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Electromagnetism III: Magnetostatics

Chapters 4 and 6 of Purcell cover DC circuits and magnetostatics, as does chapter 5 of Griffiths. For
advanced circuits techniques, see chapter 9 of Wang and Ricardo, volume 2. Chapter 5 of Purcell
famously derives magnetic forces from Coulomb’s law and relativity. It’s beautiful, but not required
to understand chapter 6; we will cover relativistic electromagnetism in depth in R3. For further
discussion, see chapters I1I-12 through II-15 of the Feynman lectures. There is a total of 79 points.

1 Static DC Circuits

We continue with DC circuits, in more complex setups than in E2.

Idea 1

When analyzing circuits, it is sometimes useful to parametrize the currents in the circuits
in terms of the current in each independent loop. This is typically more efficient, because it
enforces Kirchoff’s junction rule automatically, leading to fewer equations.

Example 1: Wheatstone Bridge

Find the current through the following circuit, if the battery has voltage V.

2R R

Solution

This circuit can’t be simplified using series and parallel combinations, so instead we
use Kirchoff’s rules directly. From the diagram, we see the circuit has three loops.
Let I; be the clockwise current on the left loop, Iy be the clockwise current through
the top-right loop, and I3 be the clockwise current through the bottom-right loop. For
instance, this means that the current flowing downward through the top-left resistor is I; — I5.

The three Kirchoff’s loop rule equations are
3[1R—12R—-2[3R=V,
4IhbR— 1R —IsR =0,
4IsR —2L1R— I, R = 0.
Adding the last two equations shows that
L=+ 13
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and plugging this back in shows that 31 = 213, so we have

2 3
L==2I, I;=:ZI.
2 517 3 51

Since the answer to the question is just 17, we can now plug this back into the first equation,

14 2 6 7
L3 —L—2=(3-2_2)1,="1,.
g h—l=2h (3 5 5)1 51

This gives the answer, 5V/7R.

Incidentally, the circuit above is also called a Wheatstone bridge. We note that the current
through the middle resistor is zero when the ratios between the top and bottom resistances
match on both sides of it. Hence if three of these outer resistances are known, we can adjust
one of them until the current through the middle resistor vanishes, thereby measuring the
fourth resistor.

Since Kirchoff’s loop equations are linear, currents and voltages in a DC circuit with multiple

batteries can be found by superposing the currents and voltages due to each battery alone.

Idea 3: Thevenin’s Theorem and Norton’s Theorem

Consider any system of batteries and resistors, with two external terminals A and B. Suppose
that when a current [ is sent into A and out of B, then a voltage difference V = V4 — Vg
appears. From an external standpoint, the function V' (I) is all we can measure.

Now, by the linearity of Kirchoff’s rules, V' (I) is a linear function, so we can write
V() = Voq + I Req.

In other words, V(I) is exactly the same as if the entire system were a resistor Req in series
with a battery with emf Vi, (with the positive end pointing towards A). This generalizes
the idea of replacing a system of resistors with an equivalent resistance, and is known as
Thevenin’s theorem.

We can also flip this around. Note that /(V') must also be a linear function, and we can write

Vv
Req’

I(V) = Iq +

This is precisely the I(V') of an ideal current source Ioq (sending current towards B) in
parallel with a resistor Req. (An ideal current source makes a fixed current flow through it,
just like a battery creates a fixed voltage across it.) This is known as Norton’s theorem.

Since these functions are inverses of each other, you can see that the Ry’s in both equations
above are the same (both are equal to the ordinary equivalent resistance), and Voq = —IeqReq-
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Example 2

Consider some batteries connected in parallel, with emfs & and internal resistances R;. What
is the Thevenin equivalent of this circuit?

. J

The equivalent resistance is simply

To infer Viq, we just need one more V' (I) value. The most convenient is to set V' = 0, shorting
all of the batteries. Each battery alone would produce a current of &;/R;, so

0= ‘/eq"‘ <Z g) Req-

Thus, we have
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For example, in the above circuit, Kirchoff’s rules don’t determine the currents; they only
say that i1 + 4o = 1 A. If the emfs of the batteries were different, the situation would be
even worse: the equations would be contradictory, with no solution at all! In real life, this is
avoided because all batteries have some internal resistance. Adding such a resistance to each
battery, no matter how small, resolves the problem and gives a unique solution.

[2] Problem 1 (Purcell 4.12). Consider the circuit below.
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(a) Find the potential difference between points a and b.
(b) Find the equivalent Thevenin resistance and emf between points a and b.

[2] Problem 2 (Wang). A circuit containing batteries and resistors has two terminals. When an ideal
ammeter is connected between them, the reading is ;. When a resistor R is connected between
them, the current through the resistor is I, in the same direction. What would be the reading V
of an ideal voltmeter connected between them?

[3] Problem 3. €.} USAPhO 2015, problem A2.

Now we give a few problems on current flow through continuous objects. Fundamentally, all one
needs for these problems is the definition J = ¢E, and superposition.

Example 3

Consider two long, concentric cylindrical shells of radii a < b and length L. The volume
between the two shells is filled with material with conductivity o(r) = k/r. What is the
resistance between the shells, and the charge density?

To find the resistance, we compute the current I when a voltage V is applied between the
shells. By symmetry, in the steady state the current density must be

I
IO =5

On the other hand, we also know that

b
B B I _I(b—a)
V/E-dr/a 27rrL0dr7 2nkL

B b—a
- 2kl

from which we conclude
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Note that the radial electric field between the shells is constant, so

V.
E(r):b_ar.

This means that in the steady state, there must be a nonzero charge density between the
shells. (If there weren’t, then we would have E(r) o 1/r, rather than a constant.)

To find the charge density explicitly, it’s easiest to use Gauss’s law in differential form in
cylindrical coordinates. We use the form of the divergence derived in E1,
_10(rE;) 1V p

ther t == =£
o + (other terms) -

V-E

thus showing that the charge density is proportional to 1/r. Of course, we could also get this
result by applying Gauss’s law in integral form, to concentric spheres.

[2] Problem 4 (Grad). A washer is made of a material of resistivity p. It has a square cross section

[3]

[3]

of length a on a side, and its outer radius is 2a. A small slit is made on one side and wires are
connected to the faces exposed.

Find the resistance of the washer. (Hint: first argue that no current flows radially.)

Problem 5 (BAUPC 1995). An electrical signal can be transferred between two metallic objects
buried in the ground, where the current passes through the Earth itself. Assume that these objects
are spheres of radius r, separated by a horizontal distance L > r, and suppose both objects are
buried a depth much greater than L in the ground. If the Earth has uniform resistivity p, find the
approximate resistance between the terminals. (Hint: consider the superposition principle.)

Problem 6 (PPP 162). A plane divides space into two halves. One half is filled with a homogeneous
conducting medium, and physicists work in the other. They mark the outline of a square of side
a on the plane and let a current Iy in and out at two of its neighboring corners. Meanwhile, the
measure the potential difference V' between the two other corners.
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Find the resistivity p of the medium.

Problem 7 (MPPP 174). We aim to measure the resistivity of the material of a large, thin,
homogeneous square metal plate, of which only one corner is accessible. To do this, we chose points
A, B, C and D on the side edges of the plate that form the corner.

Points A and B are both 2d from the corner, whereas C and D are each a distance d from it. The
length of the plate’s sides is much greater than d, which, in turn, is much greater than the thickness
t of the plate. If a current I enters the plate at point A, and leaves it at B, then the reading on a
voltmeter connected between C and D is V. Find the resistivity p of the plate material.

Setups like those in the previous two problems are commonly used to measure resistivities,
but why do they use a complicated “four terminal” setup? Wouldn’t it have been easier to
just attach two terminals, send a current I through them, and measure the voltage drop
V? The problem with this is that it also picks up the resistance R of the contacts between
the terminals and the material, along with the resistances of the wires. By having a pair of
terminals measure voltage alone, drawing negligible current, we avoid this problem.

Problem 8. [A] This problem is just for fun; the techniques used here are too advanced to appear on
Olympiads. We will prove Rayleigh’s monotonicity law, which states that increasing the resistance
of any part of a resistor network increases the equivalent resistance between any two points. This
may seem obvious, but it’s actually tricky to prove. The following is the slickest way.

(a) Consider a graph of resistors, where a battery is attached across two of the vertices, fixing
their voltages. Write an expression for the total power dissipated, assuming the voltages at
each vertex are V; and the resistances are I;;.
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(b) The voltages V; at all the other vertices are determined by Kirchoff’s rules. But suppose you
didn’t know that, or didn’t want to set up those equations. Remarkably, it turns out that
you can derive the exact same results by simply treating the voltages V; as free to vary, and
setting them to minimize the total power dissipated! Show this result. (This is an example of
a variational principle, like the principle of least action in mechanics.)

(c) For any network of resistors, show that P = V2?/R when V is the battery voltage applied
across two vertices, R is the equivalent resistance between them, and P is the total power
dissipated in the resistors. (This is intuitive, but it’s worth showing in detail to assist with
the next part.)

(d) By combining all of these results, prove Rayleigh’s monotonicity law.

(e) We can use Rayleigh’s monotonicity law to prove some mathematical results. Consider the
resistor network shown below, where the variables label the resistances.

| o | | b |
1 { —
Lo 1 0 e

By considering the resistances before and after closing the switch PQ, show that the arithmetic
mean of two numbers is at least the geometric mean.

(f) Consider the resistor network shown below.

e b e e

- }_9 o }_p - . !

}—Q a }—L

By closing all the switches, show that the arithmetic mean of n numbers is at least the
harmonic mean.

You might think that Rayleigh’s monotonicity law is too obvious to require a proof; if you

[ 1]

decrease a resistance, how could the net resistance possibly go up? In fact, this kind of
non-monotonicity occurs very often! For example, Braess’s paradox is that fact that adding
more roads can slow down traffic, even when the total number of cars stays the same. A U.S.
Physics Team coach has argued that allowing more team strategies can make a basketball
team score less. For more on this subject, see the paper Paradozxical behaviour of mechanical
and electrical networks or this video.
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Remark

Circuit questions can get absurdly hard, but at some point they start being more about
mathematical tricks than physics. As a result, I haven’t included any such problems here;
they tend not to appear on the USAPhO or IPhO, or in college physics, or in real life, or really
anywhere besides a few competitions. On the other hand, you might find such questions fun!
For some examples, see the Physics Cup problems 2013.6, 2017.2, 2018.1, and 2019.4.

2 RC Circuits

Next we’ll briefly cover RC circuits, our first exposure to a situation genuinely changing in time.

Example 4: CPhO

The capacitors in the circuit shown below were initially neutral. Then, the circuit is allowed
to reach the steady state.
10Q 2Q
— 20V ——20mF
| ]
R
20mF
308
—_—_ 10mF
|
10V 18Q 24V
After a long time, what is the charge stored on the 10 mF capacitor?

After a long time, no current flows through the capacitors, so there is effectively a single loop
in the circuit. It has a total resistance 602 and a total emf 6 V, so the current is I = 0.1 A.
Using this, we can straightforwardly label the voltages everywhere on the outer loop.

27V 10Q o6y _ 2Q 25.8V

—— 20V —
- — 20mF

7V
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Suppressing units, this means

from which we read off the answer,

To finish the problem, we need to know the voltage V of the central node, so we need one
more equation. That equation is charge conservation: the fact that the central part of the
circuit, containing the inner plates of the three capacitors, begins and remains uncharged.

20(26 — Vo) 4 20(7 — Vo) + 10(0 — Vp) =0, Vo= —

Q=CV =0.132C.

66
5

[3] Problem 9. @ USAPLO 1997, problem A3.

[3] Problem 10 (Purcell 4.18). Consider the two RC circuits below.

0=0, 0=0

gl e |

R R

0=0, Q=0

ATk

(a) The circuit shown below contains two identical capacitors and two identical resistors, with
initial charges as shown above at left. If the switch is closed at ¢t = 0, find the charges on the

capacitors as functions of time.

(b) Now consider the same setup with an extra resistor, as shown above at right. Find the
maximum charge that the right capacitor achieves. (Hint: the methods of M4 can be useful.)

[3] Problem 11. €{) USAPhO 2004, problem Al.

[3] Problem 12 (Kalda). Three identical capacitors are placed in series and charged with a battery
of emf £. Once they are fully charged, the battery is removed, and simultaneously two resistors are

connected as shown.

I

R

R

Find the heat dissipated on each of the resistors after a long time.

[3] Problem 13 (Kalda). Find the time constant of the RC circuit shown below.
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[3] Problem 14 (MPPP 175/176). A metal sphere of radius R has charge () and hangs on an insulating

cord. It slowly loses charge because air has a conductivity o. In all cases, neglect any magnetic or
radiation effects.

(a) Find the time for the charge to halve.

(b) You should have found that the time is independent of the radius R of the sphere, which follows
directly from dimensional analysis. Can you show that, in fact, it is completely independent
of the shape? (This doesn’t just follow from dimensional analysis, because the shape might
be described by dimensionless numbers, such as the eccentricity of an ellipsoid.)

(c) Air has a conductivity of o ~ 107 Q~'m™!, while water has a conductivity of 0 ~ 1072 Q" 'm~!.

About how long does the charge on an object last, if it is in air or water?

This problem generalizes USAPhO 2010, problem A2, which you can compare.

[5] Problem 15. @ IPhO 1993, problem 1. A really neat question with real-world relevance.

[5] Problem 16. @ IPhO 2007, problem “orange”. A combination of mechanics and RC circuits.

3 Computing Magnetic Fields

The Biot—Savart law is
B_ ol [ds xr

A r3

As a consequence, we have Ampere’s law,

j{B~dS:M0], VXB:,LLOJ

as well as Gauss’s law for magnetism,

fB-dszo, V-B=0.

The force on a stationary wire carrying current I in a magnetic field B is

F:I/dst.
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The energy of a magnetic field is
1 2
U=— | B=dV.
240

The magnetic dipole moment of a planar current loop of area A and current I is m = [ A,
with m directed perpendicular to the loop by the right-hand rule.

You should have already seen basic examples of using the Biot—Savart law in Halliday and Resnick,
such as the field of a circular ring of current on its axis. We’ll start with some problems that are
similarly straightforward, but more technically complex.

Problem 17 (Purcell 6.11). A spherical shell with radius R and uniform surface charge density o
spins with angular frequency w about a diameter.

(a) Find the magnetic field at the center.
(b) Find the magnetic dipole moment of the sphere.

(c¢) Sketch the magnetic field.

Problem 18 (Purcell 6.12). A ring with radius R carries a current I. Show that the magnetic
field due to the ring, at a point in the plane of the ring, a distance r from the center, is given by

uol/7r (R—rcosf)R db
o (

B .
27 r2 + R2 — 2rRcos 0)3/2

In the r > R limit, show that
L Hom

47 73

where m = I A is the magnetic dipole moment of the ring.

B

Problem 19 (Purcell 6.14). Consider a square loop with current I and side length a centered at
the origin. Show that the magnetic field at r, where r > a and r is parallel to one of the square’s
sides, is B ~ (u0/47)(m/r3) as in the previous problem. Be careful with factors of 2!

The results you have found above, for the fields far from currents, are special cases of the
general magnetic dipole field: far from a magnetic dipole with magnetic moment m, its
magnetic field is just the same as the electric field of an electric dipole,

_ Hom

B(r) = 5 (2c0s 08 +5in0) = 205 (3(m - £)f — m).
4 T

As with the electric dipole field, you don’t need to memorize this result, but you should
remember that it’s proportional to the dipole moment, falls off as 1/r3, and be able to sketch
it. Of course, static electric and magnetic fields behave differently; when you get inside an
electric dipole the field reverses direction, but this isn’t true for a magnetic dipole.

Problem 20. @ USAPhO 2012, problem A3.

We now give a few arguments for computing fields using symmetry.

11
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Example 5: PPP 31

An electrically charged conducting sphere “pulses” radially, i.e. its radius changes periodically
with a fixed amplitude. What is the net pattern of radiation from the sphere?

| r

Solution

There is no radiation. By spherical symmetry, the magnetic field can only point radially.
But then this would produce a magnetic flux through a Gaussian sphere centered around
the pulsing sphere, which would violate Gauss’s law for magnetism. So there is no magnetic
field at all, and since radiation always needs both electric and magnetic fields (as you’ll see
in E7), there is no radiation at all. In fact, outside the sphere the electric field is always
exactly equal to Q/4megr?, in accordance with Coulomb’s law.

Example 6

Find the magnetic field of a very long cylindrical solenoid, of radius R and n turns per unit
length, carrying current I.

Solution

Orient the solenoid along the vertical direction and use cylindrical coordinates. By symmetry,
the field must be independent of z. Now consider the radial component of the magnetic field
B,.. Turning the solenoid upside-down is equivalent to reversing the current. But the former
does not flip B, while the latter does, so we must have B, = 0.

Now, by rotational symmetry, the tangential component By must be uniform. But then
Ampere’s law on any circular loop gives By(27r) = 0, so we must have By = 0 as well.

The only thing left to consider is B,. By applying Ampere’s law to small vertical rectangles, we
see that B, is constant unless that rectangle crosses the surface of the solenoid. Furthermore,
B, must be zero far from the solenoid, so it must be zero everywhere outside the solenoid.
Now, for a rectangle of height h that does cross the surface, Ampere’s law gives

f{ B - ds = B"h = piglene = ponlh

which tells us that Bi® = yonl.

Remark

The above analysis is not quite how real solenoids behave for several reasons. First, we
didn’t account for the discreteness of the wires. We just treated them as forming a uniform
current per length K = nl, which is how we wrote Ie,. = nlh. This is valid when you don’t
care about looking too close to the wires themselves.

The fact that solenoids are made by winding real wires means there is another contribution

12
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to the current, even in the limit n — oco. The wires are wound with a small slope, since a net
current [ still has to move along the solenoid. Another way of saying this is that the current
per length along the solenoid surface is K = nlf + (I/2rR)z. This causes a tangential
magnetic field By = pol /271 outside the solenoid.

Another factor is that a real solenoid isn’t infinitely long, and end effects are important.
You’ll analyze these in a slick way in problem 22.

[2] Problem 21. A toroidal solenoid is created by wrapping N turns of wire around a torus with a
rectangular cross section. The height of the torus is h, and the inner and outer radii are a and b.

(a) In the ideal case, the magnetic field vanishes everywhere outside the toroid, and is purely
tangential inside the toroid. Find the magnetic field inside the toroid.

(b) There is another small contribution to the magnetic field due to the winding effect mentioned
above. Roughly what does the resulting extra magnetic field look like? If you didn’t want
this additional field, how would you design the solenoid to get rid of it?

[3] Problem 22 (Purcell 6.63). A number of simple facts about the fields of solenoids can be found
by using superposition. The idea is that two solenoids of the same diameter, and length L, if joined
end to end, make a solenoid of length 2L. Two semi-infinite solenoids butted together make an
infinite solenoid, and so on.

| w
=

Solenoid

o

Prove the following facts.

(a) In the finite-length solenoid shown at left above, the magnetic field on the axis at the point
P, at one end is approximately half the field at the point P; in the center. (Is it slightly more
than half, or slightly less than half?)

13
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(b) In the semi-infinite solenoid shown at right above, the field line FGH, which passes through
the very end of the winding, is a straight line from G out to infinity.

(¢) The flux through the end face of the semi-infinite solenoid is half the flux through the coil at
a large distance back in the interior.

(d) Any field line that is a distance 7y from the axis far back in the interior of the coil exits from
the end of the coil at a radius 1 = \/iro, assuming \/57"0 is less than the solenoid radius.

Part (c) tells us that even in an ideal solenoid, we always lose at least half the flux to fringing!

Problem 23 (MPPP 160). Two infinite parallel wires, a distance d apart, carry electric currents
with equal magnitudes but opposite directions. In this problem, we find the shape of the magnetic
field lines using a neat trick.

(a) Argue that if we rotated B by 90° at each point, it would produce a valid electrostatic field
E. (Hint: consider what happens when we rotate the B field of a single wire, first.)

(b) Argue that the field lines of B are the same as the equipotentials of this artificial E, and use
this to find the field lines.

This is a common trick used when working with vortices in two dimensions, where it converts
vortices to sources and sinks.

Problem 24 (IPhO 1996). Two straight, long conductors Cy and C_, insulated from each other,
carry current I in the positive and the negative z direction respectively. The cross sections of the
conductors are circles of diameter D in the zy plane, with a distance D /2 between the centers.

The current in each conductor is uniformly distributed. Find the magnetic field in the space between
the conductors.

Problem 25 (MPPP 157). A regular tetrahedron is made of a wire with constant resistance per
unit length. A current I is sent into one vertex and removed from another vertex, as shown.

Find the magnetic field at the center of the tetrahedron.

Problem 26. {2::) APhO 2013, problem 1. A neat question on a cylindrical RC circuit that uses
many of the techniques we’ve covered so far.

14
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