B’ respectively. Let the reflected wave be represented as

E"(l’,t) - L:_e—i(kz-f-wt)er,

BY(r,) = — 2 =ikt

Note that the negative sign for B” is introduced so that E”, B” and k" =
—k form a right-hand set.
The boundary conditions that E; and H; are continuous across the
interface give
(B, + B = El)ls=0 =0,

(Bo + By — Bg)l:=0 =0,

and hence A
C=2—, D=l_\/EA
1+ e 14+ e

(c) The coefficients of reflection and transmission are therefore respec-

tively
R_IE”H”‘I_IE”B”‘I_(Q)Z_ l_‘/E)2
~ |EH*| ~ |EB*| T \A) T \1+/"’
_ IE'H"' _ |EIBI-| —( ) _ 4\/‘
="Ter = 1 ~\Z) VS W ver
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As the incident, reflected and transmitted waves are all in the same
direction, R and T respectively give the fractions of the incident energy
that are reflected and transmitted. Note that R + T = 1 as required by
energy conservation.

4042

A waveguide is made of two perfectly conducting coaxial cylinders
with the radiation propagating in the space between them. Show that it
is possible to have a mode in which both the electric and magnetic fields
are perpendicular to the axis of the cylinders. Is there a cutoff frequency
for this mode? Calculate the velocity of propagation of this mode and the
time-averaged power flow along the line.

(Columbia)

Solution:

Take a coordinate system with the z-axis along the axis of the cylinder
and for simplicity take the region between the cylinders as free space. As
was shown in the solution of Problem 4041, it is possible to obtain solu-
tions of the wave equation which have E, = B, = 0 without the other
components being identically zero. Hence it is possible to have TEM waves
propagating in the space between the cylinders. Furthermore, the TEM
waves can be represented as

A A

E= _el'(kz—wt)er , B= _el'(kz—wt)e‘ ,
T rc

where A is a constant and k is a real number equal to %. Thus there is no
cutoff frequency for the TEM waves and the phase velocity of the waves is
c.

The Poynting vector averaged over one period is

(N) = (ReE x Re H) = 7 (E+E*) x (H + H'))

=%((ExH)+(E'xH‘)+(ExH‘)+(E‘xH))

1 .1 .
§ExH -2;40EXB ,



Electromagnetic Waves 509

where we have used the fact that E x H and E* x H* vanish on averaging

over one cycle. Thus )
_ 1 ’Eo A
(N) e 2 l‘—o 1-2 eg .

The average power flow is then

b €o b
/ (N)2xrdr = 1/— 7A%In (—) ,
a Ho a

where a and b (b > a) are the radii of the two cylinders.

4043

A transmission line consists of two parallel conductors of arbitrary but
constant cross-sections. Current flows down one conductor and returns by
way of the other. The conductors are immersed in an insulating medium
of dielectric constant ¢ and permeability u, as shown in Fig. 4.18.

(a) Derive wave equations for the E and B fields in the medium for
waves propagating in the z direction.

(b) Obtain the speed of propagation of the waves.

(c) Under what conditions can one define a voltage between the two
conductors? (Note: to define a voltage all the points on a given plane
z = constant on one conductor must be on an equipotential. Those on the
other conductor may be on another equipotential.)

(Princeton)

Fig. 4.18

Solution:
(a) From Maxwell’s equations for a source-free medium,

0B oD
VXE——W, VXH——at—,
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vV-D=0, vV-B=0,

we obtain

Vx(VxE):—%VxB:—-uea;t—?.
As
Vx(VxE)=V(V-E)-V2E=-V2E,
we have o
VZE—pewlf—=

The same wave equation applies to B. For a transmission line the
waves can be taken to be purely transverse (TEM). We can write

E(r,t) = Eo(z, y)e'**=+1),

The wave equation then becomes

& &
(3:::2 3 2)E"+(“€“’ ~F)Eo =

(b) The phase velocity v of the waves is obtained from the wave equa-
tion:
— = He,

or
1

v ——.
VEp
(c) The required condition is A > I, | being the dimension of the
transverse cross-section of the conductors.

4044

The spectral lines from an atom in a magnetic field-are split. In the
direction of the field the higher frequency light is:

(a) unpolarized, (b) linearly polarized, (c) circularly polarized.
(ccr)
Solution:
The answer is (c).
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4045

To go through the ionosphere an electromagnetic wave should have a
frequency of at least

10, 10%, 107, 10° Hz.
(Columbia)

Solution:

To go through the ionosphere, the angular frquency w of a wave should

Ne3

. The maximum electron
Eom

be greater than the plasma frequency w, =

density of a typical layer is N ~ 10'®> m~3. For an electron, ‘::" =3x
103 m3s~2. Hence

wpm V3x 1016 1.7x 108571,

Thus the answer is 107 Hz.

4. ELECTROMAGNETIC RADIATION AND RADIATING
SYSTEMS (4046—4067)

4046

A measuring device is disturbed by the following influences. How would
you separately protect the device from each one?

(a) High frequency electric fields.
(b) Low frequency electric fields.
(c) High frequecy magnetic fields.
(d) Low frequency magnetic fields.
(e) D.C. magnetic fields.
(Wisconsin)
Solution:

(a), (c) High frequency electric and magnetic fields usually come to-
gether in the form of electromagnetic radiation. To protect a measuring
device from it, the former is enclosed in a grounded shell made of a good
conductor.
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(b) The same protection as in (a) can be used. The thickness of the
conductor should be at least a few times the depth of penetration.

(d), () Enclose the device in a shell made of u-metal (a Ni-Fe alloy
containing Mo, Cu, Si) or, even better, of a superconductor.

4047

(a) What is the rate of energy radiation per unit area from each side
of a thin uniform alternating current sheet?

(b) Show what effective radiation resistance in ohms is acting on a
square area of this current sheet.

(c) Find the force per unit area on each side of the current sheet (due
to the radiation) for a surface current density of 1000 amperes per unit
length.

(Wisconsin)
Solution:

(a) Take the y-axis along the current and the z-axis perpendicular to
the current sheet as shown in Fig. 4.19. Let the current per unit width be
a= ae““"ey. Consider a unit square area with sides parallel to the z and
y axes. At large distances from the current sheet, the current in the area
may be considered as a Hertzian dipole of dipole moment p given by

s —iwt
p=ae “ey.

Zz
a
WAL g
)
T
4
Fig. 4.19

Hence the power radiated, averaged over one period, from unit area of the
sheet is

1 w?lp[? _ o2w?

T 4wy 33 T 12mepcd




Electromagnetic Waves 513

As the thickness § is very small, the radiation is emitted mainly from the
top and bottom surfaces of the area so that the power radiated per unit
area from each side of the thin sheet is

- 241’5063 )

P a?w?
2

(b) The average power is related to the amplitude of the ac, I, by
R
=3 I’R,

where R is the resistance. Hence the effective radiation resistance per unit

area
2P w?

a? ~ Breed

(c) Electromagnetic radiation of energy density U carries a momentum
%. Hence the loss of momentum per unit time per unit area of one surface
of the sheet is %' Momentum conservation requires a pressure exerting on
the sheet of the same amount:

R=

P a?w?

F= 2" 24megct

Taking the frequency of the alternating current as f = 50 Hz and with
a=1000 A, € = 8.85 x 10~!2 F/m, we have

F~183x10"N.

4048
Radio station WGBH-FM radiates a power of 100 kW at about 90 MHz
from its antenna on Great Blue Hill, approximately 20 km from M.LT.
Obtain a rough estimate of the strength of its electric field at M.I.T. in

volts per centimeter.
(MIT)
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Solution:

The intensity of electromagnetic radiation is given by (N), N being
the magnitude of the Poynting vector. For plane electromagnetic waves,
this becomes

1
I= §eoE§c .

The total power radiated is then P = 4wR?I = 2meocR2E3 where R is

the distance from the antenna. Hence the amplitude of the electric field at
M.IT.is

P \} 10° ¥
Eo = (27reocR2) - (27r x 8.85 x 10-12 x 3 x 108 x (2 x 104)2) V/m
=12x10"2 V/m.

4049

An oscillating electric dipole P(t) develops radiation fields
52

B(l‘,t) = - Fo €er X ﬁl’(t— r—) ,

47rc c
E(r,t) = —ce, x B(r,t).

(a) A charge q at the origin is driven by a linearly polarized electromag-
netic wave of angular frequency w and electric field amplitude Ey. Obtain
in vector form the radiated eletromagnetic fields.

(b) Sketch the directions of E and B at a field position r. Describe the
state of polarization of the radiated fields.

(c) Find the angular dependence of the radiation intensity in terms of
the spherical angles 6 and ¢, where the z-axis is the direction of propagation
of the incident wave and the z axis is the direction of polarization of the
incident wave.

(UC, Berkeley)
Solution:

(a) For an oscillating charge of low speed we can neglect the influence
of the magnetic field of the incident radiation. Then the equation of the
motion of the charge ¢, of mass m, in the field of the incident wave is

mz = qEge™"*" .
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The charge will oscillate with the same frequency: z = zge~*“*. Hence the
displacement of the charge is

This gives rise to an electric dipole of moment

2 .
P(t) =qz = _TEo et
mw

2
As
& Plt-I)= 9?P(t') = quoei(kr-m)
ot? c 2 |u_,_: m )
where k = %, we have
2 .
B(r, 1) = — £ gilbr-wt)g y B,

4rmrc
I‘0q2 i(kr-wt)
E(r,t) = m e er X (e,. X Eo)

_ g

47rmrei(kr-M) [(Bo - e,)er ~ Eo].

(b) The directions of E and B are as shown in Fig. 4.20, i.e., E is in
the plane of P and r, and B is perpendicular to it. Thus the radiation
emitted is linearly polarized.

Fig. 4.20
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(c) As e; = (cos ¢ cosf, cos@sinf, —sin ¢) in spherical coordinates,
e, X e; = cosf cos gey — sin ey .

The average Poynting vector is
(N) = -I-Re(E‘ x H) = L Re[—c(er x B*) x B].
2 2p0
Ase,-B =0, e, x Eg = Eg(e, X e;), the average radiation intensity is

ap2
_ _ ¢ 2 _  Hoq Ly 2 2 s 2
I=(N)= e B|’ = Tonlomir? (cos® G cos® ¢ +sin’ @) .

4050

A massive atom with an atomic polarizability a(w) is subjected to an
electromagnetic field (the atom being located at the origin)

E= Eoei(kz—wt)ez

Find the asymptotic electric and magnetic fields radiated by the atom and
calculate the energy radiated per unit solid angle. State any approximations
used in this calculation, and state when (and why) they will break down as
w is increased.

(Wisconsin)
Solution:
The atom acts as a Hertzian dipole at the origin with dipole moment

P = aE = aEge" e, .

At a large distance r the asymptotic (radiation) electric and magnetic fields
radiated by the atom are

Eow? ;
B(r,t) = _401!4'52‘:31' sinfe~*“'ey,
an 2 iy
E(r,t) = ~Tmeoci sinfe ey
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The energy radiated per unit solid angle is (Problem 4049)
dW _(N) ¢ IBJ? = o?Elwt
dQ ~ r2 7 2uor-2 T 327w2¢oc3

The approximation used is » > A > I, where [ is the linear dimension of

the atom and A = 2wc/w. As w is increased, A will decrease and eventually
become smaller than [, thus invalidating the approximation.

sin?0.

4051
A radially pulsating charged sphere
(a) emits electromagnetic radiation
(b) creates a static magnetic field
(c) can set a nearby electrified particle into motion.
(ccr)
Solution:

The answer is (a).

4052
A charge radiates whenever
(a) it is moving in whatever manner
(b) it is being accelerated
(c) it is bound in an atom.
(ccr)
Solution:

The answer is (b).

4053

Radiation emitted by an antenna has angular distribution characteris-
tic of dipole radiation when

(a) the wavelength is long compared with the antenna
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(b) the wavelength is short compared with the antenna
(c) the antenna has the appropriate shape.
(ccr)
Solution:

The answer is (a).

4054

The frequency of a television transmitter is 100 kHz, 1 MHz, 10 MHz,
100 MHz.

(Columbia)
Solution:
The answer is 100 MHz.

4055

A small circuit loop of wire of radius a carries a current ¢ = ip coswt
(see Fig. 4.21). The loop is located in the zy plane.

(r,8,9)

Fig. 4.21

(a) Calculate the first non-zero multipole moment of the system.

(b) Give the form of the vector potential for this system for r — oo,
calculate the asymptotic electric and magnetic fields, and determine the
angular distribution of the outgoing radiation.
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(c) Describe the main features of the radiation pattern.

(d) Calculate the average power radiated.

519

(Wisconsin)

Solution:

(a) The first non-zero multipole moment of the small circuit loop is its

magnetic dipole moment

m = ma’ij cos(wt)e, = ma%ig Re (e™*“*)e, .

(b) Use spherical coordinates with the origin at the center of the loop.

The vector potential at a point r = (r, 8, ¢) for r — oo is

ikuoetsr
A(r,t) = —’—;g—"—e, Xm.

where k = £, As e, = (cosd, —sinf, 0) we have

. 2 .
.powiga’sind ;. _
A(r,t) = —z—-4—c—r— eflkr "")ew ,
whence the radiation field vectors are
pow?iga®sin @

B=VxA =ike, x A = eflhr—wt)e,

4c2r

2; 2
E=cBxe, = How 00 SMY smoe"(""""')e‘, .
4cr

The average Poynting vector at r is (Problem 4042)

(N) = %Re(E‘ x H) = 2—-;—(;Re{(B x e,;) x B}

4. 4,2
c Jow a1y .
= g Bl'er = Tggyz sin’ Oer

The average power radiated per unit solid angle is then

dP _ (N)  pow'a%id . ,

= H0Y R in2g

dQ ~ r-2 7 322

(¢) The radiated energy is distributed according to sin? 8. In the plane
6 = 90° the radiation is most strong, and there is no radiation along the
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axis of the loop (8 = 0° or 180°), as illustrated in Fig. 4.22 where the
length of a vector at 6 is proportional to the radiation per unit solid angle
per unit time in that direction. The actual angular distribution is given by
the surface obtained by rotating the curve about the z-axis.

z

1

Fig. 4.22

(d) The average radiated power is
1,42 4,442

_ [dP , _ pow'ati} /" . 3.0 Thow'a'id
P= deQ_. 3953 27 A sin” 0df = TR

4056

As in Fig. 4.23, a current-fed antenna is operated in the A\/4 mode
(a = A/4). Find the pattern (angular distribution) of the radiated power.
(Chicago)

coaxial cable
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Solution:

As I ~ X the antenna cannot be treated as a dipole. In the A/4 mode,
a= % and the current is in the form of a stationary wave with nodes at
the ends of the antenna, i.e.,

I(z,t") = Iocos (% E)e'i‘”" .
The vector potential at a point r is given by
Jdv’ I(z',t-C
A(r,t) = Z—;/ = -f;—:/(—rc—)dz'e, .
At a large distance r,
rarg—2 cosl,
where r¢ is the distance from the centre of the antenna. Then
—iw(t-Z) _ ei(kr-wt) a~ ei(kro—wt)e—ikz’coso

€ )

1 ' -1 ’
;z-—l-(l—z—cosﬁ) zi(l-kz—cosﬁ) zl,

To To
. '
neglecting terms of order Z. Hence
[

i(kro—wt)

~ [l_oloe— ¢ T z_l —ikz'cos @y ¢
A(r,t) = yp - / cos(2 o )¢ d'.

Using
z elll' .
/ea cos(bz)dz = a7 [a cos(bz) + bsin(bz)],
we have
i(kro—wt) (;—a)

= bo Joe :
A(r,t) = yym 1’0 (Z) = (kcos0)? 2 cos(kacosf).

_ Mo Tpeitkro=wt) ¢ cos(% cosf)
= — - e,.

27 o w  sin’@
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In spherical coordinates we have

e, = (cosf, —sin¥, 0),

so that
A= Ae, = AcosOe, — Asinfleg = A,e, + Agey,
xa=2]2 (ronn)- aA e+ 0 (roAe)e, ,
drg ro Oro

neglecting the second term which varies as rg?

the radiation field which varies as r;'. Thus

as we are interested only in

Mo cos(% cos ) Ioe'(‘"'o-wt)
Yor sin @ o

B=B,=
The intensity averaged over one cycle is then (Problem 4049)

N pp = g cos’(§eosf) 1
(N) = l l 82 sinZ 9 ré

Hence the radiated power per unit solid angle is

_

dQ ',52 ’

which has an angular distribution given by

cos?(% cosf)

sin @

4057

(a) What is the average power radiated by an electric current element
of magnitude Il, where the length ! of the element is very short compared
with the wavelength of the radiation and I is varying as cos(wt)?

(b) In Fig. 4.24 if we now identify the zy plane with the surface of the
earth (regarded as a perfect conductor at A), what is the average power
radiated?
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(c) What is the optimal height for maximum radiated power, and the
corresponding gain in power radiated due to the ground plane?

(Princeton)
Solution:
(a) The system can be considered as a Hertzian dipole of moment
p = poe~** such that p = —iwp = Ipe~**']. The average radiated power
is
— 1 w? . w22
Pz aglbl = s
4meg 3c 12meqcd

Fig. 4.24

(b) If the earth is regarded as a perfect conductor, the induced charges
on the surface of the earth are such that their effect can be replaced by
that of an image dipole p’ as shown in Fig. 4.24 provided w is not too
large, where p’ = p. The electromagnetic field at a large distance r is a
coherent superposition of the fields of these two dipoles i.e.,

Etotal = E+ E', Biota =B+ B'.
The average Poynting vector at r, a distant point M, is (Problem 4042)

- 1 1 )
Stotal = ”_O(Etotal X Biotal) = e Re (E{ia X Beotal)
or
3 .o 1 - ’ Ie
Stotal =S+ S +ﬁRJe[E xB 4+ E XB],
0

where S, S’ are the Poynting vectors at the distant point M due to p and
p’ respectively. The radiation field vectors at r due to a dipole p at the
origin are
kxp)xk k x
E= (_.L_ B= Ho WX XP

4regor ' 4@ r
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where k has magnitude £ and the direction of r, and

P= poe-iwt’ = poe-iw(i-i) = poei(kr—wg) )

As |r| > h, we can make the approximation [r;| = |r;| = |r| and write
1 w?sind
E=——- 2 27 5 eilkri-uwt)g
4meg 2 1 Po 6
Bt @l sl ar-un,
4T ¢ r v
1 w?sing
E=—-—82222"" el(k"g—w‘)e
dmeg ¢2 v Po o
BI - _E.o_ ‘d_2 s‘i‘—op e‘(’"‘z-“‘)e
ar ¢ r °° A

Using these we have

wip?sin? g

Stotal = m—z' {2 + 2C08[k(1'1 - rz)]}e, .

Under the same approximation, re—r; & 2h cos@. To calculate the radiated
power P we integrate over the half space above the ground:

Xz
P= ‘/2 Stotal - 27rsin 8 - rdf
0
Pt (% s, 2kh cos §)]df
= Srend A sin® 01 + cos(2kh cos 0)]
2 4 5
= 82_0:;03 [% +/0 sin® 0 cos(2kh cos 0)d0] .

Putting 8 = 2kh, £ = cos @ in the second term we get
z 1
/ sin® @ cos(2kh cos 0)df = / (1 — z%) cos(Bz)dz
0 0

= %(Si;ﬂ - cosﬂ) .

Hence the average power radiated by the system is

= 3P |2 c® [csin(Z2e) 2hw
P= 8meocd | 3 + 2h2w? o ° (—c- )
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(c) The optimal height h for maximum radiated power is given by

% =0, or by
d |1 sinﬂ_ _
2 [m (5 °°‘°’ﬂ)] =0
giving
-3s'zﬂ+3cosﬂ+ﬂsinﬂ=o,
or
tan g = 3iﬂﬂ2 . (1)

This equation can be solved numerically to find 8, and hence the optimal
height h = gf) At optimal height we have

3 p2

38

so that the maximum radiated power is

os 3 =

sinfg =

5 _ RBP1L ) _%]
P’““"‘47reoc3 [§+(ﬂ“+3ﬂ +9)

with g given by Eq. (1).

For megahertz waves, A ~ 3—’1‘(};0—‘ = 300 m. So we can usually assume
hg€ A or = y;l = 1‘{5 <« 1. For such waves, (1) is identically satisfied
and the average power radiated is

R

P= .
6megcs

4058

A thin linear antenna of length d is excited in such a way that the si-
nusoidal current makes a full wavelength of oscillation as shown in Fig. 4.25
(frequency w = 2wc/d).
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J = Iy §(x)5y)sin (2FE)2e /0t

Fig. 4.25

(a) Calculate exactly the power radiated per unit solid angle and plot
the angular distribution as a function of 6.

(b) Compare your result of (a) with those obtained from a multipole
expansion.
(MIT)
Solution:
The retarded vector potential A(r,t) is given by

A= po/J(r’t )dV’ 4/I(r’t——)
w

4r r r!
A2 o /
_ Moy iwt sin(kz’) i,
= 4WIQe e, ~/—A/2 — e dz’,

where r' = V2 —2rz/cos 0+ 22, k=4 =2 =,

As we are only interested in the radiation ﬁeld which varies as },
we shall ignore terms of orders higher than } Accordingly, we use the
approximations

v = \/(r—z’cosﬂ)2+z'2sin20zr—z'cosﬂ,

1| -
4
3 |-
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and write

iwt A/2
A= poloe* ez/ sin(kzl)e—ik(r—l'cﬂo)dz'

4 -A/2

Ho Ioei(wt-hr)

4x r
(a) Integration yields (cf. Problem 4056)

.po Io 51"(7"0050) gilwt=kr) g

A/2 »
e; / sin(kz')efts °* °dy .
-A/2

527

A=
27( k?‘ sin 9
Defining k = ke, and with e; = (cos#, —sin 6, 0) in spherical coordinates,
we have
B=VxA=—ik x A = —Hofosin(rcost) iy,

27 r sin @
From Maxwell’s equation V x H = D, or

VxB=-tkxB= i[loeowE
= iEE,
c
we find

E=—c%xB=che,..

Hence the average Poynting vector is (Problem 4042)
(S) = R «(E* x B) = ———|B|2e,.

_ po cld sin(7 cos 8)]? o
T 8w2 r? sin @ "

and the power radiated per unit solid angle is

apP _ {S) _ Bo [sin(x cos 0) 0)
dQ ‘2 81r2 €0 | sinf
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In the formula the factor /po/eo is the characteristic impedance of elec-
tromagnetic waves in vacuum. The curve of %5— versus 0 is sketched in

Fig. 4.26.

dP
dn

T w0
0 2

Fig. 4.26

(b) If we had used multipole expansion, we would have

Sl o' 2
Azt Io gilwi=kr) g 2 sm(kz’) zkz c030 (zkz cos f) 4. ]a
4x r - 2!

~ iolo W=k cosfe
4x ¢ 2

neglecting terms of order (-‘3\1)2 and higher in the expansion of exp(ikz’ cos 8).
Then I
B=-ikxA= l;—o—ge‘(‘“""') cosfe,,
r

giving )
dP = _ .Ii & 2
70 8 cl?cos?0 = 3\ & cos“0.

The % vs. @ curve is shown in Fig. 4.27.

de
dn

o
[N
@

Fig. 4.27
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Comparing the two figures we see that the multipole expansion method
gives good approximation only in the neighborhood of %.

4059
Consider the situation shown in Fig. 4.28 where a perfectly conducting
thin wire connects two small metallic balls. Suppose the charge density is
given by
p(x,t) = [6(z — a) — 6(z + a)]6(z)6(y)Q cos(wot) .
The current flows between the metallic balls through the thin wire. a, Q
and wg are constants.

(a) Calculate %, the average power emitted per unit solid angle in the
dipole approximation.

(b) When is the dipole approximation valid?

(c) Calculate % exactly.
(Columbia)

I

A

x -Q

Fig. 4.28

Solution:

(a) The moment of the dipole is p = 2Qa cos(wot)e;, or the real part
of 2Qae~*“o'e,. The average power per unit solid angle at R, as shown in
Fig. 4.29, is

dP _ (S) _ _IBP sin?8 = Q%a’wgsin? 0
dQ = R-% " 32x2¢ec® T 8m2gocd
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-—l

[~
)
N

i

-Q

Fig. 4.29

(b) The dipole approximation is valid if R > A > a.

(c) A current flows through the wire connecting the two small metallic
balls of density

i) = .3 [ pds = —isn@8(@)(we e, el <a,

and produces a vector potential

! 4
AGx,t)= 2 / XD gy,
\4

where ' =t — L, r = x — x/, and V is the region occupied by the current

distribution. Thus

— ; / —iwo(t—Z)
A(x,t) = 4[;0 / iwoQé(z )5(!:')e o dz'dy'd'e,
v

,;loone-i“'“ a eiko"
= -1
4n

/
dz'e;,
-a

where ko = 2. Let R = |x|, then r? = R? — 2Rz’ cos 0 + 2%, as shown in
Fig. 4.29. Hence

—twot a ikoVR?+2z'2—2Rz' cos 0
iltoonc e

A(x,t) = —
(x,8) 4n —a VR?2 4 22 — 2Rz' cosd

dz'e, .
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This is the exact solution. To find the integral analytically, we assume R 3>
a and use the approximation  ~ §, VR? + 2’7 — 2Rz’ cos0 =~ R — 2’ cos®.
Then

—ipowoQef(FoR—wot) /“ —ikoz'cosd 3.1
A(x,t) = e thoz cald, e
(x,2) 47R —a *

1Qeo(koﬂ—wo‘) sm(koa cos 0)
27egcR cos @

e;.

In spherical coordinates, e, = cosfer — sinfey. We can then write A =
ARreg + Agey with AR, Ay independent of the angle .
The magnetic field is given by

B=VXA=l

ﬁ[aR (RAs) — 9 AR]ew

As we are only interested in the radiation field which varies as %, we can
neglect the second differential on the right-hand side. Hence

B, . 1O(RAy) _ ker‘("°R"”‘) sin(ka cos @) sin 8

R orR 27ecR cosd ’
so that ys ) R
s_ _C e wiQ?* sin‘(kacos@)sin” @
S= 2;10 Bl er = 8megcR? cos? @ ’
and finally

dP S w2Q? sin?@sin?(ka cos 0)

Q"R 8m2¢gqgc cos2 @

If the condition A > a is also satisfied, then sin(ka cos @) &~ ka cos @ and the
above expression reduces to that for the dipole approximation.

4060

Two equal point charges +¢ oscillate along the z-axis with their posi-
tions given by

21 = zgsin(wt), 29 = —zpsin(wt), z; =y =0, (i=1,2).
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Q
U
N

ek

-Q

Fig. 4.29

(b) The dipole approximation is valid if R > A >> a.

(c) A current flows through the wire connecting the two small metallic
balls of density

i(x,t)= ex%/pdz = _inQ(g(x)&(y)e—iWote‘ ) |zl < a,
and produces a vector potential
_ o [0, E) o,
AGrt)= 22 / 100 gy,
v

where t’ =t — L, r = x — x/, and V is the region occupied by the current
distribution. Thus

A(x,t) = _‘{1:0 / inQ&(t')&(y’)e—iwo(g_.E)
|4

Iloone—iwot a eikor
= -1
47

dr'dy'dz'e,

-a

where ko = “2. Let R = |x|, then r? = R? — 2Rz’ cos0 + 2/, as shown in
Fig. 4.29. Hence

,;zoone““°‘ a eiku\/R5+z'5—2Rz'coao

- _ '
Alx,t) =~ 4n -a VR + 27 — 2Rz’ cos @ de'e:
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This is the exact solution. To find the integral analytically, we assume R >
a and use the approximation } = ,1;, VR? 4+ 2'2 —2Rz' cosf ~ R— 2’ cos®.
Then

A(x,t) = —ipowoQet(FoR-wot) /‘l e—ikoz'cosd g 1o
-a

47R
zQe:(koR—Uo‘) sm(koa cos 9)
27eocR cosf i

In spherical coordinates, e, = cosfer — sinfeg. We can then write A =
Agrer + Ageg with Ag, Ay independent of the angle ¢.
The magnetic field is given by

B=V><A= (RAa) aAR]ev,

As we are only interested in the radiation field which varies as %, we can
neglect the second differential on the right-hand side. Hence

B, . O(RAs) ker‘(k°R'”‘) sin(ka cos 0) sin §

~RorR 2meocR cosf ’
so that s R R
s_ S mp wiQ? sin®(kacos ) sin® @
S= 240 lBl °rR = 8megcR? cos? 6 eR»
and finally

dP S5 _ w?Q? sin?0sin’(kacosf)

dQ " R-2 7 8w2ec cos2 0 ’
If the condition A >> a is also satisfied, then sin(ka cos 0) = ka cos @ and the
above expression reduces to that for the dipole approximation.

4060

Two equal point charges +¢ oscillate along the z-axis with their posi-
tions given by

21 = zgsin(wt), 2z = —zgsin(wt), z; =y =0, (i=1,2).
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The radiation field is observed at a position r with respect to the origin
(Fig. 4.30). Assume that |r| 3> A >> zg, where A is the wavelength of the
emitted radiation.

(a) Find the electric field E and magnetic field B.

(b) Compute the power radiated per unit solid angle in the direction
of r.

(c) What is the total radiated power? How does the dependence on w
compare to that for dipole radiation?
(MIT)
Solution:

(a) As |r] > A > z, multipole expansion may be used to calculate
the electromagnetic field. For the radiation field we need to consider only
components which vary as } The electric dipole moment of the system is

P = (qz1 + q22)e; = 0.

Hence the dipole field is zero.

Fig. 4.30

The vector potential of the electric quadrupole radiation field is given
by

Afet)= 50 2 oot / (k -r')e'pdV",

where
tl=t——, k=

.,
o|€
<=
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Hence the magnetic induction is

o wk?

B=VxA=ikxA= —i 53 '(""'“")/r x r'(r-x')pdV’

3
=M Y ikrowt o ot
=i asa’ )Z”"(’ )n -

As
r=re,, r' = xzo(e, cosf — ey sinf)

in spherical coordinates, we have
3
l‘o w i(kr
B=i"———e
Yam 2032

zI‘O“’ 0‘1
47 rc?

=w)9r222¢sin § cos fe,

sin 0 cos 0 e"('""‘")e‘,, .

Then using Maxwell’s equations V x H = D or
E=cB xe,,

we find
ipo w3zdq

E= = sin 0 cos e’ (¥r—wte, .

Actually E and B are given by the real parts of the above expressions.

(b) The average Poynting vector is

(N) = —I—Re(E x B*)

_ o w°zq?
3272 r2c3

so the average power radiated per unit solid angle is

sin? 0 cos? de, ,

aP _(N) _ o wzq’
dQ " r-2 7 3222 3

(c) The total radiated power is

sin? 0 cos? 0.

dP o _ Mo @’ zoq
dQ 32x2
T

T 60 3

P =

/ 27 sin® 0 cos® 0d6

533
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The total radiated power varies as w® for electric quadrupole radiation, and
as w* for electric dipole radiation.

4061

Two point charges of charge e are located at the ends of a line of
length 2! that rotates with a constant angular velocity w/2 about an axis
perpendicular to the line and through its center as shown in Fig. 4.31.

(a) Find (1) the electric dipole moment, (2) the magnetic dipole mo-
ment, (3) the electric quadrupole moment.

(b) What type of radiation is emitted by this system? What is the
frequency?

(c) Suppose the radiation is observed far from the charges at an angle

0 relative to the axis of rotation. What is the polarization for 8 = 0°, 90°,
0<8<90°?

(Princeton)
y
v
e
{
e
0 X
{
e
v
Fig. 4.31
Solution:
(a) (1) The electric dipole moment is
P=er|+ery=0.
(2) The magnetic dipole moment is
m = [Se, = 2% A(wlP)e, = %ewl’e,,

which is constant.
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(3) The position vectors of the two point charges are

ri = —rh =lcos (‘-‘-—;E)ez + Isin (%t)e, .

The electric quadrupole moment tensor has components given by
Qij = /(3z z — r'268i)pdV’ = 2(33 zi =12 6ij)n ,

where r2 = |r}|? = |t} = 2.

Thus the non-zero components are
Q11 = el?[1 + 3 cos(wt’)],
Q12 = Q21 = 3el?sin(wt'),
Q22 = el?[1 — 3 cos(wt))] .
(b) Because P = 0 and m is a constant vector, they will not produce

radiation. Thus the emitted radiation is that of an electric quadrupole with
frequency w.

(c) At a point r(r, 0, ¢) far away from the charges the magnetic induc-
tion of the radiation field is given by

where k£ = “e,, Q has components Q; = %EQ.-jzj. Writing Q;; as the
J
real parts of

Qu = el?(1 + 3¢,
Q12 = Qa1 = 3el?ie™™*
Q22 = elz(l - 38—"‘“’) ’

as e, = r(sin 0 cos p, sin @ sin ¢, cos @), we have

Q) = el’sin0(cos p + 33-‘(«'"-@) ,
Q3 = el?sin O(sin p + 3ie= (¥ =),

with ¢/ =t — £, or —wt’ = kr — wt. Note in calculating B, we omit terms
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in Q; which are constant in the retarded time ¢’ as they do not contribute
to emission of radiation.

(1) For 8 = 0°, @, = Q2 = 0 giving B = 0 so there is no radiation
emitted at § = 0°.
(2) For 6 = 90°,
Q1 ~ 3el2e~iwt'-¢)
Q2 ~ 3el?ie=iw¥'=¥)
er = (cos g, singp, 0),
so that the radiation field is given by the real parts of the following:

= _iﬁé—f(Q cosp — Q1 sinp)e,
— fio_wael —t(wt'—2¢)e
87 rc?
and 2
o W C _' ‘1 .
E=cBxe g; o~ i(wt'-2¢)(_ sin pe, + cos pey) .

As E2 + Ey2 = constant, the radiation is circularly polarized.
(8) For 0° < 6 < 90°,

er X Q=—e;Q2cos0+ e,Q;cosb + e,(Qzcosp — Q;sinp)sind, so that
the radiation field is the real parts of the following:

3 12 o
B, = _-8“_0_“ ez sin 0 cos fe~ W' =¥) |
T rc
2 ’
B, = —zg—:_w 7 sinfcos fe W' =4)
r
o wiel?

. p— 3 '—
= —— sin? e Wt -2¢)
87 rc

As all the three components of E and B are time-dependent, the radiation
is not polarized.

4062

(a) Name the lowest electric multipole in the radiation field emitted
by the following time-varying charge distributions.
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(1) A uniform charged spherical shell whose radius varies as
R = Ry + Ry cos(wt).

(2) Two identically charged particles moving about a common center
with constant speed on the opposite sides of a circle.

(b) A loop with one positive and two negative charges as shown in
Fig. 4.32 rotates with angular velocity w about an axis through the cen-
ter and perpendicular to the loop. What is the frequency of its electric
quadrupole radiation?

(MIT)
y
q
. 3}
r2 120 wt
-q ‘\ X
1204
-9
Fig. 4.32

Solution:

(a) (1) For a uniformly charged spherical shell, on account of the spher-

ical symmetry,
P=D=0.

Hence all the electric multipole moments are zero.

(2) Take coordinates as shown in Fig. 4.33 and let the line joining the
charged particles be rotating about the z-axis with angular speed w. The
radius vectors of the two particles are then

ri = Rcos(wt)e; + Rsin(wt)ey,
ry = —[Rcos(wt)e; + Rsin(wt)e,],

where R = |r}| = [r}].
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iy

Fig. 4.33
The electric dipole moment of the system is
P=g(rj+r3) =0.

The components of the electric quadrupole moment are given by
Qij = /(3::-3:;- —1"26;)pdV' = 2(3:::-1:; - 26i; ),
n
where r'?2 = R? = 22 + 22 + z}2. Thus

Q11 = 2¢R?[2 cos?(wt) — sin?(wt)],
Q22 = 2qR*[2sin’(wt) — cos?(wt)],
Qa3 = —2qR?,

Qi2 = Q1 = 3¢R?sin(2wt),
Q13=Q31 =Q1=Q3=0.

Hence the lowest electric multipole is a quadrupole.

(b) Take fixed coordinates as shown in Fig. 4.32. Then the position
vectors of the three point charges are as follows:

@1 =¢: rj = Rcos(wt)e; + Rsin(wt)e,,
g2 = —q: r’2 = Rcos (wt + 2%)% + Rsin (wt + 2_;’.)% ,

¢3=—q: r3= Rcos (wt + 4?ﬂ')e, + Rsin (wt + %E)ey .



Electromagnetic Waves 539

To determine the frequency of the quadrupole radiation, we only have to
find a component of the quadrupole moment of the charge system, for
example

Q12 = 3R? [q1 cos(wt) sin(wt) + g2 cos (wt + 2%) sin (wt + -2?’)

( 41r) . 4x
+gq3cos | wt+ — ) sin { wi + —
3 3
2
= 3}; g [sin(2wt) —sin (2wt + 4?1) —sin (2wt + -8-31) ] .

Thus the frequency of the quadrupole radiation is 2w.

4063
An electric dipole oscillates with a frequency w and amplitude Po. It
is placed at a distant a/2 from an infinite perfectly conducting plane and
the dipole is parallel to the plane. Find the electromagnetic field and the
time-averaged angular distribution of the emitted radiation for distances
r> A
(Princeton)

Solution:

Use Cartesian coordinates as shown in Fig. 4.34. The action of the
conducting plane on the z > 0 space is equivalent to that of an image
dipole at (-3, 0, 0) of moment

P' = —P = —Pye~¥%e, .

T

LU
AAMABAANINN

Nio

Fig. 4.34
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The vector potential at a point r is

Azﬂ(EJ,E)
47 \r, ry

ikr ikr
] etfrr etfra\ .
=ik whPy - e~'We, .
4 ™ T2

As we are only interested in the radiation field which dominates at r > aq,
we use the approximation

1.1

™1 r2

~
~ )

3| -

a a
r;zr—-ie,-e,, rzzr+§e,-e,,

er, ey, e, being the unit vectors in spherical coordinates. As e, =
e, sin 0 cos ¢ + ey cos f cos p — e, sin p, we have

a .
r zr—§s1n0cos<p,

a .
ro~r+ —sinfcosp,

2
and
~ z;_l;)-’ UPO( i52 sinfcosy _ e—i%! sinOsimp)ei(kr—wi)e'
_Bo “"PO l(kr—wt) E :
~“om ¥ sin 5 sinfcosyp |e, .

In spherical coordinates
e, =e,cosf —epsinf.

To obtain B = V x A, we neglect terms of orders higher than % and obtain

B(r,t) ~ - ; (rAs)

____l____ i
== ar(rsm 6A)

iw? Poei(kr—wt)

sinﬂsin(éasinﬂcos e
T 2mepcdr 2 ¥ )ee
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The associated electric field intensity is

E(r,t) =cB x e,
w2 Poei(kr—wt)

ih Osi k. 0
Smegcty  Sinfsin | gasinfcosy Jes .

2

The average Poynting vector is

wiPZsin?0 . ,(k .
=WSII] Eas1n0cos<p €y .

The angular distribution of the radiation is therefore given by

dP _ 5 _ w'Plsin®f _ , k. 0
= = gate,s Sn (gesinfeose ).

If X > a, then sin(£asin 0 cos p) = £asin 6 cos p and we have the approxi-
mate expression

dP _ wSP}a®sin*fcos’

Q" 32m2¢0c5

4064

A small electric dipole of dipole moment P and oscillating with fre-
quency v is placed at height A/2 above an infinite perfectly conducting
plane, as shown in Fig. 4.35, where A is the wavelength corresponding to
the frequency v. The dipole points in the positive z-direction, which is
normal to the plane, regarded as the zy-plane. The size of the dipole is
assumed very small compared with A. Find expressions for the electric and
magnetic fields, and for the flux of energy at distances r very large com-
pared with A as a function of r and the unit vector n in the direction from
the origin to the point of observation.

(UC, Berkeley)
Solution:

The effect of the conducting plane is equivalent to an image dipole of
moment P/ = —P = — Pye~“'e,, where w = 27v, at z = —%. Consider a
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point of observation M of position vector r (r, 8, ¢) and let the distances
from P and P’ to point M be r; and r; respectively. For r 3> A we have

A
rlzr—5c050,

A
rzzr+§cos0.

Fig. 4.35

Using the solution of Problem 4063 with ¢ = 0, a = A and noting that
kA = 27, we have

iw2Poei(kr—wt)

B(r,t) ~ Sme sy sin fsin(7 cos f)e,, ,
0
E(r,t)=cB xn
;)2 i(kr—wt)
~ %—— sin @ sin(w cosf)ey ,
0

and the average energy flux density (Problem 4011)

4p2 2
= _ CE0 112 w*Pysin® @
S=— IO cveee—

2|E|n 8eoc?

where w = 27v.

sin?(7 cos6)n,

4065

Two electric dipole oscillators vibrate with the same frequency w, but
their phases differ by Z. The amplitudes of the dipole moments are both
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equal to Pg, but the two vectors are at an angle 1y to each other, (let P; be

along the z-axis and P in the zy plane) as in Fig. 4.36. For an oscillating
dipole P at the origin, the B-field in the radiation zone is given by

B= k’le""(f x P) .
r r

Find (a) the average angular distribution, and (b) the average total intensity
of the emitted radiation in the radiation zone.

(SUNY, Buffalo)

Fig. 4.36

Solution:

The electric dipole moments of the two oscillators are

P, = Poe'“‘"e,

P2 = Po(cos fpes + sin ¢oe,)e'i(“’" .
The dipole moment of the whole system is
P=P;+P;,
and the magnetic field in Gaussian units is given by
B= lczée""(e, x P).
As

e; =e,sinfcosp + egcosfcosp —e,singp,

ey = e, sinfsinp + egcosfsinp + e, cos p,
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..
e =1,

we have
e, x P} = Pye™"*(e, cosf cos p + ey sin ),
e, X Py = iPye— vt [e.,, cos(ip — tho) cos @ + eq sin(yp — tbo)] ,
so that
k2P,
r
+[cos  + i cos(ip — o)) cos fe, } e* B4

B= {[sin ¢ + isin(p — ¥o)]es

(a) The average power per unit solid angle is then

dsS c

- "B.B* 2
- B
PZkic .
= —%;—— {2 — sin?0[cos? p + cos?(p — o))} -

(b) The average total power of the emitted radiation is

2% X JC
s . _ 2,402
/o dgo/o 29 sin 0d0 = 3L Pje.

4066

A system of N atoms with electric polarizability « is located along the
z-axis as shown in Fig. 4.37. The separation between the atoms is a. The
system is illuminated with plane polarized light traveling in +z direction
with the electric field along the z-axis, viz.

E = (0, 0, Ege'k==1)
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(a) Calculate the angular distribution of the radiated power that would
be measured by a detector located far from the atoms (r >> A and r 3> Na).
Express the result as a function of the polar and azimuth angles 6 and ¢
shown in the figure.

(b) Calculate and sketch the @ dependence of the radiated power in
the yz plane. Excluding the trivial case E = 0, find the conditions for no
radiated power in the yz plane.

(c) Compute a general expression for the ¢ dependence of the radiated
power in the zy plane and sketch the dependence for the case ka >> 1.
(MIT)

Solution:

(a) The position of the m-th atom is
Xm = (ma, 0, 0).
Under the illumination of the plane wave, its dipole moment is
P = aE(Xp,t) = aEge'kma-wie,

The vector potential produced by the N atoms is

N-
A= Ko .
= =
m=0 ™
=g T
— 9 —_ ; _ _m
= 14 wane,mz_:orm exp{z[lcma w(t )]}

For r > A, r > Na, we approximate

rm X 1T —masinfcosp,

1.1
m T
Then
i(kr—wt) N-1
A= —i:——; waE‘oer e, Z exp[ikma(1 — sin @ cos p)] .

m=0
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To find the radiation field we need to retain in B = V x A only terms ~ }
Hence, according to Problem 4063, we have

B(r,t) = —-'l: %(rA sinf)e,

2 i gei(kr—wt) N-1
__v aEgsin §e*(kr-wt) E Jima(i-sindcosy)
4megc3r v

m=0
Using the identity

2
l_eiNz 2

1-e'*

N-1
§ :etmz

m=0

we find the average Poynting vector of the radiation as

wia’Elsin?0 sin®[JNka(l —sinfcos p)]
32x260c3r2  sin’[1ka(l —sinfcosp)]

The angular distribution is given by the average power radiated per unit
solid angle

dP _ w*a®E}sin? 9 sin®[} Nka(1 — sin 6 cos p)]

dQ ~  32x2¢oc®  sin’[Lka(1 —sinfcosp)]

(b) In the yz plane ¢ = 90°, cosp = 0, the angular distribution of the
radiation is given by

which is shown in Fig. 4.38.

Fig. 4.38
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For {g = 0, we require sin(3 Nka) = 0, i.e. the condition for no radiation
in the yz plane is

.12.Nka=n7r n=0,1,2,....

(c) In zy plane 6 = 90°, sin 6 = 1, the angular distribution is given by

dP  sin’[1Nka(1 - cosp)]  sin’[Nkasin® £]
—_— = .
dQ "~ sin’[}ka(1 — cos p)] sin®[kasin?® £]

As klim 'i": () — x6(z), we have
—00

sin®(Nkz) _ NZ2sin’(Nkz)/(Nkz)? k — o0 wN2§(Nz) _ N?
sin®(kz) ~  sin?(kz)/(kz)? xé(z)

Hence, for ka >> 1 the angular distribution of the radiation in the zy plane
is isotropic, i.e. the distribution is a circle as illustrated in Fig. 4.39.

y

N
N

Fig. 4.39

4067

A complicated charge distribution rotates rigidly about a fixed axis
with angular velocity wg. No point in the distribution is further than a
distance d from the axis. The motion is non-relativistic, i.e. wod < ¢ (see
Fig. 4.40.)

(a) What frequencies of electromagnetic radiation may be seen by an
observer at a distance r > d7
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(b) Give an order of magnitude estimate of the relative amount of
power radiated at each frequency (averaged over both time and angle of
observation).

(MIT)

Fig. 4.40

Solution:

As can be seen from Fig. 4.40, d is the distance far away from the axis
of rotation of the system with v = wod < ¢, so the radiation of this system
can be considered as a multipole radiation.

Let Y (z,y, z) be the observer’s frame and (', ', 2') a frame fixed
on the system. The radius vector of a point in the distribution may be
expressed as

£ =ze, +ye; +ze;, =z'e; +ye, + 7€, (1)

in the 3~ and Y’ frames. We take the axis of rotation as the common z-axis
of the two frames and that at ¢ = 0 the z’- and z-axes, the y’- and y-axes
coincide. We then have the transformation equations

z = z’ cos(wot) — y' sin(wpt),
y = z’ sin(wpt) + ¥’ cos(wpt), (2)
z=2'.

We can now find the electric dipole moment P(t), electric quadrupole mo-
ment D(t) and magnetic dipole moment m(t) in the }_ frame. The electric
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dipole moment is
P(t) = /pﬁdV = /p(ze, + yey + ze,)dV

= /p{[z' cos(wot) — ¢/ sin(wot)]ez + [z’ sin(wot)
+ o' cos(wot)]ey + 2'e, }dV
= [Py cos(wot) — Py sin(wot)]e; + [Py sin(wot)
+ Py, cos(wot)]ey + Pj.e;, 3)

where P,,, P, and P;, are the z, y and z components of the electric dipole
moment in the 3’ frame in which the charge distribution is at rest. Eq. (3)
shows that P(t) oscillates with the frequency wo. Hence the electric dipole
radiation is a monochromatic radiation of angular frequency wy.

As the angular velocity wg is a constant, the rotation of the charge
system produces a stable current only. Hence the magnetic dipole moment
of the system, m, is a constant vector, independent of time. Therefore no
magnetic dipole radiation, which is o 1, is emitted.

For the electric quadrupole moment D(t), the components are given

by

D,'J'(t) = /[3:!:,'22]' - (zf + .‘L‘% + z;‘;)&,-j]pdV .
(i)j=1)2)3) =z, z2=Y, Ia:Z)

For example,
Dy2 = Dy = 3/pzde
=3 / ple’ cos(wot) — o sin(wot)] [+ sin(wot) + ¥’ cos(wot)]dV
= 3/p [%(3’2 — y'?)sin(2wot) + 'y’ cos(2wot)] av.
In the Z’ frame the quadrupole components are

;2 = D;.lyl = 3/pz'y'dV,
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—D;2=D;:31-Dl1 '

vy

/p(22’2—2:22-:: -2z — 22 — 2)dV
_3/p(:l: - z2)dV.

Note that under the rotation the charge element pdV does not change.

Thus
Dy, -

3 22 sin(2wot) + D, cos(2wot) . (4)

Dy3 =Dy =

Similarly, we have

Dy3 = D3 = 3/pzde = 3/p[:c' cos(wot) — v’ sin(wot)] 2'dv
= D3 cos(wot) — Dy sin(wgt) . (5)

And other components of D(t) can be similarly obtained. It is seen from
Eq. (4) and Eq. (5) that the electric quadrupole radiation is a mixture of
two monochromatic angular frequencies wo and 2wy.

In short, Eqgs. (3), (4) and (5) show that the frequencies of electro-
magnetic radiation of the system are wg (electric dipole radiation, which is
dominant) and 2wy (electric quadrupole radiation).

The fields of the successive multipole radiations are reduced in magni-
tude by a factor kd = “*d. So the electric quadrupole radiation is weaker
than the electric dipole radiation by a factor (“2d)2.
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1. THE LORENTZ TRANSFORMATION (5001-5017)

5001
The radar speed trap operates on a frequency of 10° Hz. What is
the beat frequency between the transmitted signal and one received after
reflection from a car moving at 30 m/sec?
(Wisconsin)
Solution:

Suppose the car is moving towards the radar with velocity v. Let the
radar frequency be vy and the frequency of the signal as received by the car
be v1. The situation is the same as if the car were stationary and the radar
moved toward it with velocity v. Hence the relativistic Doppler effect gives

correct to the first power of v/c. Now the car acts like a source of frequency
11, so the frequency of the reflected signal as received by the radar (also
correct to the first power of v/c) is

2
Ve =1 1+v/c'~vul(1+g)zuo(l+g) zuo(1+2—v).
VI—v/c c c c

Thus the beat frequency is

2x 30
§—x—10—8—200HZ.

The result is the same if we had assumed the car to be moving away from

the stationary radar. For then we would have to replace v by —v in the

above and obtain vo — vy & v 2.

2v
ve—vg=vp - — = 10° x
c

5002

A plane monochromatic electromagnetic wave propagating in free space
is incident normally on the plane of the surface of a medium of index of
refraction n. Relative to stationary observer, the electric field of the incident
wave is given by the real part of E2e*(¥2~“*) where z is the coordinate along
the normal to the surface. Obtain the frequency of the reflected wave in
the case that the medium and its surface are moving with velocity v along
the positive z direction, with respect to the observer.

(SUNY, Buffalo)

553
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Solution:

Let the observer’s frame and a frame fixed on the moving medium be
T and X' respectively. ¥’ moves with velocity v relative to ¥ along the
z direction. Let the propagation four-vectors of the incident and reflected
waves in ¥ and X' be respectively

w

ki = (0,0, k, —c-), k. = (0,0, kz, ,

w' wh
k: = (0) 0, kl: ';)) k:- = (0: 0, _k,21 72) s
where k= £, ky = 22, k' = “" ’2=—1
Lorentz transformat.lon for a four-vector gives

W w w
"c'=7(-c'—ﬂk)=7:(1-ﬂ),

wr_ . [92 gy =420-
2 =y [L+a-k)] =12 -5,

with = £, v = (1-8%)~%.

In ¥', no change of frequency occurs on reflection, i.e., wj = w’. Hence

= / 1_ — 2 l 2 _ ( — ﬂ )
wy = yw'(1-p)=7r'w(l-p)" = 1558
being the angular frequency of the reflected wave as observed by the ob-
server.

5003

In the inertial frame of the fixed stars, a spaceship travels along the
z-axis, with z(t) being its position at time ¢. Of course, the velocity v and
acceleration a in this frame are v = %f— and a = %:—‘,’-. Suppose the motion
to be such that the acceleration as determined by the space passengers
is constant in time. What this means is the following. At any instant
we transform to an inertial frame in which the spaceship is momentarily
at rest. Let g be the acceleration of the spaceship in that frame at that
instant. Now suppose that g, so defined instant by instant, is a constant.

You are given the constant g. In the fixed star frame the spaceship
starts with initial velocity v = 0 when z = 0. What is the distance z
traveled when it has achieved a velocity v?
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Allow for relativistic kinematics, so that v is not necessarily small
compared with the speed of light c.
(CUSPEA)

Solution:

Consider two inertial frames ¥ and £’ with £’ moving with a constant
velocity v along the z direction relative to X. Let the velocity and acceler-
ation of an object moving in the z direction be u, a = %" and o/, o’ = 9%

ul
dt
in the two frames respectively. Lorentz transformation gives
z =y(z' + fet’), ct=(ct'+pz'),

where =%, 7= (1- B2)~%. Then the velocity of the object is transformed
according to
u+v

1+2

u=

(1)

Differentiating the above, we have

v v
dt =« (dt' + c—zdz’) = 7dt'(1 + ;u’) ,
_ du’
71+

whose ratio gives the transformation of acceleration:

du

¢ @
as ————3 . 2
7 (1+%)
Now assume that ¥ is the inertial frame attached to the fixed stars and X’
is the inertial frame in which the spaceship is momentarily at rest. Then

in X'
and Egs. (1) and (2) give

u=uv, az%

with y = (1 - 'c‘—;-)—%. As the velocity of the spaceship is increased from 0
to v in X, the distance traveled is

z—/udt—/uﬂiﬁ—lju udu —f ——1 -1
o e gl (-%p2 9| fi-2 '
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5004

As observed in an inertial frame S, two spaceships are traveling in op-
posite directions along straight, parallel trajectories separated by a distance
d as shown in Fig. 5.1. The speed of each ship is ¢/2, where ¢ is the speed
of light.

(a) At the instant (as viewed from S) when the ships are at the points
of closest approach (indicated by the dotted line in Fig. 5.1) ship (1) ejects
a small package which has speed 3¢/4 (also as viewed from S). From the
point of view of an observer in ship (1), at what angle must the package
be aimed in order to be received by ship (2)? Assume the observer in ship
(1) has a coordinate system whose axes are parallel to those of S and, as
shown in Fig. 5.1, the direction of motion is parallel to the y axis.

(b) What is the speed of the package as seen by the observer in ship

(1)?
(CUSPEA)

Solution:

(a) In the inertial frame S, the y-component of the velocity of the
package should be ¢/2 in order that the package will have the same y
coordinate as ship (2) as the package passes through the distance Az = d.
The velocity of the package in S can be expressed in the form

u = uger + uyey

withuy =¢/2. Asu=|u|=3

uz=1/u2—u3=\/Tgc

Let S’ be the inertial frame fixed on ship (1). In S’ the velocity of the
package is

u —ue +uvey.

S’ moves with speed ¢/2 relative to S along the —y direction, i.e. the
velocity of S’ relative to S is v = —cey /2. Velocity transformation then
gives . .
- s+3 4
o =B _Y _ 2 +3_4 c,

VT1-Z T 14175

J_— Foi-i N

vu =
- Zx 1+1
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Fig. 5.1 Fig. 5.2

Let o’ be the angle between the velocity u’ of the package in S’ and the z’
axis as shown in Fig. 5.2. Then

tan o = 2L = —, or o =arctan (_;i-?) .
(b) In S’ the speed of the package is

V19
v = o'l =\l = e

5005

(a) Write down the equations of conservation of momentum and energy
for the Compton effect (a photon striking a stationary electron).

(b) Find the scattered photon’s energy for the case of 180° back scat-
tering. (Assume the recoiling electron proceeds with approximately the
speed of light.)

(Wisconsin)
Solution:

(a) Conservation of momentum is expressed by the equations
hvy hV/

—_— = — 0 ,
c p cos 0+ ymv cos ¢

hv'

— sin 0 = ymv sin ¢,
c

where 0 is the angle between the directions of motion of the incident and
scattered photons, ¢ is that between the incident photon and the recoiling
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electron, as shown in Fig. 5.3, m is the rest mass of an electron, 8 = %, v
being the speed of the recoil electron, and v = (1 — %)%,

ﬂl

<

hv
<

€| @
|

Ymv

Fig. 5.3
Conservation of energy is expressed by the equation

hv + mc? = b/ 4+ yme? .

(b) For back scattering, § = 180°, ¢ = 0°. The above equations reduce
to

hv 4+ hv/' = yBmc? | (1)
hv = hv/' = (v — 1)mc? . (2)
Squaring both sides of Eq. (1) we have

(hv + hV/')? = 28 m?c* = (4% — 1)m3ct . (3)
Combining Egs. (2) and (3), we have
4h*v)/ = 2mc® h(v - V') ,

or

hv

’
2

h/ =

which is the energy of the scattered photon.

5006

A charged particle is constrained to move with constant velocity v
in the z-direction (with y = yp, 2 = 0 fixed). It moves above an infinite
perfectly conducting metal sheet that undulates with “wavelength” L along
the z-direction. A distant observer is located in the z = 0 plane and detects
the electromagnetic radiation emitted at angle # (the angle between the
velocity vector and a vector drawn from the charge to the observer) as



Relativity, Particle-Field Interactions 559

shown in Fig. 5.4. What is the wavelength A of the radiation detected by
the observer?
(Princeton)

Solution:

The induced charges in the metal sheet will move on the surface of
the sheet along the general direction of motion of the charged particle.
The acceleration of the induced charges moving on the undulating surface
will lead to emission of bremsstrahlung (braking radiation). The radiation
detected by a distant observer located along the 8 direction is that resulting
from the constructive interference in that direction. Hence, the wavelength
of the radiation satisfies the condition

L L cos@ A
m

v c
where m is an integer, or

/\m=£(£—cos0).
m \v

Form =1, A = L(£ — cos 0).

We can also approach the problem by regarding the effect of the metal
sheet as that of an image charge, which together with the real charge forms
an oscillating dipole of velocity v = ve, and frequency of vibration fo = 7.
From the formula of Doppler shift the frequency detected by the observer
is

_1+Bcos b, v
f(O)— -—ﬁfof\a (l-}--c- cos G)f,
and the corresponding wavelength is

A(O):%:%(l—% cos 0).

This result is the same as the foregoing A;.
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5007

Two large parallel plates (non-conducting), separated by a distance d
and oriented as shown in Fig. 5.5, move together along z-axis with velocity
v, not necessarily small compared with ¢. The upper and lower plates have
uniform surface charge densities +0 and —o respectively in the rest frame
of the plates. Find the magnitude and direction of the electric and magnetic
fields between the plates (neglecting edge effects).

(Columbia)
z z! !
e i
o x I 0' xl
WAV
Fig. 5.5

Solution:

Let the electromagnetic fields be E’, B’ in frame S’ (0 2’ y’ 2’) where
the plates are at rest; and be E, B in the laboratory frame S (0 z y z).
The field vectors transform according to

E,=E,, B.,=B8B;,,

Ey, = v(Ey + BcB;), By=17 (B; — gE;) ,

B.=1(8, - peBy), B.=+(Bi+25,),
where 8= 2, vy = (1-3%)"%.
In the rest frame S,

B, =By =B; =0,

so that
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Hence in the laboratory frame, the electric intensity is in the —z direction
and has magnitude zf-, while the magnetic induction is in the +y direction

and has magnitude I35 o, where v = (1 — {—:—)‘5.

5008

Show that E2 — B2 and E - B are invariant under a Lorentz transfor-
mation.

(UC, Berkeley)

Solution:

Decompose the electromagnetic field into longitudinal and transverse
components with respect to the direction of the relative velocity between
two inertial frames ¥ and ¥'. In ¥, we have

E=E,+E;, B=B,+B.
In ¥, which moves with velocity v relative to £, we have (in Gaussian

units)
Ey=E, By=By,

1=7(EL+%XB.L):

v
'L=1(B.L—;XE.L),

where

1
1= mE

Thus

E'-B' =Ej -Bj+E, B,

xB,)-(vxE
=E||'B||+72[E-L'B.L_(v -L)ci'( L)]'

As v is perpendicular to both B; and E, , we have

(VXBJ_)-(VXEL)=‘02E_|_-BL,
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so that
E’-B’:E“-B||+72(1—:—:)EL~BL =E,-By+E,-B, =E-B.
From the expression for E’ , we have

Ef =+ [Ei+‘él§(va.L)2+2EJ.'(‘EXB.L)]

2 2E, -(vx B
=72(Ei+z_2B.2L+ L ( .L)),

c
and 2 2B, - (vx E})
v -(v x
B’f=72(31+c—2Ei—*—c—*-).
Hence
E? -B” = (E| + E|)’ - (B} + B)?
= Ef - B +E} - B?
_ E2_B2 2 E2 _v_z_B2_B2_v_2E2
= (Ej i+ 1+5B1 1-Zhl
2 2
+-Z—[El-val+Bl-vxEL]
= (Ej - Bj) + (E - B])
=E2—Bz,
sinceE) -vxB), =E; xv-B, =-B, -vxE] for a box product.

Therefore E2 — B2 and E - B are invariant under a Lorentz transfor-
mation. Note that in SI units it is E2 — ¢2B2? that is Lorentz invariant.

5009

(a) A classical electromagnetic wave satisfies the relations
E-B=0, E’=¢’B’

between the electric and magnetic fields. Show that these relations, if
satisfied in any one Lorentz frame, are valid in all frames.
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(b) If K is a unit three-vector in the direction of propagation of the
wave, then according to classical electromagnetism, K- E = K-B = 0.
Show that this statement is also invariant under Lorentz transformation
by showing its equivalence to the manifestly Lorentz invariant statement
n*F,, =0, where n* is a four-vector oriented in the direction of propaga-
tion of the wave and F),, is the field strength tensor.

Parts (a) and (b) together show that what looks like a light wave in
one frame looks like one in any frame.

(c) Consider an electromagnetic wave which in some frame has the
form

E: = c¢By = f(ct - 2),,

where , liTw f(2) — 0. What would be the values of the fields in a different

coordinate system moving with velocity v in the 2z direction relative to the
frame in which the fields are as given above? Give an expression for the
energy and momentum densities of the wave in the original frame and in
the frame moving with velocity v, show that the total energy-momentum
of the wave transforms as a four-vector under the transformation between
the two frames. (Assume the extent of the wave in the z-y plane is large
but finite, so that its total energy and momentum are finite.)

(Princeton)

Solution:

(a) It has been shown in Problem 5008 that E - B, E? — ¢?B? are
Lorentz invariant. Hence in another Lorentz frame ¥’ we have

E .-B'=E.-B=0, E?-¢B?=E’-¢’B?=0,

ie.
EI . BI . 0 E12 = C2Bl2 .

(b) The electromagnetic field tensor can be represented by the matrix

0 —CBa CBz —E1
F,, = cB3 0 —CBl -—Ez
w = -CBg CB] 0 —E3

E E, E; 0

Using the electromagnetic wave propagation four-vector K* = (K, K3,
K3, £) where K = %, we can express n* = 71(K“. n#F,, = 0 which is
then equivalent to K#F,, = 0. For v = 1, we have

+KqycB3 — K3zcBy + % E,=0,
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or

E1=?c{—(BXK)1 .

Similar expressions are obtained for £5 and E3. Hence
E= % (B xK). (1)
For v = 4, we have
—K Ey, — K2E; — K3E3 =0,

or
K-E=0. )

Since n*Fy,, = 0 is Lorentz covariant, it has the same form in all inertial
frames. This means that Egs. (1) and (2) are valid in all inertial frames.
Now Eq. (1) gives

E’:%(BXK)-(BXK):c’Bz—cz(B-K)z. (3)

From (a) we see that if E? = ¢2B? is valid in an inertial frame it is valid in
all inertial frames. Since this relation is given for one inertial frame, Eq. (3)
means that the relation K - B = 0 is satisfied in all inertial frames.

(c) In frame X one has
E:=f(t—-2z2), Ey,=E, =0,

B.=0, By=lf(ct—z), B,=0.
YT e

Suppose a frame ¥’ moves with velocity v relative to ¥ frame along the
z-axis. Then Lorentz transformation gives

E,=E,=0, E,=7v(E,+vB;)=0,
E; =y(E: —vBy) = 7(1-B) f(ct - z),

B, =B, =0, B;=7(B,+I—ZE',)=0,

By=7(8,-2E)=2a-pra-2,
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where v .
B=p v=0-p)%.

The energy densities in frames X and ¥’ are respectively given by
_1 2, B? 2
w=3g (eoE + Ilo) =eof(ct—2),
i1 n, B? 2 2 2
v =B+ — ) =eor’(1-B)° f(ct —2).
2 Mo
The inverse Lorentz transformation 2z = y(2’ + fet’), et = y(ct’ + B2’) gives

ct—z=7(1-pB)(ct'-2"). (4)

Thus
w' = eoy? (1= B) f2ly(1 - B) (et - 2)] .

The momentum density is

_ExH ExB

g R =¢E x B =¢oE;Bye; .

Hence the momentum density as seen in £ and ¥’ has components
€o
9: =9y =0, g;==fct-2),

=9y=0, ¢i=2r1-pf[v(1-p)(ct' - )]

The total energy and the total momentum are
W= / wdV =eo/ F(ct — 2)dV,
v v

G: =Gy =0, G,=€—°/f2(ct_z)dv=ﬂ
c v c

in ¥ and
W' = / w'dV’
VI

=072 (1 _ﬂ)z/w I [7(1 - %) (ct’-z')]dV' ,
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G;, = Gly =0,
(]
G =270-p7 [ Fl-p - ="
Vl
in ¥'.

As the wave has finite extension, V and V’ must contain the same
finite number of waves in the direction of propagation, i.e. the z direction.
As Eq. (4) requires

dV = 4(1- p)av’,

W=91-pW.

Similarly
(]
G, = Zc— =y(1-8)G.,.

Thus the transformation equations for total energy-momentum are

()
=G G=G, G=1(G-p%), L=y(L-pa).

[ c c

That is, (G, %) transforms like a four-vector.

5010

An infinitely long perfectly conducting straight wire of radius r carries
a constant current i and charge density zero as seen by a fixed observer A.
The current is due to an electron stream of uniform density moving with
high (relativistic) velocity U. A second observer B travels parallel to the
wire with high (relativistic) velocity v. As seen by the observer B:

(a) What is the electromagnetic field?

(b) What is the charge density in the wire implied by this field?

(c) With what velocities do the electron and ion streams move?

(d) How do you account for the presence of a charge density seen by
B but not by A?
(Princeton)

Solution:

(a) Let £ and X’ be the rest frames of the observers A and B re-
spectively, the common z-axis being along the axis of the conducting wire,
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which is fixed in X, as shown in Fig. 56. In X, p=0, j = r:,; e, so the
[
electric and magnetic fields in £ are respectively

E=0,
sir={ B <o

£re,, (r>ro)
where e;, e, and e, form an orthogonal system. Lorentz transformation
gives the electromagnetic field as seen in ¥’ as

E“ E“ 0, Bl’l = B“ =0,

’ ' 2x:w e, (r<m)
E =E| =v(EL +vxB,)=—yvBe, =
—fXe,, (r>r)

$Yr
B = IL=7(B1—VXE'L)=7Be,p={E-L1reW (1'<1'0)
c?

%‘}}ew (r>ro)

where y = m, and the lengths r and r¢ are not changed by the

transformation.

Fig. 5.6

(b) Let the charge density of the wire in £’ be p’, then the electric field
produced by p’ for r < r¢ is given by Gauss’ law

2xrE! = p'nr?/eo

to be ,
r
E' = 2£e:e" (r <o)

Comparing this with the expression for E’ above we have

P 2T
- 2,2
wrge

where we have used poeo = &
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(c) In X the velocity of the electron stream is ve = —Ue,, while the
ions are stationary, i.e. v; = 0. Using the Lorentz transformation of velocity
we have in X'

=——p €, Vi=-ve. (6)
14

(d) The charge density is zero in X. That is, the positive charges of
the positive ions are neutralized by the negative charges of the electrons.
Thus p. + p; = 0, where p. and p; are the charge densities of the electrons
and ions. As . .

=J_ ___*_
Pe="T% arilU
we have .
i
wriU
However, the positive ions are at rest in ¥ and do not give rise to a current.
Hence

pi=

(%, p) form a four-vector, so the charge densities of the electrons and ions
in I’ are respectively

‘= ERLAPI W AL
pe—’)'(pe c? Je) T wrdU wrde?’
oo = T
Pi= TP araU ’

Obviously, p, + p! # 0, but the sum of p, and p! is just the charge density
p' detected by B.

5011

(a) Derive the repulsive force on an electron at a distance r < a from
the axis of a cylindrical column of electrons of uniform charge density po
and radius a.

(b) An observer in the laboratory sees a beam of circular cross section
and density p moving at velocity v. What force does he see on an electron
of the beam at distance r < a from the axis?
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(c) If v is near the velocity of light, what is the force of part (b) as
seen by an observer moving with the beam? Compare this force with the
answer to part (b) and comment.

(d) Ifn =2 x 10! cm™3 and v = 0.99c (¢ = light velocity), what
gradient of a transverse magnetic field would just hold this beam from
spreading in one of its dimensions?

(Wisconsin)

Solution:

(a) Use cylindrical coordinates with the z-axis along the axis of the
cylindrical column of electrons. By Gauss’ flux theorem and the symmetry
we obtain the electric field at a distance r < a from the axis:

r
E(r) = %e,. (r<a)

Thus the force on an electron at that point is

€epoT

= —eE = —
F e %0

er .
Note that this is a repulsive force as pg itself is negative.

(b) Let the rest frame of the column of electrons and the laboratory
frame be X’ and X respectively with £’ moving with velocity v relative to
¥ along the z-axis. By transforming the current-charge density four-vector
we find p = ypg, where v = (1 — %;—)‘*. In ¥’ the electric and magnetic
fields are E' = ?"T'e,, B’ =0. In X, one has

EL=7(E}, -vxB|)=9E', E=E =0,
v v
Bl=7( 1+c—2fo,_) =7c—2xE’, B =B =0.
Thus the force on an electron of the beam at r < a is given by
U v /
F=—-eE—-evxB=—eyE' —evx (-yc—sz)

’ v’ ’
= —eyE +e7;—2-E ,

as v = ve, is perpendicular to E'.
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As there is no transverse Lorentz contraction, r = r’. Hence

T 207

e, .

(c) In X’ the force on the electron is

FI=_ Erz_el’o" =_ep1'
€ 2¢p er 2eqy

e,.

As v > 1, F' > F. Actually, in the rest frame L’ only the electric field
exerts a force on the electron, while in the laboratory frame X, although
the electric force is larger, there is also a magnetic force acting opposite in
direction to the electric force. As a result the total force on the electron is
smaller as seen in X.

(d) In X the force on the electron is
epr

S

The additional magnetic field By necessary to keep it stationary is given
by
—evxBog+F=0,

ie.,
e
CVXBQ-{-Ler:O.
2¢e07?
As v = ve;, the above requires
pr

0= 2e072v o
The gradient of the magnetic field is then

dBo_ _p___ ne
dr ~ 2072v ~  2g07%v

With n = 2 x 10!° x 10° m=3, v = 0.99¢, ¢ = 8.84 x 1072 C/Vm, we
obtain

dBy| _ 2 x 10 x 1.6 x 10~1°
dr | 7| 2x8.84x10712 x ;=557 x 0.99 x 3 x 108

=0.0121 T/m = 1.21 Gs/cm.
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5012

The uniformly distributed charge per unit length in an infinite ion
beam of constant circular cross section is ¢. Calculate the force on a single
beam ion that is located at radius r, assuming that the beam radius R is
greater than r and that the ions all have the same velocity v.

(UC, Berkeley)

Solution:

Use cylindrical coordinates with the z-axis along the axis of the ion
beam such that the flow of the ions is in the +2 direction. Let ¥’ and
L be the rest frame of the ions and the laboratory frame respectively, the
former moving with velocity v relative to the latter in the 4z direction. The
charge per unit length in £ is ¢. In ¥’ it is given by ¢ = 7(1&‘?"—’) =74, or
¢ = q/y, where y = (1 - g2)~%,8 = L. In X’ the electronic field is given
by Gauss’ law 27E] = ﬁ; f% to be

/

r
E = 2”;’122 e. (r<R)
As the ions are stationary,
B'=0.

Transforming to £ we have E, = 7(E) —v x B} ) =1E}, Ey = E; =0,
or
/
E = EI = r‘yq = Tq .
" T e R2 T T ZnegRE

andBJ_=7(B’J_+%?J-)=7%?*,B“=BiI=0,or

/

v rq v rq
B=y—w ——ey=—-——————ejp .
T2 27eo R2 € =3 27egcR? o

Note that, as r is transverse to v, »’ = r. Hence the total force acting on
an ion of charge @ at distance r < R from the axis in the laboratory frame
is

F=QE+QvxB

2
=[o.9"__p¥v _49
= (Q el @2 27reoR2) er
Qqr (1_£) _ _ Qgr

= e, = €y .
27eg R? c2) " 2megR2y? T
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If v<e, then F = %er, which is what one would obtain if both the
charge and the ion beam were stationary.

5013

Given a uniform beam of charged particles g/l charges per unit length,
moving with velocity v, uniformly distributed within a circular cylinder of
radius R. What is the

(a) electric field E

(b) magnetic field B
(c) energy density

(d) momentum density

of the field throughout space?
(UC, Berkeley)

Solution:
(a), (b) Referring to Problems 5011 and 5012, we have

E = { 21rcarR51 €r, (1‘ < R)
2‘1‘:’5 e, . (1‘ > R)

B = { 2rc:c;R51 €, (1‘ < R)
Zrtt:,c’rl €. (1‘ > R)
(c) The energy density is

w= 1 (50E2 + le)
2 Ko

{ (1+ %) shm, (r<BR)
(1+%) s&m. >R

(d) The momentum density is

g=¢ExB
2'3
_ { wrormr e (T<R)

2

41’:;‘:51"!5 €. (1‘ > R)
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5014

Calculate the net radial force on an individual electron in an infinitely
long cylindrical beam of relativistic electrons of constant density n moving
with uniform velocity v. Consider both the electric and magnetic forces.

(Wisconsin)

Solution:

The charge density of the electron beam is p = —en. As shown in
Problem 5011, the net radial force on an individual electron is

epr e2nr

= T %02 T 2megr? ¢

T

where
1

1= v

5015

A perfectly conducting sphere of radius R moves with constant velocity
v = ve; (v < c) through a uniform magnetic field B = Bey. Find the
surface charge density induced on the sphere to lowest order in v/ec.

(MIT)
Solution_:

Let ¥’ and ¥ be the rest frame of the conducting sphere and the
laboratory frame respectively. In £ we have B = Bey, E = 0. Transforming
to X’ we have

EIII=E“=0, E_’L=7(E-L+VXB.L)=7UB83,

vx E
By =B =0, B’l=7(BL— 5 l):-,1:7‘3,,.

Hence
E' =yvBe,, B’'=yBe,.

In the lowest order approximation, v = (1 - %)~/2 ~ 1, one has

E'~vBe,, B'=Bey.
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In X' the electric field external to the sphere E' is uniform so the potential
outside the sphere is (see Problem 1065)

J

¢ = —E'r cos 0+ E

= cos 0,

with @ as shown in Fig. 5.7.

Fig. 5.7

The surface charge density on the conductor is given by the boundary
condition for D:

a /

o =—g £ = 3eovB cos 0.
or r=R
On transforming back to X, as the relative velocity of ¥’ is along the z

direction, the angle  remains unchanged. Hence the surface charge density
induced on the sphere to lowest order in v/c is

o =v0' =o' =3eyvB cos 0.

5016

Let a particle of charge ¢ and rest mass m be released with zero initial
velocity in a region of space containing an electric field E in the y direction
and a magnetic field B in the 2z direction.

(a) Describe the conditions necessary for the existence of a Lorentz
frame in which (1) E=0and (2) B=0.

(b) Describe the motion that would ensue in the original frame if case
(a) (1) attains.

(c) Solve for the momentum as a function of time in the frame with
B = 0 for case (a)(2).

(UC, Berkeley)
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Solution:

(a) Let £ be the laboratory frame and £’ be a frame moving with
relative velocity v along the z direction. In ¥ we have

E =Fey,, B=Be,.
Lorentz transformation gives the electromagnetic field in X' as

E,=E,=0, E,=7v(Ey—vB;)=v(E-vB), E,=7v(E;+vBy)=0,

B, =B, =0, B;=7(By+-év5E,)=0,

v v
B;=7(Bz_c_2Ey)=7(B_c_2E) .

(1) For E' =0 in ¥’ we require that
E-vB=0,

orv = %. However, as v < ¢, for such a frame ¥’ to exist we require that
E <cB.

(2) For B’ = 0 in X', we require that B— 5 E =0,0r v = CZTB. Then for
such a frame X’ to exist we require that

¢cB<FE.

(b) If E’ = 0, the motion of the charge ¢ in £’ is described by
d mu/ ,
— [ —= = B’ 1
dt’ (,/1—u'2/c2) s M

4 (__me =q(u’'xB’)-u' =0 (2)
W\ st !
where u’ is the velocity of the particle in ¥’. Equation (2) means that

mc?

Hence v’ = constant as well. This implies that the magnitude of the velocity
of the particle does not change, while its direction changes. As the initial

= constant .
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velocity of the particle in X is zero, the velocity of the particle in ¥’ at the
initial time ¢’ = 0 is by the transformation equations

; _ Ug—v ' Uy

=— = =—"—=0 ! =
ETTE T M- T B
to be
u{,:—ve,:—ge,.

Thus the magnitude of the velocity of the particle will always be v’ = %,
and we have

B2 — 2
V1i—u?/c= —CB:—I-E—- = constant.
Then Eq. (1) reduces to
W = % Vi—u?]u' xB'. 3)

From the transformation equations for B we have B’ = 1 /B2¢? — EZe,.
Hence Eq. (3) gives rise to

U = wuy, (4)
& = -, (5)
u, =0, (6)

where

gB’'\/1-u?[c?2  ¢(c?B%- E?)

w =
m c¢2mB

Equation (6) shows that u, = constant. As u}, =0 att' =0, u, = 0 for all
times.
(4) + (5)xi gives

.y sl o 1] .y
U + iy = —iw(uy +iuy),

or
§ = —iwg,

where
p— .y
§=u, +iu,.
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The solution is

.
6 = _u:)e_w‘ ’

or

u, = uy cos (wt'), u, =—uq sin (wt'),

where uj is a constant.
As uy = £ at ¢/ = 0 we find that

E E
' _ ’ ' _ . ’
Uy = 5 cos (wt'), uy =~ sin (wt').
These equations show that the particle will undergo circular motion in the

zy plane with a radius

R= u E mE
" w  Bw  ¢(¢?B%2-E?)’
In X, because of Lorentz contraction in the z direction, the orbit is an
ellipse with the minor axis along the z-axis.

(c) Consider a frame ¥’ in which B’ = 0. Let p’ be the momentum of
the particle. The equation of motion is then

dl

The quantity E2 — ¢2B? is Lorentz invariant as shown in Problem 5008.
Hence E' = VE? — ¢2B? ¢, using also the result of (a). Then the equation
of motion has component equations

dp, _ dp, _

at — dt 7’ ™
d /
E%:q E? — ¢2B2. (8)

Equation (7) shows that both p/, and p/, are constant, being independent of
time. The particle is initially at rest in X, so its initial velocity is opposite
that of ¥/, i.e., uy = —%’3 ez, as shown in (a)(2). Hence

f___mu ___cmB
be = Vi-w?j2 JEZ-¢2B?’

p.=0.
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Equation (8) gives
py(t') =qVE? - c2B2t',

where we have used the initial condition up, = 0 at ¢’ = 0.

5017

Consider an arbitrary plane electromagnetic wave propagating in vac-
uum in z-direction. Let A(z— ct) be the vector potential of the wave; there
are no sources, so adopt a gauge in which the scalar potential is identi-
cally zero. Assume that the wave does not extend throughout all spaces,
in particular A = 0 for sufficiently large values of z — ct. The wave strikes
a particle with charge e which is initially at rest and accelerates it to a
velocity which may be relativistic.

(a) Show that A; = 0.

(b) Show that p; = —eA, where p, is the particle momentum in the
yz plane. (Note: Since this is a relativistic problem, do not solve it with
non-relativistic mechanics.)

(UC, Berkeley)

Solution:
(a) As A = A(z —ct),

0A  0A -Z’—A-——c 0A
0z ~ 8(z—ct)’ 8t Oz —ct)’

With the gauge condition ¢ = 0,

J0A J0A
E=-Ve-Gr ="

As plane electromagnetic waves are transverse, E; = 0. Thus

0A:  c0A; =0
ot T d(z-—ct)

showing that A;(z — ct) = constant.

Since the wave does not extend throughout all space, the vector poten-
tial vanishes for sufficiently large values of z — ct. Hence the above constant
is zero, i.e., A; = 0 at all points of space.
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(b) Let r be the displacement of the charged particle at time ¢ and
write the vector potential as A(r, t). We have

= 2l =— +(v-V)A. 1)

The equation of motion of a particle of charge e and momentum p in
the electromagnetic field is

‘i—‘t’=e(E+va). )

Treating r and v as independent variables, we have
vx(VxA)=V(v-A)-(v-V)A. 3)
Equations (1)—(3) give

d dA
d—?:eV(v'A)—eI.
Consider the transverse component of the particle momentum, p; = pye,+
p:e;.

The vector potential A(z — ct) of the plane electromagnetic wave is
independent of the coordinates y and 2, and has no longitudinal component
(see (a)). As r and v are to be treated as independent variables also, we

h
ave P 0A 0A,

— . = -—-l — =
ay(v A) =y, 3y + v, P 0,

and similarly 8% (v-A)=0. Hence

dpy _ _ dAL
at dt -

Integration gives
pL=—-€eA; +C.

Since the initial velocity of the particle is zero, the constant C is zero.
Furthermore with A; =0, A; = A. So we can write the above as

PL = —vA.
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2. ELECTROMAGNETIC FIELD OF A CHARGED
PARTICLE (5018-5025)

5018

Show that the electromagnetic field of a particle of charge ¢ moving
with constant velocity v is given by

E,:i—-y(z—vt), B, =0,

s
I

q q
=7y, By = —=fpvz,
X T x

Ez='q'7z, Bz=1ﬁ7y)
X X

where

x={7r@-vw)’+y* + ),
and we have chosen the z-axis along v (note that we use units such that
the proportionality constant in Coulomb’s law is K = 1).
(SUNY, Buffalo)
Solution:

Let T be the observer’s frame and X' the rest frame of the particle. In
the units used we have in ¥’

/
E'(x') = % , B'(x')=0,

where
r = |x'].

The Lorentz transformation for time-space between ¥ and ¥’ is given by

z’=7(z_vt))
vV =y,
2=z,

so that
2 = z12+y12 +212 ___72(2:_ vt)2+y2+22.
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The (inverse) Lorentz transformation for electromagnetic field gives

_ I_qz’_ q
E',_E,_-rﬁ_;'y(z—vt),

Ey =7(E;+ﬂB;):gxg7’
Z
E,=7(E;—ﬂB;)=q;7,

B, =B, =0,
B, = 7(3; - BE}) = "%ﬂ‘ﬂ,

B, = (B, +BE,) = %ﬂvy-

5019

(a) Consider two positrons in a beam at SLAC. The beam has energy
of about 50 GeV (y = 10°). In the beam frame (rest frame) they are
separated by a distance d, and positron ei{ is traveling directly ahead of
e}, as shown in Fig. 5.8. Write down expressions at ] giving the effect of
e3 . Specifically, give the following vectors: E, B, the Lorentz force F, and
the acceleration a. Do this in two reference frames:

1. the rest frame, 2. the laboratory frame.

The results will differ by various relativistic factors. Give intuitive expla-
nations of these factors.

(b) The problem is the same as in part (a) except this time the two
positrons are traveling side by side as sketched in Fig. 5.9.
(UC, Berkeley)

Solution:

(a) Let &’ and X be the beam rest frame and the laboratory frame
respectively. In £’ the effects exerted by eF on ef' are

o1 e
T 4meg d2 7
B'=0,
1 €2
F' =¢E' = - —
¢ 47I’€od2 0
a,__F_’__ 1 é?



582 Problems & Solutions on Eleciromagnetism

Thus in ¥, e} is a nonrelativistic particle that will undergo rectilinear
accelerated motion under the action of the electrostatic field E’ established
by eF.
The Lorentz transformation for electromagnetic field Ej = El’l, By =
l'l' gives

1 e
=R =% =0.
E=F= 41reod2e" B=0
Hence the force on €] is
1 e? ,
F—CE——EEEGJ-F.

As y = 10%, e} is a relativistic particle in ¥ and must satisfy the relativistic
equations of motion

d mv d

Ei(m) =F, or mcﬁ(‘rﬂ)—F,

d mc? dy

'd—t(-l———m)'—'Fv, or mc—:Fﬂ
v

where f =%, 7= (1- ﬂz)‘%, since F = Fe,;, v = ve;. We then have

_dp_c[d dy] 1 n_ F
or
ac_F ____ ¢ -2
T dt T my3 T 4dmeordmd? T T 37

It follows that when the motion of the two positrons is as shown in
Fig. 5.8, the electromagnetic field and the Lorentz force are the same in T
and *’. However, due to the relativistic effect the acceleration of e} in the
laboratory frame is only Jy times that in the rest frame. As Jy ~ 10715,
a is extremely small. In other words, the influence of the force exerted by
a neighboring collinear charge on a charge moving with high speed will be
small. The whole beam travels together in a state of high velocity and high
energy.
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(b) In the case shown in Fig. 5.9, we have in the rest frame I’ the
various vectors at €] :

/ € !
= , B = )
41‘80(12 e 0
F' = ¢E' e
= T T imeed
a = F_ e e
" m~ 4meomd?

x

Fig. 5.9
In the laboratory frame X, as

E, =y(E|, -vxB)),

vx E}
Bl=7( |+ o )

we have
e
E=+E =- ,
7 4reod? Cs
v yve
B=y—Fe,=——7—
T2E 4weocld? €y

e? _F

F=C(E+VXB)=—WG,—7.

In this case F - v = 0, so that ¥ = constant and

mcd

or
ac F e? o 8
T my T Ameodima? T 42
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These results show that when the two positrons are traveling side by side,
all the vectors in ¥, as compared with the corresponding vectors in ¥’,
will involve the Lorentz factor 4 which is a constant of the motion. In the
laboratory frame, both the electric and magnetic fields exist, the former
being increased by v from that in the rest frame. As to the effects of E
and B on e'l", they tend to cancel each other, which reduces the force on
the acceleration of e] by factors }V- and ,—'13- respectively, as compared with
those in the rest frame.

5020

In Fig. 5.10 a point charge e moves with constant velocity v in the
z direction so that at time ¢ it is at the point Q with coordinates z = 0,
y = 0, 2 = vt. Find at the time ¢ and at the point P with coordinates
z=0b,y=0, z=0 (see Fig. 5.10)

(a) the scalar potential ¢,
(b) the vector potential A,

(c) the electric field in the z direction, E.
(Wisconsin)

vt

Fig. 5.10

Solution:

(a) The Liénard-Wiechert potentials at P due to the charge are given

by
€ ev

=——’ A:.——.————
dmeo[r— ¥ -] 4meoc?fr — ¥ -1

where r is the radius vector from the retarded position of the charge to the
field point P, i.e.,

r
r=be,—v(t-—-c-)e,=be,—vt'e,,
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with

t':t—:.

c

Thus

r\? 2rt 1l

r’=r-r=b2+v’(t—-) =b2+v2(t2—-—+—2),

c c ¢

or

2 2
(1—3?) ol 2ol =0.
c c

This is the retardation condition, with the solutions

_ =Put £ /(1 - p?)b? + v2t?
r= e ,

where g = .

However the upper sign is to be taken since r > 0. As v = ve,,

. 241
r—-v—c—r=r+%-=r+vﬂ(t—£) =(1-p8%r+vpt

=1 =-p)02 + 222,

The scalar potential ¢ is then

¢ _ €
T 4meo /(1 - B2) 02 + 022

(b) The vector potential A is

A= d e
T dmeoc? /(1 - B2) 02 + 022

(c) The electric field at P is obtained by differentiating the Liénard-

Wiechert potentials:
E(t)=-Vé - oA
at -

For the spatial differentiation, b is to be first replaced by z. We then have

_(9¢ __ e(1-p8%)b
(Vé)s = (32),,% T 4weo [(1 - B2) b2 + v2e2)3/2 Ce
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As A is in the z-direction, it does not contribute to E.;. Hence

5 — (1= )b
* = Areol(1 — A7) b2 + v22PI2 |

5021
For a particle of charge e moving non-relativistically, find

(a) The time-averaged power radiated per unit solid angle, dP/d2, in
terms of velocity B¢, acceleration B¢, and the unit vector n’ from the charge
toward the observer;

(b) dP/dQ, if the particle moves as z(t) = a cos(wot);

(c) dP/dR for circular motion of radius R in the zy plane with constant
angular frequency wyp.

(d) Sketch the angular distribution of the radiation in each case.
(e) Qualitatively, how is dP/dQ2 changed if the motion is relativistic?
(Princeton)
Solution:

(a) For a non-relativistic particle of charge e the radiation field is given
by

en’ x (0’ x Be) e p )
E= =
47eg c2r 4‘n’€ocrn x (n"x B),
B= ln' xE,
c

where r is the distance of the observer from the charge. The Poynting
vector at the observer is then

N=EXH=—1—EXB=—1—E2n’=

! % ! % 2\ 12 '
Ko Hoc 1672¢qcer? o x (0’ x B)|"n

Let 0 be the angle between n’ and ,C:), then

dP N-n’ 62 22 2
- Tz T 1672¢gc IBI" sin”6 .

This result is not changed by time averging unless the motion of the charge
is periodic.
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(b) If z = acos(wot), then fc = ? = —aw?cos(wot) and as
¥ f(;r cos?(wot) dt = 1, where T is the period,
((Be)®) = 5. @i
Hence
dP  e?a’w}
40 " 32n2eocd
(c) The circular motion of the particle in the zy plane may be consid-
ered as superposition of two mutually perpendicular harmonic oscillations:
R(t') = R cos (wot')e; + R sin (wot') ey .
In spherical coordinates let the observer have radius vector r(r, 4, ) from

the center of the circle, which is also the origin of the coordinate system.
The angles between r or n’ and B for the two oscillations are given by

inZ0.

cos# =sinf cos ¢,
cosf; = sin @ cos <%—go) =sin @ singp.

Using the results of (b) we have

dP _ e2R%w{ . .
= W (sin? 8, + sin? 6;)
e? R*wd 2
= — 9).
nTeds (1 + cos” 8)

(d) For the cases (a) and (b), the curves p = % vs. @ are sketched in
Figs. 5.11 and 5.12 respectively, where z is the direction of 3.

z
A

Fig. 5.11
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8 /P

Fig. 5.12

(e) For B ~ 0, the direction of maximum intensity is along § = . As
B — 1, the direction of maximum intensity tends more and more toward
the direction § = 0, i.e., the direction of 8. In fact the radiation will
be concentrated mainly in a cone with A9 ~ 1 about the direction of 3.
However there is no radiation exactly along that direction.

5022

Cerenkov radiation is emitted by a high energy charged particle which
moves through a medium with a velocity greater than the velocity of elec-
tromagnetic wave propagation in the medium.

(a) -Derive the relationship between the particle velocity v = fc, the
index of refraction n of the medium, and the angle 8 at which the Cerenkov
radiation is emitted relative to the line of flight of the particle.

(b) Hydrogen gas at one atmosphere and at 20°C has an index of
refraction n = 1+ 1.35 x 10~%. What is the minimum kinetic energy in
MeV which an electron (of rest mass 0.5 MeV/c?) would need in order to
emit Cerenkov radiation in traversing a medium of hydrogen gas at 20°C
and one atmosphere?

(c) A Cerenkov radiation particle detector is made by fitting a long
pipe of one atmosphere, 20°C hydrogen gas with an optical system capable
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of detecting the emitted light and of measuring the angle of emission 8 to an
accuracy of 6§ = 1073 radian. A beam of charged particles with momentum
of 100 GeV/c are passed through the counter. Since the momentum is
known, the measurement of the Cerenkov angle is, in effect, a measurement
of the particle rest mass mg. For particles with mg near 1 GeV/c?, and to
first order in small quantities, what is the fractional error (i.e., §mg/myg) in
the determination of mg with the Cerenkov counter?

(CUSPEA)

Solution:

(a) As shown in Fig. 5.13, the radiation emitted by the charge at Q'
at time t’ arrives at P at time ¢ when the charge is at Q. As the radiation
propagates at the speed ¢/n and the particle has speed v where v > ¢/n,
we have

QP=Z(t-1), QQ=s(t-1),

or

/
gﬁzcosoz_‘f_ !

QQ v Bn’

where § = £. At all the points intermediate between Q' and Q the radiation
emitted will arrive at the line QP at time ¢t. Hence QP forms the wavefront
of all radiation emitted prior to ¢.

Cerenkov wavefront

Fig. 5.13

(b) As |cos 8] < 1, we require 8 > 1 for emission of Cerenkov radia-
tion. Hence we require
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Thus the particle must have a kinetic energy greater than

T = (y - 1)moc?

mo 62

=[\/(n+:)(n—1)“]

1
=~ -1)x0.5
(\/2 x 1.35 x 10—4 )
~ 29.93 MeV .

(c) For a relativistic particle of momentum P > mqc,

E VP22 + mict . P

'y:

moc2= mgc? mgc
With P fixed we have
P dmo
dy=-——-—-.
c m?
Nowﬂ:%'E-_—\/J%;—‘=\/1—;1;z1—7,1;;for7>>1,sothat
dy
dﬂ:F.

For the Cerenkov radiation emitted by the particle, we have
1
cos 0 = ﬂ_n ,

or
df = nf?sin0do .

Combining the above we have

= iy 2T = 45 = ngPy?sin0dd = r? tan 0.

With v = ;25 = 1§ =100, n = 1+ 1.35 x 10™*, we have

ﬂzl—ﬁ;:l—leO“"’,

cos 0 = -ﬂl—n =(1-5x10"%)"1(1+135x107%)"1~1-85x10"%
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1
— — — = — R -5 -2—
tano—‘/coszﬂ 1=/(1-85x 10-5) 1

~V17Tx10-4~13x 1072,

and hence

dmo

—|=(1-5x 107%) x 10* x 1.3 x 1072 x 1073 = 0.13.
0

5023

A waveguide is formed by two infinite parallel perfectly conducting
planes separated by a distance a. The gap between the planes is filled
with a gas whose index of refraction is n. (This is taken to be frequency
independent.)

(a) Consider the guided plane wave modes in which the field strengths
are independent of the y variable. (The y axis is into the paper as shown
in Fig. 5.14.) For a given wavelength X find the allowed frequency w. For
each such mode find the phase velocity v, and the group velocity vg.

=

Fig. 5.14

(b) A uniform charged wire, which extends infinitely along the y direc-
tion (Fig. 5.15), moves in the midplane of the gap with velocity v > ¢/n. It
emits Cerenkov radiation. At any fixed point in the gap this reveals itself as
time-varying electric and magnetic fields. How does the magnitude of the
electric field vary with time at a point in the midplane of the gap? Sketch
the frequency spectrum and give the principal frequency.

o_&_/__,

Fig. 5.15
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(c) Any electromagnetic disturbance (independent of y) must be ex-
pressible as a superposition of the waveguide modes considered in part (a).
What is the mode corresponding to the principal frequency of the Cerenkov
spectrum considered in part (b)?

(Princeton)

Solution:

(a) Take the midplane of the gap between the two planes as the zy
plane. As the field strength does not depend on y and the wave is guided
along the z direction, we can write

E= E(Z) ei(k,.t—wt)

with k; = 27' E satisfies the wave equation

2 92 2
ap_ OB OE  ep_
V°E 2 o =0, or az2+lc E=0,
where 2
k'2=n—2w2—k3,
c

subject to the boundary conditions
E:=Ey=0, for z=0,a.

E is also subject to the condition V-E = 0, i.e., %"’;& = —tkyE;. This gives
rise to another boundary condition that

3:;, =0 for 2=0,a.
Consider the equation for E;:
0’E,
—a—z2— + k’z E, =0.

The solution is
E, = E o [sin(k'z) + A cos (k'z)] gi(ksz—wt)
The boundary conditons give

A=0, Ka=mr. (m=0,1,2,3...)
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Hence
E; = Ez sin (Tl z) eilk=z—wt)
a
Similarly
Ey = Eyo sin (_n;_r z) ilk=z—wt)
E,=FE, cos (ﬂ z) ei(kzt-wt) .
a
We also have

O K k= (31)2+ ("‘—")2.
c A a

Thus for a given wavelength A the allowed angular frequencies are the series

of discrete values
)’ (mr)’
A a ’

c
Wm = —
n

The phase velocity is then

(b) In vacuum the electric field at a field point at time ¢ produced by
a particle of charge ¢ moving with uniform velocity v is

_ ¢ aR
" 4meq s3

where R is the radius vector from the location of the charge at time t to
the field point,

a=1_(z)2, s=[aR2+cl—2(V‘R)2]

c

i
2
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If the charge moves in a medium of permittivity ¢ and refractive index n,
the above expression is to be modified to

qg aR

" 4me 3’

on\ 2 n 213
a=1—(—) , §= aR2+(—v-R> .
c c

Let ¢ be the angle between v and R, then

m?
s= [1— (—) sinzgo] R.
c

If v > 2, s will become imaginary except for the region of space with
sinp < ;=. As the particle speed is greater than the speed of propagation
of electromagnetic waves in the medium, the field point must be to the rear
of the particle at time ¢ (Problem 5022). Thus the field will exist only
within a rear cone of half angle ¢ = arcsin (%) with the vertex at the
location of the particle at time ¢t. On the surface of this cone E — oo. This
surface is the surface of the Cerenkov shock wave and contains the Cerenkov
radiation field. The infinitely long charged wire can be considered an infinite
set of point charges, so the region of the Cerenkov radiation will be a rear
wedge with the wire forming its thin edge and the inclined planes making
an angle 2p. At any point in the wedge the intensity E of the radiation
field is the superposition of the intensities of the Cerenkov radiation field
at that point due to all the point charges.

Consider a point P in the midplane as shown in Fig. 5.16. Obviously
P has to be at the rear of the line of charges represented by the y-axis. Let
the line of charges pass through P at ¢t = 0, then at time ¢ the line is at

where

x
v
! e % y
v't R *;
_L 1
P
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a distance vt from P. The radius vector from a line charge element Ady to
point P is
R = —vte; —yey .

As v = ve;, R-v = —v2t. The intensity of the field at P caused by Ady is

_ Ady (1 — n? %:-) (—vte; — yey)
T on2[(1— L5) (32 + v2e2) + LR/

The total Cerenkov field intensity at P at time ¢ is the vector sum of
the intensities contributed by all charge elements on the line. By symmetry
the contributions of two charge elements located at y and —y to Ey will
cancel out and the total contribution is the sum of their z components.
Hence the total electric field at P is in the z direction and has magnitude

Yo

Eit)y=2 dE; ,
0

where the upper limit of the integral is given by the requirement that P
should fall within the Cerenkov cone of the charge element Ady at yo. Thus

2,\ vitan ¢ dy

2,\("—:,"1— 1) tan ¢ 1
= xX —.
nzvt\/l—(%é‘—'—l) tan ¢ t

This can be written as

A
E (t) =7
t
where A is a constant.
By Fourier transform

E@t) = / " Bw)e*tdw

with 4 it
_ __1___ iwt g4 _ 1 i
B(w) = o /_ E(t) e di = 5 dt.

—oo U
As .
00 ell‘
/ —dz = i,
-0 T
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Ai
T ’
i.e., |E(00)| is a constant, independent of frequency. This means that the
Cerenkov radiation has a “white spectrum”, i.e., each of its monochromatic
components has the same intensity and there is no principal frequency.

(c) As shown in Fig. 5.15, let a unit vector S be normal to the upper
plane of the wedge forming the surface of the Cerenkov radiation. S is just
along the direction k (|k| = % n) of the Cerenkov radiation. Then

w w c w
k; = —n sin p= ;n(—) =—.

Ew)=

c nv v

However not all the frequencies in the “white spectrum” of the Cerenkov
radiation can propagate in the waveguide, only those that satisfy

o= 5 () -2+ (2

mr n2 1\ Y2
(c_z—-tﬁ) =wm. (M=1,2,...)

or
w=—
a
The frequencies wm which are allowed by the waveguide may be considered
the principal modes of the Cerenkov radiation in the waveguide.

5024

A particle with mass m and electric charge ¢ is bound by the Coulomb
interaction to an infinitely massive particle with electric charge —gq. At
t = 0 its orbit is (approximately) a circle of radius R. At what time will it
have spiraled into R/2? (Assuime that R is large enough so that you can
use the classical radiation theory rather than quantum mechanics.)

(Columbia)

Solution:

The massive particle can be considered stationary during the motion.
The total energy of the particle of mass m is

E:%mv2+V,
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where the potential energy of the particle is that due to the Coulomb in-
teraction,
@

47eor’

r being the distance of the particle from the massive particle.
As the particle moves in a circle of radius r, we have

. mv
mv|= — = g 3
r 47egr
or 5 .
1 .
gm= i, |v|= —1—
2 8weor 4weomr
Hence .
___49
87l'€or

As the particle undergoes centripetal acceleration v it loses energy by ra-
diation:

dE _ ¢*|vf?

I - _67r£oc3 ’
On the other hand, we have for the above

E_ ¢
dt ~ 8meor? dt

Hence

dr ¢

dt T 12x2e2Am?r?

Asr:Ratt:O,thetimeat.whichr:%is

472 .
=-3all=

12n22c3m? (%, Tr2edc*m?R3
r=-——0 ridr= ————

¢! R B 2¢*

5025

A classical hydrogen atom has the electron at a radius equal to the
first Bohr radius at time ¢ = 0. Derive an expression for the time it takes
the radius to decrease to zero due to radiation. Assume that the energy
loss per revolution is small compared with the remaining total energy of
the atom.

(Princeton)
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Solution:

As the energy loss per revolution is small we may assume the motion
to be nonrelativistic. Then in Gaussian units the rate of radiation loss of

the electron is

dE 2e? ,

—_— -

dt 33
where a is the magnitude of the acceleration. In the Coulomb field of
the hydrogen nucleus the total energy and acceleration of the electron are

respectively
1 e? e?
E=-mil-—=——, a=—
2 r 2r’ mr2’

e2

where we have used the expression for the centripetal acceleration a = 2

Hence r
dE _dE dr _ € dr _ 2e? ( e? )2

T drdt T wrd 33 \mr?
or 3 203
m
dt = — 2dr.
yye rdr

Therefore, the time taken for the Bohr orbit to collapse completely is

0 2,3,3
r—/ dt = 3m / rzdrzmcao,
4ed
ao

where ag = me, is the first Bohr radius.

3. MOTION OF A CHARGED PARTICLE IN
ELECTROMAGNETIC FIELD (5026-5039)

5026

A particle of mass m and charge e is accelerated for a time by a uniform
electric field to a velocity not necessarily small compared with c.

(a) What is the momentum of the particle at the end of the acceleration
time?

(b) What is the velocity of the particle at that time?

(c¢) The particle is unstable and decays with a lifetime 7 in its rest
frame. What lifetime would be measured by a stationary observer who ob-
served the decay of the particle moving uniformly with the above velocity?

(Wisconsin)
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Solution:
(a) As
d(myv)
T dt

where E is the intensity of the uniform electric field,

y=(1-p)"% with g=-

t
=eE, m'yv—/ eEdt = eEt,
0

(b) As
myfc = ek,
or
p=(-ni=22,
we have 2
b (B,
TE12 B2~ \ me !
or )
T
(eEt)? + (mc)?’
giving
v=fec= eEct
T MEED)? + (me)?
(c) On account of time dilation, the particle’s lifetime in the observer’s
frame is

eEt
T=9r= l+(mc) .

5027

The Lagrangian of a relativistic charged particle of mass m, charge e
and velocity v moving in an electromagnetic field with vector potential A

is
c’y/l—ﬂ2+£A-v.

The field of a dipole of magnetic moment u along the polar axis is described
by the vector potential A = Lﬂ;"——' e4 where 0 is the polar angle and ¢ is
the azimuthal angle.
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(a) Express the canonical momentum pg conjugate to ¢ in terms of the
coordinates and their derivatives.

(b) Show that this momentum py is a constant of the motion.
(c) If the vector potential A given above is replaced by

A'= A+Vx(r,9,9),

where x is an arbitrary function of coordinates, how is the expression for
the canonical momentum pg changed? Is the expression obtained in part
(a) still a constant of the motion? Explain.

(Wisconsin)
Solution:

We first use Cartesian coordinates to derive an expression for the
Hamiltonian.
— 1 - .
Let vy = m The canonical momentum is

e
pi = f=m7vi+;Ai,
or, in vector form,
e
P=myv+ 2 A.
The Hamiltonian is then

2 2
H=p-v—L=m7v2+ﬂ$—=T,;c—(‘r”ﬂ’+l)=m702,

2= 1.
(a) In spherical coordinates the velocity is

v =re, + réeg + rsin 0$e¢ .

The Lagrangian of the magnetic dipole in the field of vector potential A is
therefore
mc2 e usin®0 .

L=- ¢.

Y Cc r

The momentum conjugates to ¢ is

oL 26(_)_‘7_ﬂ+eysm0
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As
B = clz(i'2 + 12602 + r?sin® 04%),
;) r2
3Z Be — sin 0¢,
andas y~2=1- 4?2,
37 Sﬂ .
B~
Hence
e psin 0

P¢ = myr?sin® 04 +

r

(b) As the Hamiltonian does not depend on ¢,

. OH
p¢=—5$=0,

Hence py is a constant of the motion.

601

(c) If the vector potential is replaced by A’ = A + Vx(r, 0, ¢), the

new Lagrangian is

L = —mc?
Y

+ZA-v+ EVx-v.
c c
The canonical momentum is now
p'=m7v+£A+EVx.
c c
But the Hamiltonian
H =p' -v—L=myc

is the same as before.
For an arbitrary scalar function x,

_ Ox lax 1 Jdx
V"‘are+ 80 +rsm06¢ %>

so that o 9
_ X
Vx - v-ra +6= +¢a¢
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Thus the momentum conjugate to ¢ is now

oL’ ) . e (psin®0 Ox
! — = 2 5in? | — 4+
P ¥ myr®sin 9¢+c( - +0¢ )

i.e., p} is modified by the addition of the term ¢ %%.

L4
As H' is still independent of ¢, the canonical momentum pj is a con-
stant of the motion. However, as

=g, -

and x is an arbitrary scalar function, the part py is not a constant of the
motion.

5028

An electron (mass m, charge e) moves in a plane perpendicular to a
uniform magnetic field. If energy loss by radiation is neglected the orbit is
a circle of some radius R. Let E be the total electron energy, allowing for
relativistic kinematics so that E > mc?.

(a) Express the needed field induction B analytically in terms of the
above parameters. Compute numerically, in Gauss, for the case where
R = 30 meters, E = 2.5 x 10° electron-volts. For this part of the problem
you will have to recall some universal constants.

(b) Actually, the electron radiates electromagnetic energy because it
is being accelerated by the B field. However, suppose that the energy
loss per revolution, AE, is small compared with E. Express the ratio
AE/FE analytically in terms of the parameters. Then evaluate this ratio
numerically for the particular values of R and E given above.

(CUSPEA)

Solution:

(a) In uniform magnetic field B the motion of an electron is described
in Gaussian units by

dp e
-Jt--;VXB,

where p is the momentum of the electron,

pP=myv,
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with ¥y = (1 - ﬂ’)‘*, B = %. Since £v x B - v = 0, the magnetic force
does no work and the magnitude of the velocity does not change, i.e., v,
and hence 7, are constant. For circular motion,

dv|_ o
d| R’
Then d
v e
my| = -;IVXBI
As v is normal to B, we have
2
v
myﬁ_;vB
or g2
eR

With E > me?, pc = VE? — m2c* ~ E and
B~ £z0.28x 10* Gs.
eR

(b) The rate of radiation of an accelerated non-relativistic electron is

2¢2 ., 2 ¢ (dp dp
P=isi =G (%-%)

where v and p are respectively the velocity and momentum of the electron.
For a relativistic electron, the formula is modified to

where dr = %, pu and p* are respectively the covariant and contravariant
momentum-energy four-vector of the electron:

Pu = (PC, _E) ) P” = (pc) E) .

Thus

dpy dp* _ (dp dp\ ,_(dE\’
dr dr  \dr dr)°€ dr )
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Since the energy loss of the electron per revolution is very small, we can
take approximations % = 0 and v = constant. Then

dp dp g dv
ar T ™™ @

Substitution in the expression for 7 gives

2 e, 4.|ldv[® 2e% *
P=3ms™"a| =3 L
The energy loss per revolution is
27R 4x

5029
Consider the static magnetic field given in rectangular coordinates by

B=By(zz—-yj)/a.

(a) Show that this field obeys Maxwell’s equations in free space.

(b) Sketch the field lines and indicate where filamentary currents would
be placed to approximate such a field.

(c) Calculate the magnetic flux per unit length in the Z-direction be-
tween the origin and the field line whose minimum distance from the origin
is R.

(d) If an observer is moving with a non-relativistic velocity v = v at
some location (z, y), what electric potential would he measure relative to
the origin?

(e) If the magnetic field Bo(t) is slowly varying in time, what electric
field would a stationary observer at location (z, y) measure?

(Wisconsin)
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Solution:
(a)
(.0 .08 .0 By, . .
v B—( 3z+y3y+zaz) [a (=2 yy)]
—Bo - - ve e —
=—(2-2-9-9)=0

(b) The magnetic field lines are given by the differential equation

dy _By __y
dz B, z’
ie.,
zdy +ydz =0,
or
d(zy) =0.
Hence

zy = const.

The field lines are shown in Fig. 5.17. In order to create such a field, four
infinitely long straight currents parallel to the z direction are symmetrically
placed on the four quadrants with flow directions as shown in Fig. 5.17.

U
o o

Fig. 5.17
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(c) Consider a rectangle of height z = 1 and length R along the bisector
of the right angle between the z- and y-axes in the first quadrant (i.e., along
the line z = y). Then the unit normal to this rectangle is n = 7‘; (2 - 9).
Along the length R, B(z,y) = &0 (22 — yjj) = B2 z(2 — §). Taking as the
area element of the rectangle do = v/2dz, one has for the magnetic flux
through the rectangle

_ _ 2By [% _,  BoR?
¢B-/B(z,y)-nd == ./o zdz = %"

(d) Transforming to the observer’s frame, we find
E\,=vEL+vxBi)=9vxB, Eﬁ =E =0,

or
E'=vxB,

as for small velocities, f = £ ~ 0, y = (1 — #%)~3%
Hence

E' =vs x [%—q(zi—yg)] =%v(:¢:g+y£).

The potential ¢(z, y) relative to the origin (0, 0) as measured by the ob-
server is given by

¢(zay)=_L E"dl‘,

where r = zz + yy.
Thus

é(z, y)=§°_" /lr (zdy + ydz)
= B°”/ d(zy) = ~22 vy

(¢) Maxwell’s equation V x E = — 3B gives
o5, _ o,
o 0z
aE; aEg - . y
9z 0z —Bo(t)a’
05, _ 0B,
oz dy

. z
= —Bo(t) ; )

=0.
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As B is only slowly varying in time, B can be taken to be independent
of the spatial coordinates. The solution of this set of equations is E, =
constant, Ey = constant, and

or

E, = _BO(t)ﬂ»'y

+ fa(y) -
Hence fi(z) = f2(y) = constant, whlch as well as the other constants can
be taken to be zero as we are not interested in any uniform field. Therefore

. z
E = —Bo(t) —a’ie, .

5030

Consider the motion of electrons in an axially symmetric magnetic
field. Suppose that at z = 0 (the “median plane”) the radial component
of the magnetic field is 0 so B(z = 0) = B(r)e,. Electrons at z = 0 then
follow a circular path of radius R, as shown in Fig. 5.18.

(a) What is the relationship between the electron momentum p and
the orbit radius R? In a betatron, electrons are accelerated by a magnetic
field which changes with time. Let B,y be the average value of the magnetic
field over the plane of the orbit (within the orbit), i.e.,

¥B

Bavz‘ﬂ__k"z';

where 1p is the magnetic flux through the orbit. Let By equal B(r =
R, 2=0).

Fig. 5.18
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(b) Suppose B,, is changed by an amount A B,y and By is changed by
ABg. How must AB,, be related to ABj if the electrons are to remain at
radius R as their momentum is increased?

(c) Suppose the z component of the magnetic field near r = R and
z = 0 varies with r as B,(r) = By(R) (‘—f—)". Find the equations of motion
for small departures from the equilibrium orbit in the median plane. There
are two equations, one for small vertical changes and one for small radial
changes. Neglect any coupling between radial and vertical motion.

(d) For what range of n is the orbit stable against both vertical and
radial perturbations?

(Princeton)
Solution:
For simplicity, we shall assume nonrelativistic motions.
(a) The equation of motion is m | 4% | = —e|v x B|, or "‘R"’ = —evB.

Hence P = mv = —eBR, where —e is the electronic charge.

(b) It is required that R remains unchanged as By increases by ABg
and v changes by Av. Thus

m (lj%‘-)—): = —e(v + Av)(Bo + ABy),
o AB mAv
0~ — ¢eR ’
» my?
R = —evBy.

The change of v arises from B changing with time. Faraday’s law

}{E-dw_/n-ds
c S

indicates that a tangential electric field

1 d¢

E=grat

is induced on the orbit. Thus the resultant change of momentum is

At
_ —e dp . —eAdp —eRA Byy
'"A"‘/o FRANT R - 2
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as A¢ = AB,y7R2. Hence
1
ABy = 3 AB,, .

(c) Suppose the electron suffers a radial perturbation, so that the equi-
librium radius and angular velocity change by small quantities:

r=R+r, w=wo+w,

where wop = £ = —%‘1.

In cylindrical coordinates r, 8, 2, the electron has velocity

v=re, +rley.

As . )
e =0ey, €9=—be,,
the acceleration is
a=v=(;f—rf%)e, +(2/0 +rf)ey.

Newton’s second law

F=ma=-evxB
then gives ) )
—erd B, = m(i — r8?),
erB, = m(rf + 276).
AsB=B,e;,

vxB= réB,e,. —1Bey.

In terms of the perturbations,
F=#, O=wotw, O=d
and to first approximation, the above equations respectively become
m(#) — Rw? — riw? — 2Rwow,) ~ —e(Rwo + Rw; + rywo)B; ,

er1 B, ~ mRw, 4+ 2mriwq .

Using B,(R+ 1) = B,(R) + %‘)n r1, eB,(R) = mwy, these equations
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become, again to first approximation,
—eR&doB; (R)r1 - CB,(RAH + rlwo) = m(r, - 2Rh)ow1 - leg),

and
Ruw, +rwe =0,

where B,(R) = (%8+). Integrating the second equation and using it in
the first give
—CRU()B;(R)H =mr + mwgrl .

wm=aien (5 (-3)

we have, again using eB;(R) = muwy, the radial equation of motion

14+ (1 —n)wir; =0. (1)

Now as

n
=-=B (R)’
r=R R :

The vertical motion is given by Newton’s second law F; = mZ. Now

F, = —e(vxB)-e, = —e(rBy — réB,-)
= —ef1 By + e(R+ r1) (wo + w1)B, =~ eRwoB, ,

as By and B, are first order small quantities. Hence
mz = ewoRB, .

To find B,, consider a small loop C in a plane containing the z axis as
shown in Fig. 5.19. Using Ampére’s circuital law f; B - dl = 0 and noting
that there is no radial component of B in the plane z = 0, we find

B;(R)z + B,(z)dr — B,(R+dr)2=0,

or
B,(z) = B.(R+ d;")‘ = B:(R) z=B,(R)z.
Zz
-————dz
¢y ___ [
f-dr<+—R

Fig. 5.19
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As B;(R) = — % B:(R), eB.(R) = mwo, we have

mi+mwinz =0. (2)
Equations (1) and (2) describe small departures from the equilibrium orbit.

(d) For the orbit to be stable both the vertical and radial perturbations
must be sinusoidal. Then Eq. (1) requires n < 1 and Eq. (2) requires n > 0.
Hence we must have 0 < n < 1.

5031

An electron moves in a one-dimensional potential well of harmonic
oscillator with frequency w = 10° rad/s, and amplitude zo = 10~2 cm.

(a) Calculate the radiated energy per revolution.

(b) What is the ratio of the energy loss per revolution to the average
mechanical energy?

(c) How much time must it take to lose half of its energy?

(Columbia)
Solution:

(a) The radiation reaction which acts as a damping force to the motion
of a nonrelativistic electron is, in Gaussian units, (Problem 5032(a))

2e? ...
f=33%
Thus the equation of motion for the electron is
Pz kot 2
mEETHETIS T
or
o2
P=-wlz+ — 7%
0 3med

where w3 = £. We consider the radiation damping to be small and first

neglect the radiation term so that £ + wgz =0, or z = zge~*@o* Then

2e? ... i2%wd

3mcd © - 3mcd

z = i2woaz
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The equation of motion now becomes
= —(w3 — i2woa) z.

The solution is

r= loe—i\/wg—l’%oaf

~ zoe—ate—cwot .

Note that as f'—‘: =2ro“, wherery = mL:,- = 2.82x10713 ¢m is the classical
radius of electron, is much smaller than unity, the above approximation
holds. Furthermore, we can take

P~ —wiz.

The average mechanical energy of the electron is

(B) = 3 m(3?) + 3 kz?)

- 1 -
= -mwirie 2 4 1 kzie~2

The average rate of energy loss by radiation is

dE 1 (T, 221 (T 21 ... 221 .0
<I>“'f/o f"‘“-a—csf/o fedt= 3z pEdh ~ 35 T D
_2¢ uf
33 2
so the energy loss per revolution is

AE = 2¢* wyzd 27 _ 27 e*wizd

332 o TR =18x10"% erg=11x 10" eV.
0

(b) The ratio of the energy loss per revolution to the total mechanical
energy is

AE 4rn €2 47 w
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()

Eit)= ¢ mwozf,c“z“'
Let E(t+7) = 1 E(t). Then

T= 2 _ _____3mc3 In2
T 20 T 2e2w}

3c
2row0 In2
=11x103s

5032

An electron of charge e and mass m is bound by a linear restoring force
with sprmg constant k = mw?. When the electron oscillates, the radiated
power is expressed by
2e%v?

3c3

where ¥ is the acceleration of the electron and c is the speed of light.

P=

(a) Consider the radiative energy loss to be due to the action of a
damping force F,. Assume that the energy loss per cycle is small compared
with the total energy of the electron. Using the work-energy relationship
over a long time period, obtain an expression for F, in terms of v. Under
what conditions is F, approximately proportional to v?

(b) Write down the equation of motion for the oscillating charge, as-
suming that F, is proportional to v. Solve for the position of the charge as
a function of time.

(c) Is the assumption of part (a) that the energy loss per cycle is small
satisfied for a natural frequency 42 = 10'S Hz?

(d) Now assume that the electron oscillator is also driven by an exter-
nal electric field E = Ey cos(wt). Find the relative time-averaged inten-
sity I/Iax of the radiated power as a function of angular frequncy w for
|w — wo] € wo (near resonance). Find the frequency w, for which I is a
maximum, find the fractional “level shift” (w; —wg)/wo and the fractional
full width at half-maximum Awrwhum/wo-

(MIT)
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Solution:

(a) The damping force is defined such that the work done against it
per unit time by the electron just equals the power radiated. In Gaussian
units we thus have

¢ 2 9¢2 2 9¢2
— . = — 52 = —_—V
. F, - vdt /‘ 3c3vdt /‘l 3c3v dv

1
2e? . ta 2 [t
=—=v-v

2e
3c3

-— v -vdt.
tl 303 ‘l

Letting t; — t; = T be one period of oscillation and assuming that the
energy loss per cycle is small compared with the total energy, we can treat
the motion of the electron as quasi-periodic. Then vI o= v| t \'rl o= \'rl t

and the first term on the right-hand side cancels out. So, the above gives
F. = 5—; v.
If the damping force is very weak compared with the restoring force on
the electron, the displacement of the electron can be taken to be still x =
Xo e~*“* and, furthermore, we can take v = —w2v. Then F, would be
proportional to v,
2e%wd

3c3

(b) The equation of motion for the electron is

F, =

o 2 282 2.
mzr = —MweT — —= WoZ.
33

By setting v = %e,:—:':l, the above equation can be written as
i+ye+wiz=0.

If F, is much smaller than the restoring force, i.e., ¥ € wp, the above has
the solution (Problem 5031)
t _—iwgt .

-X
T=2xp9€ 3¢

(c) For a natural frequency f = 32 = 105 Hz,

2 w? _
7=§r070=2.5x108s ',
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where rp = m‘—:; = 2.82 x 10~!3 ¢m is the classical radius of electron. The
condition ¥ < wy is obviously satisfied.
The potential energy of the electron is 3 mw3z?. After each cycle, z is

reduced by a factor e=3 T, where T is the period f‘}l Thus the ratio of the
energy loss per cycle to the total mechanical energy can be estimated as

1—e 7T =1 —exp(—2.5 x 10® x 10715)
=25x107"« 1.

The same goes for the kinetic part of its energy.
Thus the assumption of (a) is valid.

(d) After adding the external field, the equation of motion becomes

m# = —eEge™ " — mwlz — 2—ezw2 T
0 363707
. _ 2e%w? . .
Putting v = 3¢, it can be written as
o . € -4
P4y:+wiz= ——';Eoe wt

By substituting z = zoe~** in the equation, we get the steady state solu-
tion

m w® —wgy + wy
which gives
oo _i w2 E e—iwl
= mw? —wltiwy © ’
The time-averaged radiated power is now
2¢? 2% 1 .
I =—"2=—-—Re o
e‘E? wt

T 3m23  (W?-wi)?+wiy?

Inax occurs near the natural frequency wo.
Let Aw = w —wp and u = ﬁ—:’. As u = %f<l, %(l,wehave,
correct to second order of small quantities,

_ e*E} 1+4u+6u?
~ 3m2c3 4u2+3;—
[

I(u)
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From ‘": =0, we find

w1 —wWo
u; = =

142
wo 2wd’

so the frequency corresponding to I . is

1 2
w1 =wo+ 5 r )

2 (D)
and the maximum radiated power is

AE2 Wi

Imax = I(ul) ~ m 7—2 .
Hence
Iw) _ wi 7 7
. —2 =

Imax - 4(“’ - w0)2 + 72 wo 4(“’ - wO)z + 72 '

For I(w)/Imax = %, w = w3 = wg £ . The full width at half maximum is
therefore

5033

To account for the effects of energy radiation by an accelerating charged
particle, we must modify Newton’s equation of motion by adding a radiative
reaction force FR.

(a) Deduce the classical result for Fr:

2e2
FrR=-—=5vV
RT3
by using conservation .of energy. Assume for simplicity that the orbit is
circular so that v - v = 0, where v is the particle’s velocity.
Now consider a free electron. Let a plane wave with electric field
E = Epe~*“* be incident on the electron. Again assume v < ¢.

(b) What is the time-averaged force (F) on the electron due to the
electromagnetic wave?



Relativity, Particle-Field Interactions 617

(c) Use the radiation pressure p of this wave to deduce the effective
cross section for the scattering of radiation

o=(F)/p.
(Chicago)
Solution:

(a) See Problem 5032.

(b) The equation of motion for an electron under the action of a plane
electromagnetic wave is

2e? ..
mi = —eBoe ™ + — V.
T *33
In the steady state r = roe~*“!. Substitution in the above gives
_ eEg
T mer i g

The force on the electron averaged over one period is

(F) = (—eEge™ " — %v x B) = —-E (v x B)

with .
v =TI = —iwrge ",
as (e7“) =0
(F) = _i ~ Re(v* x B)
£ Re [ zweE;)e’ws « Bo]
T2 [mw?-ilgg
e? 8w iw
=-.2s .. A—

2¢ ¢ (S) Re [muﬂ — iz;zw’]

where

(S):(%EXB)
c 1 .
=E§RG(E XB)

c
= 8_1I’E0 XBO

is the average Poynting vector.
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Now

-1
iw 2wt |, 4 [2e%3)? 2¢?
Rz[mwz—i%"i]-_ 3c [mw +(3c3 ) T 3mic’

since the assumption v € ¢ means that wr < ¢, or ’—2‘5’1 =mry “'73 < mw?

)
where ro = mL:,, the classical radius of electron, ~ r. Hence

8xet
(F) ~ T (s).

(c) The average rediation pressure is (p) = U%U-. It is related to (F)
through the effective cross section o by

where ro is the classical radius of the electron.

5034

Consider the classical theory of the width of an atomic spectral line.
The “atom” consists of an electron of mass m and charge e in a harmonic
oscillator potential. There is also a frictional damping force, so the equation
of motion for the electron is

mx + mwix+7x=0.

(a) Suppose at time t = 0, x = xo and x = 0. What is the subse-
quent motion of the electron? A classical electron executing this motion
would emit electromagnetic radiation. Determine the intensity I(w) of this
radiation as a function of frequency. (You need not calculate the absolute
normalization of I(w), only the form of the w dependence of I(w). In other
words, it is enough to calculate I(w) up to a cosntant of proportionality.)
Assume 7/m € wy.

(b) Now suppose the damping force vz is absent from the equation in
(a) and that the oscillation is damped only by the loss of energy to radiation
(an effect which has been ignored above). The energy U of the oscillator
will decay as Upe~T*. What, under the above assumptions, is I'? (You
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may assume that in any one oscillation the electron loses only a very small
fraction of its energy.)

(c) For an atomic spectral line of 5000 A, what is the width of the
spectral line, in Angstroms, as determined from the calculation of part
(b)? About how many oscillations does the electron make while losing half
its energy? Rough estimates are enough.

(Princeton)

Solution:

(a) The equation of motion for the electron is
mx+mwix+yx=0,
with the initial conditions
x|,_o = %o,
x|, =0.

Its solution is
2= zoe'f’;‘ e—twt ,

’ 72
w = w%—m.

As ;L € wo, w & wp, and x = Xoe™ 7= fe~iwo! . The oscillation of the
electron about the positive nucleus is equivalent to an oscillating dipole
of moment p = poe~ = fe~*o! je., a dipole oscillator with attenuating
amplitude, where po = exp. Its radiation field at a large distance away is
given by

where

E(r, t) = Eo(r) e~ 7= (= 8) g=iwo(t=2)
For simplicty we shall put t — £ = ¢’ and write
E(t) = Eoe' }J;"e—iwnt' .

Note that ¢’ is the retarded time. By Fourier transform the oscillations are
a superposition of oscillations of a spread of frequencies:

E(t) = / e E(w)e ™" dw,

-00



620 Problems € Solutions on Electromagnetism

where, as E(t) =0 for t <0,

1 oo fwt’ g0
E(w)=2—1r A E(t)e'" dt

l oo 1 : ’ : ’
= 2_1r_ / (Eoe—’:’;‘ e~ wot ) evwt' ay
0

B 1
T 27 i(w—wo) — 5L

The rate of radiation is then
1

2
I(w) x |B(w)]* « o)t ‘;7,;2!.

(1)
This is a Lorentz spectrum.
(b) For v = 0, p = poe~*“°*' and the rate of dipole radiation is

e wg:c%

(P) = 525 (1B) = 525 3 Re(5"5) =

The total energy of the dipole is U = § mw3z?, so (P) = 5,—'1 U. As the
loss of energy is due solely to radiation, we have

dUu  2¢e? “’o
E’—+ 3mc3 U=0,

which has solution U = Upe~T*', with T = 259¢.
(¢) To find the width of the spectral line, we see that, for y = 0, 3L- i
Eq. (1) is to be replaced by 3 L. Then if we define Aw = wy —w_, where wy

are the frequencies at which the intensity is half the maximum intensity,
we have

Aw _T
2 2
or
Aw =T
Hence
Aw r 2e2wq 2¢e? i
AA—/\()—O-—Aow—O—/\oW— 3m6321rc._?r0

=%‘x282x10- =12x107%4,

where ro = ;n% =2.82 x 10~5 A is the classical radius of electron.
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The time needed for losing half the energy is T = '-'f‘z while the time for

one oscillation is 7 = f}—’; Hence to lose half the energy the number of
oscillations required is

_T_ln2 Wo _ 3c 3Ao

N= r T 2% 4dwwery In2 8%z2 ro

3In2 5000 6

= 8n? X2g2x 105 o} 10

In2

5035

Energy loss due to radiation is supposed to be insignificant for a non-
relativistic charged particle in a cyclotron. To illustrate this fact, consider
a particle of given charge, mass and kinetic energy which starts out in a

circular path of given radius in a cyclotron with a uniform axial magnetic
field.

(a) Determine the kinetic energy of the particle as a function of time.

(b) If the particle is a proton with the initial kinetic energy of 100
million electron volts, find how long it takes, in seconds, for it to lose 10
percent of its energy, if it starts at a radius of 10 meters.

(UC, Berkeley)

Solution:

(a) Let the particle’s mass, charge, and kinetic energy (at time t) be
m, ¢ and T respectively. As the particle is non-relativistic, the radiation
energy loss per revolution is very much smaller than the kinetic energy, so
that we may consider the particle as moving along a circle of radius R at
time ¢. Its rate of radiation is

q2

P= ——
6reocd

The equation of motion for the charge as it moves along a circular path
in an axial uniform magnetic field B is

v2.

2
m|v| = 1};’- = quB.

The non-relativistic kinetic energy of the particle is T = %mvz. Thus its
rate of radiation is
q2 .9 q‘BzT

= Bre® L 3reom3c3
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The magnetic force does no work on the charge sincevxB-v=0. P
is therefore equal to the loss of kinetic energy per unit time:

daTr ¢*B2T

P=—3 = Sreqmia

which gives
483

T= Toe_ Stcou,; ,

where Ty is the initial kinetic energy of the charge.

(b) For a proton, ¢ = 1.6 x 10~!® C, m = 1.67 x 1027 kg. The time
it takes to lose 10 percent of its initial energy is

3xeom3c®
T= —W ln(0.9) .
AsT = { mv? = ;- R?q? B?, with Ty = 100 MeV, R = 10 m, the magnetic
field is given by

2mT,
2 _ 0
B" = quz

2 2.09 x 10~2 Wb?/m?.

Substituting it in the expression for r, we find

r~807x10°s.

5036

A non-relativistic positron of charge e and velocity v; (vi < ¢) im-
pinges head-on on a fixed nucleus of charge Ze. The positron, which is
coming from far away, is decelerated unitil it comes to rest and then is ac-
celerated again in the opposite direction until it reaches a terminal velocity
vy. Taking radiation loss into account (but assuming it is small) find v, as
a function of v; and Z. What are the angular distribution and polarization
of the radiation?

(Princeton)
Solution:

As the radiation loss of the positron is much smaller than its kinetic
energy, it can be considered as a small perturbation. We therefore first
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neglect the effect of radiation. By the conservation of energy, when the
distance between the positron and the fixed nucleus is r and its velocity is

v we have
1 1 Ze 1,

—mv? 4 — — = —mo?.

2 4xeg r 2

When v = 0, r reaches its minimum ro. Thus

1 22 1,
dreg ro 2L
or
_ Ze?
To= 21’607111)? ’
whence

Differentiating the last equation we have

.. virg .
27 = —-r,
r
or
. vfro
r= o2 -
2r

The rate of radiation loss is given by

W _dW AW 22
—dt_dr dr 3

so that

Hence
2,3,2 [00

00
AW=2/ dw = 070
To

e |, wve—

a, we can carry out the integration and find

By putting r = ry sec?
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As I mv? = L mv} — AW, we have

Hence

aanyKec
Because v < c, the radiation is dipole in nature so that the angular distri-
bution of its radiated power is given by

E X sin2 0 ,
0 being the angle between the directions of the radiation and the particle
velocity. The radiation is plane polarized with the electric field vector in
the plane containing the directions of the radiation and the acceleration
(which is the same as that of the velocity in this case).

5037

A charged particle moves near the horizontal symmetry plane of a
cyclotron in an almost circular orbit of radius R. Show that the small
vertical motions are simple harmonic with frequency

(B BNT B
Wo = e B, Or v YT T

(Wisconsin)
Solution:

As shown in Fig. 5.20, we choose a loop C for Ampére’s circuital law
fc B -dl = pol = 0. Thus

B,(r)z — B,(r + dr)z + B.(z)dr — B,(z=0)dr = 0.

As B,(z = 0) = 0, we have
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AARPT
VA

Fig. 5.20
The vertical motion of the particle is described by

mz = ¢q(v x B), = ¢(v, By — v9B,).

As By =0, vy = v, this gives

mi = —qu 9B.(r) z
=T
or
F=—wlz,

where

2 _ 22 aB‘ _ 02 aB;

" m 8r = RB, Or
as '"nﬁ” = quB,. The angular velocity of circular motion is w. = %. Fur-

thermore, %‘- is negative for z # 0 as shown in Fig. 5.20. Hence using %

to denote the absolute value we can write

ooz (-2 2B:)
v B, or ’

5038

A high-current neutral plasma discharge is intended to focus a weak
beam of antiprotons. The relativistic antiprotons are incident parallel to
the axis of the discharge, travel a distance L through the arc, and leave the
axis.

(a) Calculate the magnetic field distribution produced by a current I

in the discharge, assumed to be a cyclinder of uniform current density of
radius R.
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(b) Show that the magnetic deflection of the particles is such that
the beam entering the field parallel to the axis can be focused to a point
down-stream of the discharge.

(c) Which way must the arc current be directed?

(d) Using the thin lens approximation, find the focal length of such a
lens.

(e) If the plasma were replaced by an electron beam with the same
current, would the focal length be the same? Explain your answer.
(UC, Berkeley)

Solution:

(a) The magnetic field at a point distance r < R from the axis of the
current cylinder is given by Ampére’s circuital law §, B - dl = ol to be

2
= B ("), _ polr
B_21rr (R’-’)I_ 2xR2’

Note that the relative directions of I and B are given by the right-handed
screw rule.

(b) (c) The antiproton carries charge —e. Its motion must be opposite
in direction to the current for it to experience a force —ev x B pointing
towards the axis of the discharge for focusing.

(d) From the above we see that an antiproton has velocity v = —v, e, —
vee,. As B = Bey, its equation of radial motion is

dv, poevl
m-—- = —e(vx B), = —ev,B~ —evB = — o 2 r.
Note that
dz dz
dt = — ~ —,
v, v
and
v & const.

Furthermore, m = can also be taken to be approximately con-

1-v3/c2
stant. Thus after traveling an arc of length L the radial velocity is

L dﬁf _ poelrL

vr = o d v 2xmR?
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toward the axis. In the thin lens approximation the focal length is then

r 2xmR2v

|ve| poelL

(e) If the plasma were replaced by an electron beam of the same cur-
rent, the antiprotons would experience an electric force whose direction
deviates from the axis of the discharge. Under the assumption of uniform
current distribution the electron number density n is constant. Applying
Gauss’ flux theorem to a unit length of the electron beam we find

2areoE = —nenr?,

or

_ _ner

= "%
As I = —nev.wR?, where v, is the velocity of the electrons, the electric
force on an antiproton is

2
ne‘r —elr
fe=—€eE =

2eq = 2e0mR2ve ’
while the magnetic force on the antiproton is

poevir

fm=—evB = -

where v is the velocity of the antiprotons. Hence

2
fe__ 1 _ >1.
fm EoMoVVe Ve

The magnetic force can therefore be neglected and the antiprotons, which
come mainly under the action of electric repulsion, can no longer be focused.

5039

A beam of relativistic particles with charge e > 0 is passed successively
through two regions, each of length ! which contain uniform magnetic and
electric fields B and E as shown in Fig. 5.21. The fields are adjusted so
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that the beam suffers fixed small deflections 0p and 0 (68 < 1,0 < 1)
in the respective fields.

(a) Show that the momentum p of the particle can be determined in
terms of B, 0g, and .

(b) Show that by using both the B and E fields, one can determine
the velocity and mass of the particles in the beam.
(Wisconsin)
Solution:

The equation of the motion of a particle of charge e and rest mass my
in a magnetic field B is

(%(mv):eva

where
1

1= e

Differentiating (yv)? = ¢2(v% — 1), we have

d d d
29v - (—7v+7 v) =2'yc2—7

m = ymy,

dt dt dt
or
dy _ 7 v dv
dt ¢ dt’
d:

In the magnetic field v L v, so 3 = 0, i.e., ¥ = const. Using Cartesian
coordinates such that B = Be,, we can write the equation of motion as

z=0, z=0
initially, there is no z motion.
Putting wo = ,,‘,fo, we have
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and, by differentiation,

(2 -wi=0,

U +we=0.
Combining the above we obtain

{ T+ wga': =0,

¥ 4wli=0.

This set of equations shows that the particle executes circular motion with
angular velocity wo and radius

0 ~i_ mwol _C_BI
B”R™ mwR ™ p

orp= L.

(b) In the electric field, %(mv) = eE. Taking Cartesian coordinates
such that E = Ee,, we have

l
my, = eEt ~ eE—,

v
ie.,
, _ eEl
v, N —.
mv
Then ,
v eFEl
bp~ L =—,
v v
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from which v can be calculated as p can be determined from 6p.
2
Asm=ymo=E= %F, mgp can also be calculated.

4. SCATTERING AND DISPERSION OF
ELECTROMAGNETIC WAVES (5040-5056)

5040

Calculate the scattering cross section of a classical electron for high-
frequency electromagnetic waves.

(Columbia)

Solution:

Let the fields of the high frequency electromagnetic waves be Ey(r, t)
and By(r, t). For plane electromagnetic waves, /2o |[E| = /o |H|, or
IB| = % |E|, so that for a classical electron with v < ¢ the magnetic force
ev X By can be neglected when compared with the electric force eEq. We let
Ey(r, t) = Eqe™** at a fixed point r. As the frequency of the incident waves
is high, we must take into account the radiation damping (see Problem
5032). Then the equation of motion for the electron is

e?

X = E —twt
mx = eEpe + -

X,

where x is the displacement of the electron from the equilibrium position,

the point r above. Consider small damping so that X = —w?x and let
e2w?

v= xeomeS* We then have

X+yx = Z Egemivt.
m

Letting x = xpe~*“* we have

CEQ

= e )

The radiation field of the electron at a point of radius vector r from it is

E(x,t) = nx (nxx),

4megccr
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where
n=

<"

Let o be the angle between n and E,. We then have

e2wE, sin a (it
4meome?(w + iy)r ’

E(x,t) = -

whose amplitude is

e2wE, sin a

E(x) = .
(x) 4meome?(w? + 72)% r

The intensity of the incident waves, averaged over one cycle, is

CEo €oc

(IExﬂI)”—(lExBI)—-—(E’) —-Re(E'E) = - E5.

Similarly, the intensity of the scattered waves in the direction « is

€oc 2
2E‘

or : 2
w
I= m 2 Io Sll’l2 a,
where ro = '——, is the classical radius of electron.

Take coord’ma.te axes as shown in Fig. 5.22 such that the origin O is at
the equilibrium position of the electron, the z-axis is along the direction of
the incident waves, and the z-axis is in the plane containing the z-axis and
r, the direction of the secondary waves. With the angles definéd as shown,
we have, since Eg is in the zy plane,

cos a =sin 0 cos¢.
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If the incident waves are not polarized, ¢ is random and the secondary
intensity I(8) for a given scattering angle § must be averaged over ¢:

w? .1 [

T 2l ),

2 2
1 w ro

(1(6)) = (1 —sin?8 cos® ¢) do

= 5 mr—z(l+coszo)lo.
The total radiated power is then
4 8  w?
P= 1(6)) 27r? sin 0d0 = — ———— ril,.
/0 (1(6)) 27r* sin 3 w2+727'00

Hence the scattering cross section is

U_P_87r w? .2
_Io_ 3 w2+72 0

5041

A linearly polarized plane electromagnetic wave of frequency w, inten-
sity Ip is scattered by a free electron. Starting with a general formula for
the rate of radiation of an accelerated charge, derive the differential cross-
section for scattering in the non-relativistic limit (Thompson scattering).
Discuss the angular distribution and polarization of the scattered radiation.

(UC, Berkeley)

Solution:

Consider the forced oscillation of the electron by the incident wave. As
v < ¢ the magnetic force could be ignored in comparison with the electric
force, and we can think of the electron as in a uniform electric field since
the incident wavelength is much greater than the amplitude of electron’s
motion. The electric intensity of the incident plane wave at the electron is
E = Ege~*“* and the equation of motion is

mv = —eE.

The rate of the radiation emitted by the electron at angle a with the
direction of acceleration is, in Gaussian units,
dP  €*v?
dQ  4nc3
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cEn2

As the average intensity of the incident wave is Iy = (|[E x H|) = 5=,

have

we

dP .
0= Ior? sin’«,
where re = ;‘% is the classical radius of electron.
Let 6 be the scattering angle and define ¢ as in Problem 5040. We

have

2

sinfa =1—sin?fcos? ¢.

So the differential cross section for scattering is

do _ dP
dQ ~ TodS

=r2(1 —sinfcos? p),

which shows that the angular distribution of the secondary radiation de-
pends on both the scattering angle 6 and the polarization angle ¢. In the
forward and backward directions of the primary radiation, the scattered ra-
diation is maximum regardless of the polarization of the primary waves. In
the transverse directions, § = %, the scattered radiation is minimum; it is
zero for ¢ = 0, . For any other scattering angle 8, the scattered radiation

intensity depends on ¢, being maximum for ¢ = %, 37" and minimum for
¢=0,m.
The electric intensity of the secondary waves is
p— ¢ Y
E——‘cTr—a'rX(l‘XV),

where r is the radius vector of the field point from the location of the
electron. This shows that E is in the plane containing r and v. As the inci-
dent waves are linearly polarized, v has a fixed direction and the secondary
radiation is linearly polarized also.

5042

A linearly polarized electromagnetic wave, wavelength A, is scattered
by a small dielectric cylinder of radius b, height h, and dielectric constant
K (b € h € X). The axis of the cylinder is normal to the incident wave
vector and parallel to the electric field of the incident wave. Find the total
scattering cross section.

(UC, Berkeley)
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Solution:

As b € h <€ ), the small dielectric cylinder can be considered as an
elctric dipole of moment p for scattering of the electromagnetic wave. The
electric field generated by p is much smaller than the electric field of the in-
cident electromagnetic wave. Since the tangential component of the electric
field intensity across the surface of the cylinder is continuous, the electric
field inside the cylinder is equal to the electric field E = Eye'(kT-we, of
the incident wave. Take the origin at the location of the dipole, then r = 0
and the electric dipole moment of the small cylinder is

p = wblheo(K — 1) Ege~ e, ,

the z-axis being taken along the axis of the cylinder.
The total power radiated by the oscillating electric dipole, averaged
over one cycle, is

_ |B|? _ wbih2eqw?(K — 1)2E?
T 12meec® 12¢3

The intensity of the incident wave is Iy = 555 Eg, so the total scattering
cross section of the cylinder is
P

o= ——=

a2/ 2‘_"_4_
- 6611(K 1) -

5043
A plane electromagnetic wave of wavelength A is incident on an in-
sulating sphere which has dielectric constant € and radius a. The sphere
is small compared with the wavelength (a < A). Compute the scattering
cross section as a function of scattering angle. Comment on the polarization
of the scattered wave as a function of the scattering direction.
(Princeton)

Solution:

Assume the incident electromagnetic wave to be linearly polarized and
let its electric intensity be E = Eqe'(**~%*)_ In this field the insulating
sphere is polarized so that it is equivalent to an electric dipole at the center
of dipole moment (Problem 1064)

€—Eo —iwt’
=4 3 Ege™ %t ,
P mEQQ (€+2€o) o€
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Take coordinates with the origin at the center of the sphere and the
z-axis parallel to Eg as shown in Fig. 5.23. Then

“ €—¢&g —iwt!
= —4regadw? Ege™ % e, .
P 0aw (€+2€0) 0 z

Fig. 5.23

The radiation field of the dipole under the condition @ < A at a point
of radius vector R is given by

1 pPXer= % @’ —— Ep sinf0e/*F-“9 ¢
= 47eoR e+2/) 3R A

- _[£—¢€0 a’w? i(kR-wt)
E—cheR_( +2€0) REosane ey,

where t is given by the retardation condition ¢/ =t — %, and k = £. The
averaged Poynting vector (Problem 4049) is

2 6, .4
€0 a%w?t sin?9 _,
S —_— E* x = E,
( ) Re( ) <€+2€°) 21‘005 R2 oeR
N ? 48wt sin 0o
— {0 €+250 C4 R2 R!

where Io = 1 e9cE} is the (average) intensity of the incident wave. As the
average power scattered into a solid angle dS2 in the radial direction at angle
0 to the z-axis is (S) R2dQQ, the differential scattering cross section is

do _(S)R? _(e—eo 2a6w‘sin20
aQ Iy - €+ 2¢ ct ’

The scattered wave is polarized with the electric vectors in the plane
containing the scattered direction and the direction of the electric vector of
the primary wave at the dipole.



636 Problems & Solutions on Electromagnetism

5044

A beam of plane polarized electromagnetic radiation of frequency w,
electric field amplitude Eo, and polarization z is normally incident on a
region of space containing a low density plasma (p = 0, n¢ electrons/vol).

(a) Calculate the conductivity as a function of frequency.

(b) Using the Maxwell equations determine the index of refraction
inside the plasma.

(c) Calculate and plot the magnitude of E as a function of position in
the region of the edge of the plasma.

(Wisconsin)

Solution:

(a) As the plasma is of low density, the space is essentially free space
with permittivity o and permeability po. Maxwell’s equations are then

V-E'=£=0,
€o
oB’
/-
VxE 5
V-B'=0,
1 8E'
r_
VxB =pj+ T
We also have Ohm’s law
j=—neev=0FE,

where v is the average velocity of the electrons inside the plasma. For v < ¢,
the magnetic force on an electron is much smaller than the electric force
and can be neglected. The equation of motion for an electron is therefore

dv e

—=—-—F'.

dt m
As the traversing radiation has electric intensity E' = Ej(x)e™**, the
displacement of the electron from the equilibrium position is r = ree~*!
in the steady state. The equation of motion then gives

and
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Hence .
. _ .nge
j=i—FE
mw
and the conductivity is
. fl062

o=1—.

(b) The polarization vector of the plasma is by definition

—n062

mw?

P = —nger = E',

so that the electric displacement is
D=¢cE =¢E' +P.

Hence the effective dielectric constant of the plasma is given by

P nge
E=¢€o+ B €0 2
or
wo\ 2
—=1-(= ,
€0 w
where
noe?
wp =
Egm

is called the plasma (angular) frequency.
The index of refraction of the plasma is therefore

V Ho€o V €o
(c) Consider the primary wave Eq = Ege'*2-“Ye,, where k = £, as
incident normally on the boundary of the plasma, then the wave inside the
plasma is also a plane polarized wave, with amplitude Ef = % and wave

number k' = £ n = kn (see Problem 4011). Hence the electric intensity of
the wave in the region of the edge of the plasma is

E = 2E,
1+n

ei(knz —wt)ez .
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Note that for w > wp, n and kn are real and E’ propagates as wave, but for

w < wp, n and kn are imaginary and E’ attenuates exponentially as shown
in Fig. 5.24.

E'
w<wp
4
w> Wp
Fig. 5.24
5045

A “tenuous plasma” consists of free electric charges of mass m and
charge e. There are n charges per unit volume. Assume that the density
is uniform and that interactions between the charges may be neglected.
Electromagnetic plane waves (frequency w, wave number k) are incident on
the plasma.

(a) Find the conductivity o as a function of w.
(b) Find the dispersion relation, i.e., find the relation between k and w.

(c) Find the index of refraction as a function of w. The plasma fre-
quency is defined by
2 _ 4mne?
P "Tm
if e is expressed in e.s.u. units. What happens if w < w,?

(d) Now suppose there is an external magnetic field Bo. Consider
plane waves traveling parallel to Bo. Show that the index of refraction is
different for right and left circularly polarized waves. (Assume that B of
the traveling wave is negligible compared with By.)

(Princeton)
Solution:

Gaussian units are to be used for this problem.

The electric vector of the incident wave at a charge is Ege~**, while
the effect of the magnetic vector can be ignored in the non-relativistic case.
Thus the equation of motion for a charge e in the plasma is

mx = eEge™*“* .
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In the steady state x = xge~*“*. Substitution gives

or

(a) The motion of the charges gives rise to a current density

. . .ne?
J=nex=i—E,
mw

so that the conductivity is

=
~

€

|

=3
°E
(b) The polarization of the plasma is

ne?
mw?

P=nex=- E = x.E,

where x. is the polarizability of the plasma. The dielectric constant is by
definition

4wne? w,’,
e=14+4nxe=1- — =l—‘.7,
where
= 47ne?
L m

is the plasma frequency. Then the refractive index of the plasma is

as we may assume g = o = 1 for the plasma. The wave number in the
plasma is therefore given by

win?

1
2 _ - 2 2
k _7__6_2(“, -wd),

which is the dispersion relation.
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(c) The index of refraction is

w

n= =iz (1-“,—'3)%

If w < wp, n is an imaginary number, and so is k. Take the z-axis along
the direction of propagation. Writing £ = ik, where « is real, we see
that e'** = e~ **, so the wave will attenuate exponentially and there is no
propagation, the plasma serving only to reflect the incident wave.
(d) As B = Bye,, k = ke,, the equation of motion for a charge e in
the plasma is
mi:eE+%vao.

Since the plane wave is transverse, we have E = E;e; + Eyey. In the steady
state, the charge will oscillate with the same frequency w and the solution
will have the form x = xpe~**. Thus v = x = (—iw)x, and the component
equations are

mz = eE; + %iIBo, (1)
mj = eEy — %wo, 2
mz=0.

Suppose z and z are both zero initially. Then z = 0 and x = ze; + ye,.
For the right circularly polarized wave (looking against the direction
of propagation E rotates to the right, i.e., clockwise) the electric vector is

Er = Re { Eo(es + e7*Tey)e™}
= Ey cos(wt) e; — Eysin(wt) e, ,

and Eqgs. (1) and (2) reduce to
.. e .
mz = eEycoswt + p Boy,
.. . e .
my = —eEysinwt — — Boz .
c
Let u =z — 1y, we = %, the above equations can be combined into

. e ek . . eEy
it — twctt = — (coswt + isinwt) = — '* .
m
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The steady state solution is
u= uoe‘“' .

Substitution gives
€ Eo

o = Tmw(w —we)

hence
eEy (coswt + isinwt)

mw(w — we)

whose real and imaginary parts respectively give

eEq coswt eEq sinwt
= Y= —
mw(w — we) mw(w — we)

or, in vector form,
eEr

xz_mw(w-—wc)'

641

Thus for the right circularly polarized wave, the polarizability of the plasma

18

ne?

i ra L

and the corresponding index of refraction is
nR = EeR = V1 + 47X
4 2 %
_(1- mne
- ( mw(w — wc)) ’
or, in terms of the plasma frequency wp,
w? 5
=11-—] .
"R [ ww— wc)]
For the left circularly polarized wave, the electric vector is

EL = Re {Eo(e: + ¢'e,)e ™"}
= Eg cos(wt)e, + Epsin(wt)e, .
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Then, putting u = z+iy and repeating the above procedure, we obtain
the index of refraction

wa 3
"= [1 T o(w +wc)] '

It is obvious that ny, # ng, unless w. = 0, i.e.,, Bo = 0.

5046

The dispersion relation for electromagnetic waves in a plasma is given
by
Wwi(k) = wg + c%k?,

where the plasma frequency wy, is defined as

o _4xNe?

w: =
Lg m

for an electron density N, charge per electron e, and mass per electron m.
(a) For w > wyp, find the index of refraction n of the plasma.
(b) For w > wp, is n greater than or less than 1? Discuss.

(c) For w > wy, calculate the velocity at which messages can be trans-
mitted through the plasma.

(d) For w < wp, describe quantitatively the behavior of an electromag-
netic wave in the plasma.

(UC, Berkeley)
Solution:
(a) n=(1-wi/w?)i.
(b) Forw >wp,n< 1.
(c) For w > wp, the phase velocity in the plasma is

vp = c >ec.
n
However, messages or signals are transmitted with the group velocity
2
vg=—-=—=c(1 —wz/wz)% .

As w > wp, it is clear that vg < c.
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(d) For w < wp, n and k are imaginary and the electromagnetic waves
attenuate exponentially after entering into the plasma. Hence electromag-
netic waves of frequencies w < wp cannot propagate in the plasma.

5047

Discuss the propagation of electromagnetic waves of frequency w
through a region filled with free electric charges (mass m and charge e)
of density N per cm3.

(a) In particular, find an expression for the index of refraction and
show that under certain conditions it may be complex.

(b) Discuss the reflection and transmission of waves at normal inci-
dence under conditions when the index of refraction is real, and when it is
complex.

(c) Show that there is a critical frequency (the plasma frequency) di-
viding the real and complex regions of behavior.

(d) Verify that the critical frequency lies in the radio range (N = 10°)

for the ionosphere and in the ultraviolet for metallic sodium (N = 2.5 x
10%2).

(UC, Berkeley)

Solution:
(a) See Problem 5044.

(b) For normal incidence, if the index of refraction is real, both reflec-
tion and transmission will take place. Let the amplitude of the incident
wave be Ej, then the amplitude of the reflected wave and the reflectivity
are respectively (Problem 4011)

1—n 1-n\?
! -
Bo =177 Fo R—(l+n) '

and the amplitude of the transmitted wave and the transmittivity are re-
spectively
2 4n
" —_— E - —
° T 1 T (1+ n)?

If n is complex, the transmitted wave will attenuate exponentially so that
effectively only reflection occurs (see Problem 5044).
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2
. . . w1 2 Ne? .
= —_ =2 - =
(c) The index of refraction is n = (1 — 7%)7, where w} = 7% in SI
. 2 . - . . . "
units and w? = 42Ne” in Gaussian units. n is real for w > wp and imaginary
for w < w,. Thus w, can be considered a critical frequency.
p p q Y

(d) For the electron
e=16x10"19C, m=9.1x10"3 kg.

With N = 106/cm? for the ionosphere and € = 8.85 x 10~!2 F/m, they
give

Ne? (106 x 10° x (1.6 x 10-19)2

“p =\ neo  \9.1x 10-31 x 8.85 x 10-12

3
) =564x 107 s,

within the range of radio frequencies.
For metallic sodium, N = 2.5 x 1022/cm3, so that

o = (251072 x 10° x (1.6 x 10-19)2 4
P 9.1 x 10-3! x 8.85 x 10-12
=8.91x 10" 571

in the ultraviolet range.

5048

Assume that the ionosphere consists of a uniform plasma of free elec-
trons and neglect collisions.

(a) Derive an expression for the index of refraction for electromagnetic
waves propagating in this medium in terms of the frequency.

(b) Now suppose that there is an external uniform static magnetic field
due to the earth, parallel to the direction of propagation of the electromag-
netic waves. In this case, left and right circularly polarized waves will have
different indices of refraction; derive the expressions for both of them.

(c) There is a certain frequency below which the electromagnetic wave
incident on the plasma is completely reflected. Calculate this frequency for
both left and right polarized waves, given that the density of electrons is
10% cm~3 and B = 0.3 gauss.

(UC, Berkeley)
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Solution:
(a), (b) See Problem 5045.
(c) The refractive index n of the plasma is given by

2
2 _ “p
n = l - ;‘5,
where wp = 4""’:' ¢ is the plasma frequency, N being the density of free

electrons. When n? < 0, n is imaginary and electromagnetic waves of
(angular) frequency w cannot propagate in the plasma. Hence the cutoff
frequency is that for which n =0, i.e., wp.

For frequencies < wp, the wave will be totally reflected by the plasma.
For the right and left circularly polarized waves, the refractive indices ng
and ny, are given by (Problem 5045)

2

n2=1——"p
- )

¥ w(“" Fwe)

where n_ = ng, we = £Z. The cutoff frequencies are given by n% = 0.
Thus the cutoff frequencies for right and left circularly polarized waves are
respectively

we +‘/wc2+4w§ —we + y[wZ + 4wl
WRc = ) WLe = .

2 2

With N = 10%/cm®, B=0.3Gs,and m=9.1 x 1072 g, e = 4.8 x 10710
e.s.u. for the electron, we have

2 4w x 10° x (4.8 x 10~19)
P 9.1 x10-28

o = 4.8 x 10719 x0.3
€7 3x1010x9.1x10-28

w =3.18 x 101 572,

=527 x10%s7!,

and hence
Wre =2.1x107s7, we=15x10"s"1,

5049

Derive an expression for the penetration depth of a very low frequency
electromagnetic wave into a plasma in which electrons are free to move.
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Express your answer in terms of the electron density ng, electron charge e
and mass m. What does “very low” mean in this context? What is the
depth in cm for ny = 10!* cm=37?

(UC, Berkeley)

Solution:
The dispersion relation for a plasma is (Problem 5045)

where wg = %.ﬂti:- is the plasma frequency. A “very low” frequency means

that the frequency satisfies w < wp. For such frequencies k is imaginary.

1,/wi—w?, then e*:

c P
taken along the direction of propagation. This means the wave amplitude
attenuates exponentially in the plasma. The penetration depth § is defined
as the depth from the plasma surface where the amplitude is e~! of its
surface value, i.e.,

Let k = ik, where £ = = e~ "%, the z-axis being

ké=1,
or

b=tz _nl
K

With no = 10! cm~3, we have

(10“ x 108 x (1.6 x 10~19)2
wp =

]
~ 11 -1
9.1 x 10-31 x 8.85 x 10-12 ) % 5.64x107 57,

and
3 x 1010

8= 564 x 1000

= 0.053 cm.

5050

In the presence of a uniform static magnetic field H, a medium may
become magnetized. The magnetization may be coupled self-consistently
to an electromagnetic field set up in the medium.

(a) Write down an equation of motion governing the time variation
of the magnetization under the influence of a (generally time-dependent)
magnetic field.
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(b) An electromagnetic field is, of course, in turn generated by the
time-dependent magnetization as described by the appropriate Maxwell’s
equations. Assume the dielectric constant € = 1 for the magnetic medium.
Find the dispersion relation w = w(k) for the propagation of a plane wave
of magnetization in the medium.

(SUNY, Buffalo)

Solution:

(a) Assuming the medium to be linear, M = x,, H, we have, by the
definition of permeability g,

M() = xm(@)B(0) = X011 (y).

(b) Maxwell’s equations for the medium are

V.D = 4np, v-B=0,
1 0B 10D
VxB=-{%r, VxH=Tit 5.

Note that B in the equations is the superposition of the external field and
the time-dependent field produced by the magnetization M(t).

Consider the medium as isolated and uncharged, then p = j = 0. Also
D = E as € = 1. Maxwell’s equations now reduce to

V-E=0, vV.-B=0,
1 0B 1 0E
VXES -t VXHES
with
B=uH.
Deduce from these equations the wave equation
oy B OH
vV'H ez otz

Consider a plane wave solution
H(t) - Hoei(k'r—wt) .

Substitution in the wave equation gives the dispersion relation
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or

k=== Vuw).

v
The magnetization M can then be represented by a plane wave

M(t) = Xm(w)H(t) = xmHo e/ 74,

As M satisfies the same wave equation the dispersion relation above remains
valid.

5051

In a classical theory of the dispersion of light in a transparent dielectric
medium one can assume that the light wave interacts with atomic electrons
which are bound in harmonic oscillator potentials. In the simplest case,
the medium contains N electrons per unit volume with the same resonance
frequency wg.

(a) Calculate the response of one such electron to a linearly polarized
electromagnetic plane wave of electric field amplitude E, and frequency w.

(b) For the medium, give expressions for the atomic polarizability, the
dielectric susceptibility and the refractive index as functions of the light
frequency. What happens near resonance? What happens above resonance?
The phase velocity of the light wave exceeds the vacuum velocity of light if
the refractive index becomes smaller than 1. Does this violate the principles
of the special theory of relativity?

(SUNY, Buffalo)

Solution:

(a) The equation of motion for the electron is
mk = —mwix — eEge™ %! .
Consider the steady state solution x = xge~*!. Substituting in the equa-
tion gives
CEO
X = —
m(w? — wd)

—-iwt

(b) Assume that each atom contributes only one oscillating electron.
The electric dipole moment of the atom in the field of the light wave is

e’E

o)

)
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giving the atomic polarizability

2

[

pP___ ¢
E = mw?-w?)’

As there are N electrons per unit volume, the polarization of the medium
is
NeZE
P=np=——75—.
np m(w? - w?)
The electric displacement is by definition
D=cE=¢E+P.
Hence the dielectric constant is

Ne?

FTO mwi-w)

Assume the medium to be non-ferromagnetic, then 4 = uo, and the
refractive index is given by

n= [ = [E.
Moo €o

Putting

we have )
w2
(l + —0 - w’) . (1)

For w < wo, we have € > g9, n > 1, and the phase velocity of the wave in
the medium is v, = £ < c.

For wp < w < ‘/w;‘; + w3, n is real but smaller than unity. This means

that v, > ¢ and the wave propagates with a velocity greater than the
velocity of light in free space. However, the energy or signal carried by the
wave travels with the group velocity vg given by

1 de n

w
(o

dn
dw

vg dw
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as k = 2. Equation (1) gives

1 1 [w?—n2uw} 1 v
5 T m\ otz )T T 2
vg cn \ w?-—-uw; cn ¢
as n > 1. Then as v, > ¢, vy < c. Hence there is no violation of the
principles of special relativity. For both the above cases, n increases with
increasing w and the dispersion is said to be normal.

For w = wy, Eq. (1) does not hold but damping (collision and radiation)
must be taken into account. Equation (1) is modified to

1
2(,,2 2
nx |1+ 2wp(w0—w) i
(W2 — w?)? +w2y?

~1+ w__g(“;o )
Y Wo
Thus n = 1 for w = wy. As w increases from a value smaller than wq
to one larger than wo, n decreases from a value greater than unity to one
smaller than unity. In this region n decreases with increasing w and the
dispersion is said to be anomalous.

For w > \/wg + w2, n is imaginary so that k = £ n is also imaginary.
Let it be ix. Then the wave amplitude at a point distance r from the surface
of the medium simply attenuates according to e~*" and propagation is not
possible in the medium.

Near resonance w = wg, the absorption coefficient becomes very large.
Thus the medium is essentially opaque to the wave at w =~ wp and for

w > [wl +wi.

5052

Consider a model of an isotropic medium composed of N harmonically
bound particles of charge e, mass m and natural frequency wp, per unit
volume.

(a) Show that, for a zero magnetic field, the dielectric function of the
medium is given by
47Ne?/m

eWw)=1+ wE —w?
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(b) (The Faraday effect) Now a static magnetic field B in the direction
of propagation of the electromagnetic wave is added. Show that the left
and right circularly polarized electromagnetic waves have different dielectric
functions, with the difference equals to

47w Ne? 2eBw/mc
(wg — w?)? — (eBw/mc)?

de(w) =

(Chicago)
Solution:
(a) See Problem 5051.
(b) Take the z-axis along the direction of propagation, then k = ke, .
When a static magnetic field B = Be;, is added, the equation of motion for
a harmonically bounded particle is

e.
mx = —mwix+e¢E+-xxB.
c

As plane electromagnetic waves are transverse, E has only z and y compo-
nents. The component equations are

.. e_.
mz = —mwgz +eE; + -By,
c
. 2 e .
my = —mwyy + eby — sz,
@ 2
mZ = —muwgz .

The last equation shows that motion along the z direction is harmonic but
not affected by the applied fields and can thus be neglected. For the right
circularly polarized wave (Problem 5045)

Egr = Ey cos(wt)e; — Egpsin(wt)ey

so the remaining equations of motion are

mz = —mwiz + eEg coswt + %Bg, (1)
mj = —mwly — eEpsinwt — -EB:i:. (2)
Putting
eB

u=z+1 We = —
Y, <= e’



652 Problems & Solutions on Electromagnetism
(1) — i x (2) gives
.. eE . . eEy ;
i — iweit + wiu = —2 (coswt + isinwt) = — et
m m
In the steady state, u ~ e**. Substitution in the above gives

_ eEp(coswt + isinwt)
T om(wi - w?tww)

Separating the real and imaginary parts we have

_ eEqcoswt _ eFEysin wt
T m(w - w4 ww,)’ v= m(wi — w? +ww.)

Combining the above in vector form gives

x= eERr
T m(w - w? +ww,)

Hence the polarization of the medium due to the right circularly polarized
wave is
N ezER

P=Nex= .
X m(w? — w? + ww.)

Ase=1+4+4x %, the above gives

4xNe?

=1 .
R=14 m(wg — w? + ww,)

Similarly for the left circularly polarized wave
EL = E; cos(wt)e; + Epsin(wt)ey ,

we find
4xNe?

eL=1 .
L + m(wi — w? —ww,)

The difference between 1, and €R is therefore

be(w) = €L —€r
_4xNeé? 1 1
T m 3 2 —w? 4 ww,

Wi —w? —ww, w2
_4xNeé? 2e Bw/mc
T m (W@ —w?)? - (eBw/mc)?’
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5053

An electrically neutral collisionless plasma of uniform density no is at
rest and is permeated by a uniform magnetic field (0, 0, By). Consider an
electromagnetic wave of frequency w propagating parallel to the magnetic
field. Show that the wave splits into two waves for which the refractive
indices are

PR S /0
R - (wefw)” 1+ (we/w)’

where the plasma frequency is w, = (47nge?/m¢)? and the cyclotron fre-
quency is w. = eBy/mec. Show that these waves are, respectively, right-
hand and left-hand circularly polarized. Explain physically why the refrac-
tive index can be less than one. What happens when it vanishes? What
happens when it becomes infinite? (You may assume that only the elec-
trons respond to the wave and that the positive charges remain uniformly
distributed.)

(UC, Berkeley)

Solution:

Suppose the neutral plasma consists of free electrons and an equal
number of positive charges. Only the free electrons, for which wg = 0, take
part significantly in the oscillations. Using the results of problem 5045 we
have, as p =~ po = 1,

47wnge? w?

2 0

np = er =1 mew?(1 — we/w) ww—we)’

n? mer =1 4wnge? - 3 wi
L=fL= mew?(1 + we/w) w(w+we)

Since the Phase velocity of electromagnetic waves in the medium,
c(pe)‘% 2 ce~ 7, may exceed the velocity of light speed ¢ in vacuum, the
refractive index n = £ may be less than one. Physically, as

nx Ve =1+ 47y,

where x. is the polarizability of the medium, n < 1 means that x. < 0.
As the electric dipole moment per electron is p = x.E, this means that
the polarization vector P of the medium caused by the external waves is
antiparallel to E.
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With wo = 0, the group velocity vz = cn (Problem 5051). Thus
vg = 0 when n = 0. This means that a signal consisting of such waves will
be turned back at that point. Consider the case n} = 0. We have

wz-l-wcw—w;:O,

—we + fw? + 4wl

or

W=wLe =

Similarly we have for n} =0,

W = WRe =

2
we + yfw? + 4w?
5 .

Thus wre > wre. If w > wRe, then both ng and ny, are real, and prop-
agation is possible for both polarizations. A plane electromagnetic wave
in the medium will split into two circularly polarized waves with different
refraction properties. If wp. > w > wpc, nR is imaginary and propagation
is possible for only the left circularly polarized wave. A plane electromag-
netic wave will become left circularly polarized in the medium. If w < wy,
then propagation is not possible for both circular polarizations. Note that
for n imaginary, say n = 5, €'*” = e~ and the amplitude attenuates
exponentially.

2
If w = we, ng = 0o, ng, = (1— 2%22—)% As wp > wc generally, ny, is also
a large imaginary number. No propagation is possible. Both ng, nj, = ico
if w = 0. In such a case, there is no wave but only an electrostatic field
which separates the positive and negative charges at the boundary of the

plasma. Then the plasma surface acts as a shield to external electrostatic
fields.

5054

A radio source in space emits a pulse of “noise” containing a wide band
of frequencies. Because of dispersion in the interstellar medium the pulse
arrives at the earth as a whistle whose frequency changes with time. If this
rate of change (frequency versus time) is measured and the distance D to
the source is known, show that it is possible to deduce the average electron
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density in the interstellar medium (assumed fully ionized). (Hint: Look at
the response of a free electron to a high frequency electric field to deduce
the relation between frequency and the wave number 27/).

(CUSPEA)

Solution:

Considering the interstellar medium as a tenuous plasma, we have from
Problem 5044

n:(l—wglw"’)%, (1)

. . . 2 .
where w is the frequency of the transversing radio wave, wp = ‘/fx:o is the

plasma frequency of the medium, N being the average number density of
the electrons in the medium. With the wave number k = £ n, the group
velocity vg of the electromagnetic wave is given by

-1 _ dk
& T dw

&&

n w
= -4 —
C [

2
Equation (1) gives :—: = ‘-:-5 . %, so that

-1
Vg = NC n2+‘-d—§- =n
g = o2 =nc.

Since a pulse propagates with the group velocity, the propagating time from
the source to the earth is approximately

Thus

or
3
do __cwl(  wp\®
dt D w? w?) -
Ne

Thus if D and % are known, we can calculate w? = ” and hence the
dt . P meo
average electron density N.
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5055

A pulsar emits a pulse of broadband electromagnetic radiation which
is 1 millisecond in duration. This pulse then propagates 1000 light years
(10%! cm) through interstellar space to reach radio astronomers on earth.

(a) What must be the minimum bandwidth of a radio telescope receiver
in order that the observed pulse shape be not distorted greatly?

(b) Now consider that the interstellar medium contains a low density
plasma (plasma frequency wp, = 5000 radians/sec). Estimate the difference
in measured pulse arrival times for radio telescopes operating at 400 MHz
and 1000 MHz. Recall that the dispersion relation for a plasma is w? =
ke + wl.

(MIT)

Solution:

(a) The uncertainty principle AvAt ~ 1 gives the minimum bandwidth
of the radio telescope receiver as

1 .3
Av E—IO Hz.

(b) The group velocity of electromagnetic waves in the interstellar

medium is a
w
Vg = -67 = Cﬂl —wf,/wz.

For operating frequencies w; = 4 x 10® 57!, wy = 10 s~! we have
% - 1925x 1075, <& =10,
W) w2

With an interstellar distance L = 10!° m, the difference in the measured
pulse arrival times is

5056

A pulsar emits short regularly spaced burst of radio waves which have
been observed, e.g., at the frequencies w; = 27 f; = 2563 MHz and w2 =
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27 f, = 3833 MHz. It is noted that the arrival times of these bursts are
delayed at the lower frequencies: the pulse at f; arrives 0.367 sec after the
pulse at fo. Attributing this delay to dispersion in the interstellar medium
which is assumed to consist of ionized hydrogen with 10° electrons per m3,

give an estimate for the distance of this pulsar from earth.

(a) Show that the electron plasma frequency for a tenuous neutral gas
consisting of heavy ions and free electrons is given in Gaussian units by

where N is the electron density.
(b) Using that result and remembering that the index of refraction of

a tenuous plasma is given by n = /e = (1 - 5;)‘:‘, calculate the distance
of the pulsar.
(Chicago)

Solution:

(a) In a neutral plasma, when the distribution of the electrons is per-
turbed and undulates non-uniformly, an electric field will be produced which
causes the electrons to move in a way to tend to return the plasma to the
neutral state. The characteristic (angular) frequency of the undulation can
be estimated as follows. Consider an electron of the plasma in an electric
field E, the equation of motion is

med—v=-—eE.

dt

The motion of electrons produces a current of density

j=—Nev.
Combining the above we have

9 _ Né

o m, '’

or, taking divergence of the two sides,

/] o _ Né?
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Using the continuity equation V -j = —%% and Maxwell’s equation V-E =
47 p, we obtain

p 4mNé?
ot? + Me r=0,
or &
-67 + wpp =0
with
4w Ne?
wp = .
me

This equation shows that the charge density at a point oscillates simple
harmonically with characteristic (angular) frequency wp.

(b) Using the results of Problem 5055 we find the distance from the
pulsar to the earth:

2\ -3 2y -4717!
chm[(-‘:’_;) - (1-%) ] |
wi w2

The electron plasma frequency

ATNe?
wp = || —— = /AxNroc = 1.79 x 10* 571,

ro = 2.82 x 1013 cm being the classical radius of electron.
The observed (angular) frequencies are w; = 2.563 x 10° s™!, w, =
3.833 x 109 s™1. As wy, w2 > w, we have approximately

2cAt
L~ —— — .
wp (37— 27)

With At = 0.367 s,

L =8.16 x 102° cm = 8.5 x 10? light years.
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Coulomb’s law 1002, 1005
Counter 3061
Cross section for scattering of EM waves 5040, 5041, 5042, 5043
Current carrying cylinder
field of 2001, 2002, 2003, 2004, 2006, 2007, 2018, 2024
with hole 2030
Current element
field of 2005
Current loop
in magnetic field 2068
magnetic moment of 2010
Cylindrical shell in magnetic field 2038

dc circuit 3001, 3002, 3003, 3005, 3019
De Morgan relation 3058

Depth of penetration 4028
Derandomizer 3071

Determination of the ampere 2063



Indez to Problems

Dielectric cylinder
in electric field 1072, 2061
polarized 2020, 2021
Diode circuit 3011
Discriminator 3072
Dispersion relation 4028, 5046, 5049, 5051, 5052
Doppler effect 5001, 5002, 5006

Earth’s magnetic field 2010
Eddy currents 4033
Electric conductivity of atmosphere 1104
Electric dipole
in presence of conducting sphere 1088, 1089
in presence of plane conductor 1084, 1088, 1094
layer of 1023
rotating 1103
Electric field
by magnetic field induction 5029
from charge distribution 1003, 1004
of atmosphere 1104
Electromagnet 2027, 2028, 2029
direct current 2049
Electromagnetic field of relativistic charge 5018
Electromagnetic waves
along transmission line 4003
from several sources 4007
in anisotropic medium 4006
in conducting medium 4023, 4024, 4025, 4026, 4027
in free space 4001, 4002, 4003, 4015
in ionosphere 4045
in magnetically biased medium 4021
in nonlinear medium 4017
in optically active medium 4018, 4019, 4020
in plasma with magnetic field 4018
Electron beam traversing foil 1107
Electron velocity in conductor 2015, 2016
Electrostatic accelerator 1108
Emitter follower 3077

Faraday effect 5052
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662 Index to Problems

Focusing of charge beam 3082
by dipole magnet 2087, 2088
Force between
charged sphere and wire 1095
coils 3044
current and a current sheet 2066
current and metal slab 2072
current loops 2048
electric dipoles 1092, 1093
magnetic dipole and wire loop 2077
magnetic dipoles 2076
parallel currents 2064
perpendicular currents 2065
point charges 1078
relativistic moving charges 5019
Force on
coil in magnetic field 2052, 2078
moving charge 5011, 5012, 5014
Fourier transform 4009, 5023, 5034
Fresnel’s formula 4012

Gauss’ law 1005
Geiger counter 3068

Induced emf in
coils in relative motion 2057
wire loop in changing magnetic field 2077
wire loop near current 2041, 2042, 2043, 2060, 2061
wire loop rotating in magnetic field 2040, 2051
Inductance circuit 3021, 3028
Inductances
combination of 3034
Induction between coils 3033, 3090
Ionization chamber 1106
Ionosphere 5048

Larmor precession 2084
Lines of force 5029
Logic gate 3060
London’s equations 2071

Magnet in earth’s field 2069



Index to Problems

Magnetic field inside
current-carrying cylinder 2086
iron core of current coil 2044
Magnetization 5050
Magnetization of iron needle 2074
Maxwell’s equations, solution of 4004, 4005
Microprocessor 3065
Motion in magnetic field of
anisotropic particle 2089
long wire 2053, 2054, 2056
metal block 2073
metal disc 2070
wire loop 2055
Motion of charge
in cyclotron 5035, 5037
in electric field 2080
in electric and magnetic fields 2082, 2090, 5038
in magnetic field 2083, 5030, 5035
in potential well 5031
parallel to wire carrying current and charge 2079
Motion of magnetic dipole about fixed magnetic dipole 2081
Motion of metal sphere in electric and magnetic fields 2075
Motion of relativistic charge in EM field 5016, 5026, 5028, 5039
Lagrangian and Hamiltonian for 5027
Mutual inductance of coaxial coils 2039, 2046, 2048

Network 3074
Oscillation of charge caused by EM wave 5032, 5033, 5034

Paramagnetic sphere in magnetic field 2067
Plasma

conductivity of 5044

group velocity in 5054, 5055

refractive index of 5044, 5045, 5047, 5048, 5053
Plasma frequency 5045
Point charge in presence of

conducting sphere 1080, 1081, 1082, 1083, 1087

dielectric 1047

plane conductor 1073, 1074, 1076, 1077, 1079, 1085, 1086
Poisson’s equation 1090
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664 Index to Problems

Polarization vector 1007
Polarized hydrogen atoms in magnetic field 2084
Potential
Liénard—Wiechert 5020
vector 5017
Poynting vector 4032
Protection of devices from fields 4046
Pulsar 5055, 5056
Pulse, subnanosecond 3073
Pulse generator 3076, 3083

Radiation from
ac loop 4055
ac sheet 4047
accelerated charge 4052, 5021, 5036
combination of oscillating dipoles 4065, 4066
linear antenna 4048, 4053, 4056, 4057, 4058, 4059
oscillating electric dipole 4049, 4050, 4063, 4064
pulsating charged sphere 4051
rotating charge distribution 4067
television transmitter 4054
Radiation of quadrupole field 4060, 4061, 4062
Radiative reaction 5032, 5033
RC network 3008, 3012, 3013, 3018, 3024, 3084
RCL circuit 3022, 3025, 3087
Reflection and refraction of EM waves
at conductor surface 4031
at dielectric surface 4010
at surface of anisotropic medium 4022
on normal incidence on conductor 4014, 4027
on normal incidence on dielectric 4011, 4012, 4016
Reflection coefficient 4013
Reflection of X-rays 4029
Relaxation oscillator 3055
Resistances
combination of 3007, 3026
RL network 3014, 3015, 3016, 3017
Rotating charged
cylinder 2061
sphere 2036, 2059
spherical shell 2032, 2033, 2035



Index to Problems

Self-inductance of
copper-foil cylinder 2058
toroid coil 2045
Schmitt trigger 3062
Solenoid
field of 2008, 2009, 2050, 3034
inductance of 3027, 3030, 3034
Space inversion
effect on electromagnetic quantities 4008
Spaceship kinematics 5003, 5004
Spectral lines 4044, 5034
Sphere in conducting medium 2031
Sphere in electric field
dielectric 1056, 1062, 1063, 1064
conducting 1065, 1069
Storage cells 3038

Telegraph line 3088
Thévenin’s theorem 3003
Time reversal
effect on electromagnetic quantities 4008
Toroid
magnetization of 2025
Transformation of
acceleration 5003
current-charge density 5010
energy-momentum density 5009
field vectors 5007, 5008, 5009
Transformer 3023, 3086
Transistor 3049
Transistor circuit 3063, 3064, 3080
Transmission coefficient 4028
Transmission line 3067, 3089, 4043

Units 3040

Waveguide
parallel plane-conductor 5023
rectangular 4036, 4037, 4038, 4039
triangular 4040

Zener diode 3045
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