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Note for jury and team leaders. The proposed sketches are not full; the team leaders have to girie lncrc detailed
explanations for students. But the conect solutions in the students' papers (enough for 8 pts) may be shofter.

cr-l. Observation of a star. The difference is 7h5g^ between the two observations. It
is almost exactly 1/3 of a sidereal day (the exact value is 7h58'41'). During this
time the star moves 120' of its daily path. And its zenith distance has changed by
q:90" - 87o12':248'. This value is small,  so i t  is possible to work with the
approximation of plane geometry. If B is the angular distance from the star to the
pole P, we may conclude (see figure) that during this time the star has moved
from the zenithpointZ to point Y, and changed the zenith distance by

e :2p x sin(120"/2):  1.732 x P,
tJrerefore

F : e I 1.732 : 2"48' I 1.732 : lo37'.
Hence, the declination of the star is equal to

5 : 90o - F : 90o - 7"37' :  88o23'.

Accordingly, this star culminates at zenith only at latitude g : 6, that is the latitude also equals 88o23'.
But it is not a complete solution. However, the value of 88o23' is only the absolute value of the

unknown value. In principle, both the values: +88 o 23 ' (Northem latitude, the slar is near the North Pole)
and -88o28' (Southern latitude, the star near the South Pole) can meet the condition of the more general
problenr. However, according to the condition of our problem the observations were made with the naked
eye on 16 .lune, when polar day appears at such northern latitudes. Therefore, comect answer is only one: -
88o23' (88023' South latitude).

B-1. Solar radiation.
E:4nR2.A.r ,  E:  mc2, X: (rn/M).1A0 %.

R - Earth-Sun distance, R: 149 600 000 000 m.
A - Solar constant, A :1367 Wm2.
t= lyear :3 .16 '107s .
c - speed of light, c: 299 800 000 m/s.
M - mass of the Sun. M : 1.989. 10-30 ks.

a-: 1+,rnt. A't I c2lM).100 %.
X: (4nAt1Vc;2AA1.n0 %.

a : (0.068. 10-t2). rco %: 6.8. r0-t2 yo.
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L :  I  ' 1 6 ,

where f - nragnification coefficient of projecting system, f : R/r. r - distance fi'om tlre hole in fbil to thc
pi"o.ieclirrg lens. By the lens formula, 1/R + 1/r : 7lF, but since R ( F. one rua--\' Lis(r [' r Ri il.

L :  f ' 10  =  (R /F )  l o :20 '0 .1  mm:2  mm,
Accordingly, the area of the illuminated surface of the dome which gives the star 0n' is equal to

Smo : ryf2 t+ = 3.14 mmz .
After the siides-foils have been removed the whole dome will be illuminated. i.e. a bemispirere with a
radius R: 5 m will shine. the area of the shinine surface is

S : 2nR2 = 157 m2.
Thus, the shinins area will be

i: ,  /  S*o: 2nR2 I nL214: 8(R/L)2: 8G/lo)2:50 000 000 t imes larger,
In tenns of stellar rnasnitudes the difference is

Am : 2,5* lg K : 2,5^ ig(8GnoF) x 19,25*,
TiiLrs, tlier stellar magnitude of the dome will be 0^ - 1g.25' : -19.2-5n'. It gir,es ar: ill,-*lrirr:r,ilr-'r-' 1i:iii) 1li-rii.:s
iess, than the illuminance outdoors at clear sunny day, and in 400 times lalger tiran iliunrinance fi"c;nr f',r11
Moon. It corresponds approximately to indoors illuminance at daytime. Of collrse, it is possible to read
u'itirout any problem.

We should note that solution does not require the values of lirniting steilar n-ragnitude 6"', number of
projecting systems for hemisphere and the diameter of dome of planetarium.

B-2. ftanetarium.
2.I. Tire visible angular size of the "stars" should be less than the resolution of an eye. that is the linear
size (diameter) of images of these "stars" on the dome would not exceed Ls: ot,'R, rvirere a is tlie
resolving power of a human eye in the dark (nearby 50" = 2,5'10-4 rad), R is the radir.rs of the hall of the
planetarium. In our case L6 : o'R =2.5.10-4 . 5 m = I .25 mm.

The size of the image of one star appearing on the dome with the optical system is defined by
two parameters:
a) Tlie first parameter is geometrical, it is defined by the optical increase of the size of a star at its display
on ihe dome. If the size of a star on a slide is lo:0.1 mm, the size of tlie irirage is calr-:Lrlaii:ri lri' ih^
fomrula of increase of tlie objective (lens): L : f '10 : ls'R/r, rv-here r is the cjistrince ii'om iiic nl'riiii '.iiicli
hoie in a foil to the projecting lens. According to the formula for a iens l/R+ 7lr: l/ir. ln our case the
iircreasiirg factor should not exceed fs: L6/16, , whence we find that tlie focal length of tlre s-vsient shor-rlcl
be not less than

F:  R/( f6+1) :  R/(L6l16 + 1)  = R'10/Lo:  R ' lo / (a 'R) :  ls /a :0,1 Mu I  2 ,5 '10-a = 40 cm.
It is tlie first condition. The condition is quite feasible.
b) The second parameter is diffraction. It is defined by the size of the Airy disc, the angular size of a
divergence of the rays from a dot source (thg source being near to focus of a lens) is equal to )"/D. wirere 2u
is the rvavelength (of order 500 nm or 5'10-' m), and D is the diameter of the lens of tlre projecting optical
s-v-stem. Tlius the size of the image of a dot source on the dome of radius R is R'?'/D. So we neecl a
condition.

R' } " /D S o 'R,  D> l " /cr=5 '10-7 m12,5 '10-a= 2 ' rc '3  m:2 mrn.
So, the second condition: the diameter of the objective should be not less than ? mrn. The condition is
quite feasible as well.

B"v the \\jay, \ ie may notice that this value is easy to point out at once: it is tl-re riian:eler oi a ;:u;rii
exposure that corresponds to the resolution of a human eye in the conditions of day light.

Formal answer: two parameters:
1. Focal length of the system F > lo/o = 40 cm.
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L :  f  ' 16 ,

rvlrere f is the magnification coefficient of the projecting system, f : R/r, r is the distance from the liole in
the foil to the projecting lens. By the lens formula, l/R + Ilr:71F, but since R ( F, one may use f = R/F.

L:  f  '10 = (R/F) '16 :  12-5 '0 .1rnm: 1 '25 n im,
Accordingly, the area of the illuminated surface of the dome which gives the star 0* is equai to

Smo : nL214 = 1.23 mmz.
A-fter slides-foils have been rernoved the whole dome will be illunrinated. i.e. a henrisillrer',-: oi r"iiciii;s
R : 5 n-i u,ill sirine. the area of shinins surface is

S :2nR2 = I57 m2.
Thus. the shinins area will be

*: , / S,o : ZII^J I nL2l4: 8(R/L)2: 8(F/16)2 = 130 000 000 times larger.
In terms of stellar masnitudes the difference is

Am : 2,5^ lgK:2,5^lg (8(F/10)2 )=20,25^.
Tlrus. tlie stellar rnagnitude of the dome will be 0^ - 20.25^ : -20.25*. It gives an illuminance 400 times
Iess than the illuminance outdoors at clear sunny day, and 1000 times larger than tlie illuminance fi'om the
full Moon. It corresponds approximately to the indoors illuminance at daytin're. Of course, it is possible to
read without any problen.

We should note that the solution does not require the values of the lirniting stellar magnitude 6*. tire
ntttlber of projecting systems for the hemisphere and the diarneter of the dome of the planctarinm.

c{.51-3. Sunrige cn Mars. For an observer on the North Pole of ir4ars the sutrrise irappcns r)l1cc e ic;,i^ i;i lirr-,,-'
close to the day of the martian vernal equinox. The solution of the problem is analogous to the soli-itiorr
about the sunrise on the Earth's poles, but we have to remember that some parameters are different on
Mars and on Earth:

- cr : the visible angular size of Sun.
- v : the speed of the Sun along the planet's ecliptic.
- e : the inclination of the planet's equator plane to the plane of the planet's ecliptic.
- R: radius of tlie planet.
For the observer on the North Pole of Mars the angle between the ecliptic and the horizon is equal to

e : 25.2 . During the sunrise the Sun goes up to the angle equal to its apparent angular dianreter, that is

u :D /L ,
tvhere D is the diameter of the Sun, L is the distance from Mars to the Sun. During
moves an angular distance <p : crlsine on the ecliptic. Thus, the duration of
tlre'sunset equals to r: elv: crl(v.sine), where v is the speed of the Sun
aiorrg tlie niartial ecliptic.

Due to the large eccentricity of orbit of Mars both the distance L and
speed v may vary significantly (+ e:9,3Yo of mean value). Nevertheless
u'e do not know a priory, and cannot understand from the tables, in which
point of orbit Mars is situated at the moments of its vemal equinox. So we
slrall use lnean values, equal to L:228 million km and
r, : 3 60oi68 7d = 0 .524" per day. Thus,

r : (1 .3921228) rad x 180ln"had.l (360"1687d7 I siAS.Zo = 1.57 days or
37.6 hows.

tliis tinre the SLrn
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mool (to the left) and to the shadow of the moon (to the right) the distance L frorl tl'le center oi'the nlool'i
to the center o1'.iupiter can be calculated using formulas of rectangular triangle:

1z : [(a+b) ltgc- + R12 + a2,

L/R: {[(a+b)/Rtgo + 1]2 + (a/R)2]r/2,

Where cr is the angle between the direction to the Sun (The Sun beams come a little fi'om the left) anci tlie
direction to the Earth (from where the picture is made). We can estimate this angle in two ways.
Or we remember that the Capricorn is a zodiac constellation, and the center of this consteilation (nct
zodiac sign, but zodiac constellation!) is passed by the Sun approximately in the end of .laiuary - the
beginning of February. The angle between the Sun positions on October, l9th and. assume. on February.
3rd, is equal 3.6 months or 108o.
Olto start with tliat fact that the picture is made on October, 19th (a direct ascension of the Sun 26 days
after an equinox u,e will estimate as 12h +26'4*:13h44'), .Tupiter r.vas in the middle of Capricorn
constellation (not zodiac sign, but constellationl) (right ascension'of this point rve rvill estimate to 2lr').
and both the Sun and Jupiter were close to the ecliptic, declination of both points nealby -10'-15o. This
data allorv us to estimate the angle between Sun and Jupiter at the celestial sphere as about the difference
in ,Jecl inatios" that is. 7 h16' or 109o.

From the second drawing, knowing this angle g, and distances to the Suu fron't
Earlh L;i and from Jupiter L;, it is possible to calculate the angle corner cr necessary
to us:

L.r'sin o: Lp'sin q, sin cr: (L6lL1)'sin rp.

s in cr  = (1/5.2) 's in 108o = Q15.2) '0.95 = 0.183.
cr = 10.5".

By measuring the values R, a and b (accordingly 48,5 mm, 59 mm and 18 mrn on
the author printed picture, on other scaled printed pictures other values may be
oirtained, but their absolute values are not important, important is only ratios that do
not clepend on scale) in the photo, and using the formuia for a rectangular triangle. s

(D
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we can receive a value of L/R equal to 9,64.
From the given tables it is possible to find that for Io this ratio equals to 5.90, for Europa - 9.39. for

Ganirnede - 14.97, for Callisto -26.33.I1 is evident, that our calculations are made u,ith some acctlracY.
and the prciximity of values 9.64 and 9.39 (1 .5o/o of accuracy) says that'vVe Sec thc nloon [iircir'.i iil lh,c
picture.

or.B-5. Jupiter tlisappeared. Let us find the most important parameters that we need for the solution. 'fhe orbital
velocities of Jupiter and its moons are,

.lupiter: T : 2n'778 600 000 I 4 332.59 / 86400 : 13.069 km/s,
and analogously: Io: 17.33 km/s,

Europa: 13.74 km./s,
Ganimede: 10.88 km/s,
Callisto: 8.20 km/s.

After disappearance of Jupiter the velocity of each of its former moons relative to the Sun will remain and
rvill be equal to sum of vectors of the velocity of Jupiter relative to the Sun and the velocity of the mootls
relative to Jupiter.

5.1. A body can leave the Soiar system if its total energy in the field of gravitation of the Sun ivould
exceed zero:

-GMm/R +mv2l2>0 or mv'12)GMm/R.

But also we know that for a circular orbit
mv2l2: GMm/2R

Therefore, the body can leave the Solar system if its full speed.at the distance of the orbit of .lupiter is at
least2tt2 times larjerthanthe orbitalvelocity of Jupiter, i.i.2tt2'13.07km/s:18.48 km/s. As we see, flor
any moon such a velocity is possible. At least, it is reached in a configuration of local opposition of the
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disappears). The necessary drawing to this question should contain these sectors. Str-ident have to f-j'd
boundaries of the sectors geometrically from the diagram of geometrical summation of velccities orcalcuiate tlre angles algebraically.

Ansrver: Io, Europa.'Ganimede, Callisto, every moon in flre case being in the scrctor si,-rr..4,i.1 &i .1-r:r:
drawing.

5'2' A body can fall into the Sun in the opposite situation, if the velocity relative to the Sun is strcirgly
reduced, namely reduced to zero the orbitaf -omponent of the velocity. tiren it will lrove to the Stur or
frorn the Sun by a thin ellipse and fulally fall into the Sun. Or, as an aiiernative we may keep tire vejccity
large' but its vector should be directed strictly to the Sun, so that the point of periheliol ol'the (not closed)
orbit appear in the Sun. By the same diagram of geomehical summation of velocities we may jild tirat
falling into the Sun is possible only for Io and Europe, and for both of thern it wogld take place olly i'
two points, sometime before the local conjunctions with sun (analog to new moon at Earth) and
sometimes after" The necessary drawing to this question should contain these points. The stiidelt iras to
find the points geometrically from the diagram oi geometrical summatiol of velocities or calculate their.
positions al gebraically.

Answer: Io and Europa in the case being in the points of orbit shown at the drarvilg.

Note: llte drataings v,ill be presented.for jury sometime later.
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